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PREFACE 


The material in this text is intended for a one-semester senior under¬ 
graduate course. It has been used successfully at this level in a course 
given at the University of Notre Dame, and the bulk of the material has 
been used in a number of servomechanism courses given at the XI.S. 
Naval Postgraduate School over a three-year period. The first 10 
chapters are intended for classroom presentation; Chaps. 11 and 12 
merely introduce advanced topics for the interested student. 

This text was written with a threefold purpose: 

1. It was desired to present the basic theory without using operational 
calculus or complex-variable theory, since these subjects are not normally 
given in an undergraduate engineering program. 

2. The frequency-response methods were to be emphasized, since these 
are commonly used in practical engineering. 

3. The polar and logarithmic approaches to analysis and design were 
to be integrated and compared. 

The author feels that these purposes have been accomplished, except that 
the discussion of the Nyquist criterion is not rigorous. It does not seem 
possible to discuss this subject rigorously without using complex variable 
theory. 

In order to integrate and compare the polar and logarithmic methods, 
both are introduced at the same point, Chap. 5, whore the basic graphical 
plots are defined and explained. In the chapters following, each topic 
discussed is considered in terms of both the polar plot and the logarithmic 
plot, as far as this is possible. In Chaps. 8, 9, and 10, this procedure is 
extended to numerical illustrations; in fact, those chapters consist 
principally of worked problems. A number of closed-loop systems are 
postulated, numerical values are given for the components, and a desired 
performance characteristic is specified. The adjustment or compensation 
required to meet the specifications is then computed, using both loga¬ 
rithmic and polar methods. Each step in the computation is given, 
together with reasons for using that specific procedure. This method 
enables the student to acquire an elementary working knowledge of the 
subject as well as a sound theoretical background. Student response to 
this approach has been even better than the author anticipated. 

A word of caution seems advisable concerning the problems at the 
ends of the chapters. Many of the problems for Chaps. 3, 9, and 10 
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require considerable computation time, often from 15 to 30 hours for a 
competent student. Also, some of the problems in other chapters may 
require a similar computation time unless numerical results from a 
corresponding problem in Chap. 3 are available. In order to minimize 
the over-all computation time for a semester’s work, and also in order to 
show the effects of gain adjustment and compensation on a given system, 
the author has utilized the problems at the end of Chap. 3 in setting up 
problems for later chapters. It is possible to set up an assignment 
schedule so that a given student works with one or two specific systems, 
obtaining the transient solution, the transfer function, the polar and 
logarithmic plots, and then adjusts the gain and compensates the system. 
If this is done, the student can use the results of previous work on each 
succeeding problem, which considerably reduces the over-aU computation, 
time. 

In conclusion, the author wishes to thank J. A. Northcott, head of the 
Electrical Engineering Department, University of Notre Dame, for his 
encouragement in the initial phases of the imdertaking; Dr. W. A. Stein 
and Dr. C. B. Oler of the U. S. Naval Postgraduate School for their 
assistance in polishing the manuscript; A. J. White for his help in obtain¬ 
ing the families of transient-response curves in Chap. 3 and the phase- 
plane plots in Chap. 12; and Mrs. Helene Johnson for the typing of the 
manuscript. 


George J. Thaler 
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CHAPTER 1 


INTRODUCTION 


1-1. The Problem of Automatic Control. The word servomechanisms 
was originally defined by Hazen with reference to a specific type of auto¬ 
matic-control system. Present usage of the term has departed consider¬ 
ably from the original definition, and a variety of meanings are associated 
with the word; all of them, fortunately, refer to automatic-control 
systems. 

The definition recommended by the Feedback Control Committee of 
the American Institute of Electrical Engineers is: servomechanism 

is a feedback control system in which the controlled variable is mechan¬ 
ical position.” Mathematical considerations indicate that the equation 
(or equations) of a position-control system may be obtained as a special 
case from a much more general class of equations. This general class of 
equations includes those of other types of control systems, and a much 
broader understanding may be obtained by considering the general case. 
This text emphasizes the servomechanism, or closed-loop automatic 
position control, but includes considerable material (mathematical and 
illustrative) which is aimed at developing a broader concept of the 
automatic-control problem. 

Modern technology finds automatic control both necessary and desir¬ 
able. It is being incorporated in every field of endeavor—^from the 
military machine through the maze of industrial manufacturing plants 
to the laboratory of basic scientific research. A number of automatic- 
control applications are listed below. Many of these are, in themselves. 


Applications of Automatic Controls 


1. Temperature regulators 

2. Pressure regulators 

3. Fluid-flow controls 

4. Liquid-level controls 

5. Speed regulators 

6. Tension control in paper mills 

7. pH controls 

8. Generator voltage regulators 

9. Frequency regulators 

10. Gun directors 


11. Search radar-antonna control 

12. Computers for gun directors 

13. Analogue computers 

14. Automatic pilots 

15. Atomic reactors 

16. Guided missiles 

17. Telescope-tracking controls 

18. Automatic-tuning Controls 

19. Automatic-combustion Controls 

20. Automatic milling machines 


1 


2 ELEMENTS OF SERVOMECHANISM THEORY 

servomechanism systems; others may incorporate one or more servo¬ 
mechanism systems as portions of a complex process. 

In practically aU the applications there is a desired output condition 
that the system is to produce. The system is told what to do by some 
sort of command signal, and the various components between this com¬ 
mand input and the output serve to control the energy supplied to the 
output in such fashion that the desired output condition is obtained. 
Regulatory systems normally are designed to maintain a constant output 
which may be preset at some calibrated command station, i. e., the input 
to a regulator is usually constant for long periods of time, and the system 
is designed to compensate for changes in load. The command signal to 
other types of automatic-control systems is, in general, variable in 
magnitude and direction. The output must then vary in some fashion, 
owing to this command signal. In many cases the output is expected to 
duplicate the input variation, but in other applications the output must 
vary as some function of the input signal. 

Many systems which are to respond to a variable input operate with 
constant-load conditions, so that the property of good regulation during 
load changes is not necessary. Other systems are subject to load vari¬ 
ations and must be good regulators in addition to satisfying the basic 
requirements of their specific control problem. 

In order to ensure accurate and satisfactory control, certain features 
are desirable. The system output must be measured in order to deter¬ 
mine existing conditions. This output must then be compared with the 
desired output in order to find the magnitude and direction of any error. 
This comparison can almost always be accomplished by some device 
producing a usable signal indicative of the error. If the system itself 
is made sensitive to this error, i. e., if the presence of an error signal 
causes the release of energy to the output in a direction to reduce the 
error, the system has a feedback loop and may be called an automatic- 
control system. If a control system does not measure the output 
quantity and utilize this measurement to reduce errors, the system is said 
to be an “open-loop'' or “open-cycle" system. 

1-2. Block Diagram of an Automatic-control System. The basic char¬ 
acteristics of an automatic-control system may be illustrated quali¬ 
tatively by a block diagram, such as Fig. 1-1. This diagram is functional, 
rather than physical, in the sense that the blocks represent things that 
have to be done rather than pieces of equipment. The operation of a 
simple servomechanism may be explained from the block diagram as 
follows: A command signal is applied to the input and compared with the 
position of the instantaneous output. The result of this comparison, E, 
is amplified (raised to a higher power level), and this amplified signal is 
used to control a power device. The power device amplifies the signal 
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supplied to it in the sense that it supplies still larger anuaints of r to 

the output, or load, which the servo system is controlling- P” ■ 

may in itself be a desired end result, or it may simply ho us(‘<l as a inp’* 
to still another system. 

From the preceding discussion it may readily bo Uuit Uio sp< 111< 
blocks in Fig. 1-1 may not exist as separate units, or, as anoth<*r t xl uu, 
each block may contain a large number of distinct <H)inp<>nouls. ‘or 
example, the comparison device (or error detector), i.bo roller, nml 
the power device might easily be stages of a singlo. oh'ci roniv aiiiplilior 
built on one chassis, thus combining three blocks into a singl<‘ physK’nl 
device. On the other hand, the output-measuring dcvico and the com¬ 
parison device might consist of several gear iitains with (.wn or more 

Load 



Fia. 1-1. Block diagram of aa automatic-control syatern. 


synchro units; the controller might bo ati (iktclironic ainpliii<‘r ntul a 
multistage amplidyne generator; and th(5 powc^r dtivii’c inighi he a d-c 
motor and gear train. In such a system, thenf are Mctvttral coniponentM in 
each block. 

The block diagram of Fig. 1-1 is that of a simpk^, <ir singk'-loop, tiubi- 
matic-control system. It is not xincommon t-o have H«'vcral rncaHuring 
devices which determine instaiitancoiiH conditions ui. various jdaci's in 
the system and feed signals from these locations I tack to some pinat 
which is at a lower power level. Occasionally, hnt- randy, a signal may l>« 
fed to a high power level. Such systems are called mult iloop systcaas. K 
detailed study of multiloop systems is beyond tiu' scopo «»f this text., 
although some elementary aspects are presemted in a lutt-r chapter. 

1-3. Qualitative Discussion of Specific Systems. In <»rd(‘r to crystal¬ 
lize the concept of the block diagram, ami at t.lu^ same t.ime provtiie .smac 
physical concept of systems, components, and gcnmral operation, it is 
desirable to explain in some detail the operation of specitic systems. 
For this purpose, four different types of systems iuiv<( heiai <dmsen: a 
generator voltage regulator, a hydraulic positioning wu'vo, a lensiim con- 
trol for a paper-reel drive, and a gun-director starve. 'riu‘H»'i v. ere wleeted 
for the following reasons: 
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1. They are relatively simple, and a physical explanation of their oper¬ 
ation is not too involved. 

2. They are dissimilar and thus indicate to some extent the diversity 
of problems to which automatic control can be applied and the diversity 
of methods and equipment which can be used to obtain satisfactory 
control. 

3. Each is readily reduced to a functional block diagram. 

In discussing each of the illustrative systems, the physical explanation 
of the purpose of each component is given, as well as a reasonably 
detailed outline of system performance. These explanations are intended 
to give the reader some background in the physical principles involved. 
The reasoning applied to obtain the block diagram is also explained, and 
for the same purpose. No attempt is made to present a mathematical 
analysis. 

1-4. A Generator Voltage Regulator. One method of regulating the 
output voltage of a d-c generator is shown schematically in Fig. l-2a. 
It is assumed that the generator is a large machine driven by a steam 
turbine. For such a machine, the excitation current required by the 
field is large and is frequently supplied by an exciter generator, as shown. 
The exciter may be built on the same shaft as the generator, or it may be 
geared to that shaft, or it may be driven by a different prime mover. In 
any event, the output voltage of the generator depends on the generator 
field current and thus on the armature voltage of the exciter. 

If the output voltage of the generator is to be regulated, i. e., kept 
constant despite fiuctuations in load current or turbine speed, then the 
generator field current must change to counteract such fluctuations. 
Since the generator field current is due to the exciter voltage, and this in 
turn is due to the exciter field current, it is apparent that the generator 
output voltage can be regulated by varying the exciter field current to 
counteract the effects of load and speed changes. These variations in the 
exciter field current must be automatic and must be caused by the output 
changes. 

One method of automatically var3dng the exciter field current is to use 
a potentiometer error-detection system, as shown in the schematic dia¬ 
gram. One potentiometer is excited by a separate source of d-c voltage. 
The second potentiometer is connected across the generator output. 
The negative terminals of the two potentiometers are connected. The 
variable taps are then connected to the two ends of the exciter field. 
The difference in potential between the two taps drives current throxigh 
the exciter field. For proper operation, the size and current capacity 
of the reference voltage and the potentiometers must be selected with due 
regard to the ratings of the exciter field, and the positions of the potenti¬ 
ometer taps must be adjusted. 



INTRODUCTION 5 

Assuming that the system has been properly designed, its performance 
may be explained qualitatively as follows: A decrease in output voltage 
increaaes the potential difference between the potentiometer taps; this 
increases the exciter field current, which increases the exciter voltage, the 
generator field current, and the generator output voltage. Conversely, 
an increase in output voltage reduces the potential difference between 
taps, thus reducing the exciter field current, etc. 




{b) 

Fig. 1-2. (a) Generator voltage regulator. (6) Block diagram of a generator voltage 
regulator. 

The block diagram of the system is shown in Fig. 1-26, The use of 
separate blocks for the turbine, generator armature, generator field, 
prime mover for the exciter, exciter armature, and exciter field is fairly 
obvious. It is equally correct to use a single block for the generator unit 
and another single block for the exciter unit. This would be done in 
practice, but the separate blocks are shown here to emphasize the fact 
that physical units frequently require more than one block to show their 
characteristics on a block diagram. The output-voltage measurement is 
shown simply as a feedback line, and the reference voltage is shown in like 
manner. The error detection is shown symbolically as a subtractor into 
which the reference and output are fed, and from which comes a difference 
in voltage. Note that all blocks are interconnected by single lines, and 
the arrowheads on the lines indicate the direction in which the energy is 
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being fed. Note also that there is a feedback of energy from output to 
input; this makes a closed-loop system. 

1-6. A HydrauHc Positioning Servo. A hydraulic positioning servo 
is shown in Fig. l-3a. The purpose of the mechanism is to position the 
load accurately and to vary this position in accordance with some com¬ 
mand signal. An example of its use is positioning the cutting tool of a 
profile milling machine. In such a case, the load is the cutting tool, tool 
holder, etc., and the command signal is the contour to be milled. 




ib) 

Fig. 1-3. (o) Hydraulic positioning servo, (b) Block diagram of a hydraulic position¬ 
ing servo. 

The motor part of this device is the hydraulic piston, or ram, Pi. 
This piston may be moved to the left or to the right by applying hydratilic 
pressure to the proper port. Control of this hydraulic pressure is obtained 
with a selector valve. This valve connects the hydraulic pressure line 
to the proper port for a desired motion, and simultaneously connects the 
other port to a hydraulic return line so that the fluid displaced by the 
moving piston can escape. 

The position of the selector valve is controlled in turn by the equilib¬ 
rium position of a mechanical-spring-pneumatic-bellows combination. 
The bellows is metallic, of course, and has a spring action of its own. 
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The spring and bellows are both set in compression, and air pressure is 
fed to the bellows. Fluctuations in air pressure move the selector valve, 
causing the hydraulic ram to operate. 

The fluctuations in air pressure that operate the power system are pro¬ 
vided by the error-detection device. The error detector consists of two 
nozzles rigidly supported in an axial line and mechanically connected to 
the main power piston. The nozzle openings face each other and are as 
close together (in an axial direction) as is practical. A constant-pressure 
air supply is connected to one nozzle, and the other nozzle is connected 
to the bellows. When no obstruction is placed between the nozzle open¬ 
ings, maximum pressure is developed in the bellows. The spring-bellows 
combination is set for equilibrium at about half of this maximum pres¬ 
sure. The edge of the profile is inserted between the nozzles so as to 
interrupt the air flow, thus reducing the bellows pressure from the 
maximum. Equilibrium is obtained when this obstruction reduces the 
bellows air pressure to the predetermined value. 

Having obtained the equilibrium setting, the profile is moved past the 
nozzles. If this motion tends to remove the edge from between the 
nozzles, the air pressure to the bellows increases, the selector valve is 
moved and supplies hydraulic pressure to the right-hand piston chamber, 
and the power piston is moved to the left to reestablish equilibrium. 
Conversely, if the profile motion moves the edge into the air stream, the 
bellows pressure is reduced, the selector valve is moved and supplies 
hydraulic pressure to the left-hand piston chamber, and the power piston 
is moved to the right to reestablish equilibrium. Accuracies of 0.001 in. 
are readily obtained with such a system. 

The block diagram of the system is shown in Fig. 1-36. The hydraulic 
piston is the power device and is represented by a block; the bellows- 
spring-selector-valve combination acts as an amplifier and is repre¬ 
sented by a second block. The output position is measured by the 
nozzle combination, and the command is the profile edge. The error 
detection, resulting in a change in pressure to the bellows, involves the 
action of the bellows and physically is not separable into a distinct 
error-detector unit. Thus the error-detector block is a symbolic, or func¬ 
tional, representation. Note that the output measurement feeds back 
energy to the input, and makes the system a closed-loop system. 

1-6. A Tension Control for a Paper-reel Drive. In the manufacture 
of many types of paper, the paper sheet is continuous and must be rolled 
on a central tube. To obtain a compact, uniform result, the paper must 
be pulled onto the reel at constant tension. If the tension hicreascs, the 
paper tears, while reduced tension produces a loose roll. Thus, control 
of the tension is necessary. 

As layers of paper are run onto the reel, the diameter of the roll is 
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increased. If the reel speed remained constant, the linear velocity of the 
paper would increase; this would increase the tension. Thus, tension 
control may be obtained by varying the reel speed. 

Figure l-4a shows, in simplified form, a scheme which is commonly 
used. The desired tension is set by means of a rider roll under which the 
paper strip passes. The rider is constrained to vertical motion only, and 
the magnitude of the tension depends on the weight of the rider roll and 
on any spring loading which may be used in addition. Since the paper 
tension eflFectively supports the rider, any change in tension moves the 




(W 

Pig. 1-4. (a) Tension control for a paper-reel drive. (6) Block diagram for a tension 
control. 

rider in a vertical direction, upward for increased tension and downward 
for decreased tension. 

: The vertical movement of the rider is used to control the speed of the 
d-c drive motor by changing the field current, and this change in motor 
speed adjusts the tension. For example, if the tension in the paper 
increases beyond the desired limit, this raises the rider. A lever connec¬ 
tion (other means may be used) then reduces the resistance in the motor 
field. The motor field current increases, and the motor speed decreases, 
which decreases the paper tension. 

The block diagram of the tension control is shown in Fig. 1-46. The 
motor may be considered as a single device and a single block, or the motor 
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field and armature may be thought of as separate parts of the system and 
two blocks may be used. The first scheme is used here. The output 
of the system is shown as three blocks instead of one, because this pro¬ 
cedure seems more readily understood. The reference position is the 
desired rider position, and the feedback signal is the actual rider position. 
The error detector is the mechanical linkage between rider and field 
rheostat, and the error is the mechanical displacement produced by this 
linkage. Note that there is a feedback of enei’gy from output to input; 
this makes the system a closed-loop system. 

1-7. Gun-director Servos. The final result of an antiaircraft fire- 
control system is the alignment of the gun barrel. In order to point the 
gun in some desired direction, it is necessary to rotate the entire gun 
mount in the horizontal plane as well as to elevate or depress the gun 
barrel. Siiujo both must be done simultaneously and automatically, 
two separate servomechanisms are required, one for rotation and the 
other for elevation. These are true servomechanisms because they con¬ 
trol the position of the output. 

The load of the rotation servo is the entire ^n mount, which is a rather 
large inertia with appreciable friction. The load of the elevation servo 
is essentially the gun barrel, a smaller inertia with less friction. Thus, 
the two servomechanisms need not be identical, because the loads are 
different in magnitude. However, rotational motion is required in both 
cases, and d-c motors (of different sizes) might be used as power devices. 
The remainder of the systems would normally be quite similar, and so the 
following discussion is limited to the rotation servo. 

The motor is connected to the gun mount through a reduction gear train 
because the normal speed rating of a d-c motor is much higher than the 
maximum permissible rotating speed of the gun mount. The size of the 
motor is determined by several factors: 

1. The torque required by the maximum specified acceleration of the 
gun mount 

2. The maximum power demanded during acceleration 

3. The normal power required when the mount is rotating at some 
specified angular velocity 

These factors arise from conditions inherent in the job which is to be 
done. When the gun-director servo receives a command to track a plane, 
the gun may be pointed in an entirely different direction. It is then 
necessary to get “on target” rapidly. The motor must therefore 
accelerate the gun mount and swing it into position. The maximum 
permissible acceleration is determined by allowable stresses in the gun 
mount, by personnel safety, etc. During such acceleration periods, a 
large torque and large amounts of power are obviously required and must 
be considered in selecting the motor. Since aircraft move at high 
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velocities, the gun must move continuously to remain ‘‘on target.” 
This continuous rotation is not necessarily at constant velocity, but a 
representative value for the expected gun velocity is determined and used 
in selecting the motor. 

Assuming that a d-c motor is used, d-c power must be made available 
and must be controlled in such a way as to permit both position control 
and velocity control of the gun mount. It might be possible to use 
relays for such a purpose but, in general, better control is provided by 
using a separate generator to supply the motor armature. The Ward 
Leonard connection is normally used, but the generator is freciuently an 
amplidyne in order to provide faster response and more ampliti(^ation. 

Another advantage of the amplidyne for such a purpose lies in the fact 
that its control field windings normally do not require much power and 
thus may be supplied from an electron-tube amplifier. The amplifier 
itself is not unusual in design, but the output must provide a d-c voltage 
of reversible polarity in order to control the direction of motion of the 
gun mount. The input to the amplifier is the so-called “error signal”; 
that is, it is some signal indicating the displacement of the gun mount 
from the desired position. The error signal in general indicates two 
things—the direction of such a displacement and the magnitude of the 
displacement. 

Various devices are available for providing such an error signal. In 
this discussion, it is assumed that the device used is a pair of solsyns, 
connected as a synchro generator, and a control transformer. (For a 
detailed discussion of these devices, see Appendix II.) 

To utilize a synchro-generator-control-transformer combination as an 
error detector for the gun director, one shaft is rotated to indicate the 
command, i. e., the. desired position or velocity, and the other shaft is 
used to indicate the actual position of the gun mount. The control 
transformer might be geared to the gun mount so that a specific position 
of the synchro shaft corresponds to a definite direction for the gun. The 
synchro generator would then be the command station, and its shaft 
might be rotated by hand or by some automatic command system. The 
complete system is shown in the diagram of Fig. l-6a. 

It is readily seen from the diagram of Fig. l-5a that the system forms 
a closed loop. It can also be seen that the amplifier design (*anuot be 
that of an ordinary audio amplifier since the input is at constant fre¬ 
quency and variable amplitude, while the output of the amplifier must 
provide an unbalance in the control field which has a polarity depending 
on the phase of the input signal and a magnitude proportional to the 
magnitude of the input signal. 

The operation of the system of Fig. l-5a may be described (jualitativoly 
as follows: 
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1. Assume that the gun mount is stationary and the synchros are 
aligned so that no error signal is applied to the amplifier. 

2. It is desired to turn the gun to a new position so that the shaft of the 
synchro generator is turned through 45°. 

3. The synchros are no longer aligned, and so an error signal is applied 
to the amplifier. This signal is amplified and unbalances the amplidyne 
field, thus permitting a net generated voltage. 

4. The amplidyne then provides power to the motor which drives the 
gun mount in the proper direction* to reduce the error to zero. 




(b) 


Fig. 1-5. (a) Gun-director servo. (6) Block diagram for a gun-director servo. 


6. If the system has been designed to provide rapid acceleration, the 
gun mount will probably overshoot the desired position. The error 
signal is then reversed 180° in phase, and the motor also reverses to bring 
the mount back to the desired position. 

6. This overshooting, or hunting, may occur only a few times before 
the gun becomes stationary. It is one of the purposes of servomechanism 
design to control this feature. 

The block diagram of the gun-director servo is shown in Fig. 1-56. 
The justification of most of the blocks should now be obvious from the 
examples previously cited. It may be noted that, in this case, the error 
detector is specifically the combination of two synchros which actually 

The coimections required for the proper direction, of rotation must bo predeter¬ 
mined. 
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compare the mechanical position of the two shafts and produce an elec¬ 
trical error signal. The synchros are thus both an error-detector com¬ 
bination and an electromechanical transducer. Note that there is a 
feedback of energy from output to input; this makes the system a closed- 
loop system. 

1-8, Summary. This chapter has presented the basic definitions of 
an automatic-control system. The need for such systems has been 
pointed out, and several illustrations of different types of feedback control 
systems were given. In addition to a physical explanation of the oper¬ 
ation of each illustrative system, the block diagram of the system was 
determined, and it was noted in each case that there was a feedback path 
making the system a closed-loop system. 
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CHAPTER 2 


GENERAL ASPECTS OF ANALYSIS AND DESIGN 


2-1. Introduction. The purpose of this chapter is to give the reader 
a broad general view of the problems encountered in working with servo¬ 
mechanisms and feedback control systems. A secondary purpose is to 
indicate the need for several types of mathematical analysis, with the 
hope that the reader will then be more interested in the mathematical 
developments and component analyses which necessarily precede the 
study of complete elementary systems. 

The first stop is to show what type of performance may be required of a 
servomechanism, the type of reasoning which leads to the selection of 
basic components to do a specific job, and the total inadequacy of 
physical reasoning in determining how well such a combination of com¬ 
ponents will perform. This leads logically to a discussion of mathe¬ 
matical methods which are capable of determiijing performance, and 
these methods are considered in the light of their usefulness in both 
analysis and design. A brief r6sum6 is given of transient methods and 
their advantages and disadvatitages, and the possibility of using fre¬ 
quency-response methods is explained and illustrated. 

2-2. Performance Requirements of Automatic-control Systems. A 
detailed or quantitative discussion of complex systems containing more 
than one feedback loop is beyond the scope of this text. The per¬ 
formance rccpiiremeiits of most automatic-control systems, however, are 
basically the same, and although the quantitative discussions in this 
text are largely restricted to single-loop systems, the following discussion 
of performance requirements applies much more generally. 

The general function of any automatic-control system is to control a 
specific load in some predetermined fashion. An automatic-control 
system is always a dynamic system, and the control problem may there¬ 
fore be divided into two parts, i. e., system performance in steady state 
and system performance during transient periods. 

Steady-state Performance. Where a load is mechanical, a system may be 
expected to control one or more of three quantities: 

1. Position 

2. Velocity 

3. Acceleration 


13 
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If a load is not mechanical, the above terminology does not apply 
directly, but in almost every case the equations of a specific system 
indicate that the controlled quantity (output) is equivalent to a position, 
velocity, or acceleration. 

The steady-state performance of a given system is measured in terms 
of the accuracy with which the load is controlled. If the command 
signal requires that the load be moved to a given position, the servo¬ 
mechanism has perfect steady-state performance provided the desired 
position is obtained exactly. A similar statement is equally true for 
systems controlling velocity or acceleration. If the system is not perfect, 
and of course few are, the accuracy of the system may be expressed in 
terms of the deviation of the output from the desired value, i. e., in terms 
of the error. The performance of a given system is good enough for the 
intended application if the error is less than some value which has been 
specified, usually by the user. 

It should be reasonably obvious that a good positioning system will not 
necessarily be a good velocity or acceleration control, and vice versa. 
However, some applications require that more than one quantity be con¬ 
trolled simultaneously by the same system. For example, the gun- 
director servo previously discussed must not only rotate the gun mount at 
some velocity specified by the command signal, but it must point the 
gun itself in a specified direction, since rotation at the proper speed is 
useless if the gun is pointing behind the aircraft. In this and similar 
cases, the steady-state performance of the system is acceptable only if the 
velocity control is perfect and the position error is kept within acceptable 
limits. One of the important problems in servomechanism design is that 
of reducing such errors to very small values. 

Transient Performance — General, The transient-performance require¬ 
ments of an automatic-control system are more varied than the steady- 
state requirements though, in many ways, equally important. Before 
considering the transient requirements, two important facts must be 
emphasized. First, because of the feedback loop, it is possible that 
improper design or adjustment may make the system hunt continuously 
(oscillate), so that steady state is never reached. Such a system is said 
to be unstable and, except in very special applications, this hunting has to 
be elinodnated. Normal transient requirements do not apply to unstable 
systems. The second important fact is that definite transient specifi¬ 
cations exist for each application; a system which is considered to have 
good transient performance for its application might be very unsatis¬ 
factory in another application. 

The term ^'transient'' refers, of course, to the time period when the 
system is changing from one steady-state condition to another. For 
example, if a positioning system is commanded to move its load from one 
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position to another, the transient period is the time interval between the 
instant the command is given and the instant the new steady state is 
achieved. During this transient period the error has instantaneous values 
far greater than are acceptable during steady state. Such a condition is 
not ideal, but is unavoidable in practical systems. The important prob¬ 
lem is to achieve the new steady state in as short a time as is consistent 
with the limitations of the equipment and in such a fashion that the con¬ 
dition of the output is within specified limits. 

Since the preceding statements are very general, the following qualita¬ 
tive explanations are used to convey a more concrete physical picture. 
Suppose that a positioning servomechanism is given an instantaneous 



Fig. 2-1. Response curves of a simple positioning servomechanism. 

command to move its load from position A to position B. Then the 
input, or command signal, would undergo a step variation, as shown by 
curve ABC in Fig. 2-1. In general, no physical load can duplicate such 
an input variation. The output may eventually reach the new steady 
state indicated by the line BC, and the variation may be similar to one 
of the curves 1, 2, or 3. The time required for this transient period may 
vary from a fraction of a second to several hours, depending on the 
nature of the control application. 

Curves 1 and 2 approach the new steady state slowly but never 
exceed it. Curve 3 approaches and reaches the new steady state rapidly 
but overshoots and then oscillates about the steady state before coming 
to rest. A response such as that of curve 1 is very slow, or sluggish. 
Technically, it is called an “overdamped” response. In general, its 
only desirable characteristic is the fact that it does not overshoot, but 
since this characteristic is also shown by other curves which reach steady 
state more rapidly (such as curve 2), an overdamped system is seldom, 
if ever, used. Curve 2 approaches steady state more rapidly than curve 1, 
but does not overshoot. If no curve can lie to the left of curve 2 without 
overshooting, then curve 2 is said to be a “critically damped” response. 
Any curve which overshoots, such as curve 3, represents an “under- 
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damped^’ response. Damping is that property of the system which 
opposes existing motion. Most damping devices produce forces opposing 
the motion which are proportional to the velocity. The most commo!) 
form of natural damping is viscous friction. 

The important features of transient performance, which may be 
visualized from Fig. 2-1, are: 

1. Speed of response and settling time 

2. Peak overshoot (if any exists) 

3. Frequency of transient oscillation 

Each of these is explained in detail in the following paragraphs, and its 
practical importance is pointed out. 

Speed of Response and Settling Time. Before defining and (lis{‘ussing 
the concept of ‘'speed of response,it is necessary to point out that the 
general performance specifications of various types of servoinochaniHms 
permit several concepts of response speed. The specifications winch give 
rise to these concepts may be summarized as follows: 

1. For some systems the transient period is considered to bo ovc^r only 
when the final steady-state condition has been attained. 

2. Certain applications cannot allow any overshoot during the tran¬ 
sient period. 

3. In many cases the system is considered to have complot(‘(l its job 
satisfactorily when the output has been brought close to the (h^sirod 
condition and kept within specified tolerance limits about that (hitsired 
condition. 

Where the system requirements are as in case 1 or 2, it is oftcni true 
that the critically damped system is best, unless very compli(‘,at(‘(l and 
expensive controls are used. That is, for a simple linear singl(*-loop 
system, the critically damped condition provides the fastest r(^si)(>nsc 
possible without overshoot, and therefore would probably bo used where 
specifications such as those in case 2 are encountered. It may also bo 
shown mathematically that a given system, when critically damped, 
approaches steady state faster than the same system when undcn-dainpcjcl 
and therefore would be used with specifications as in case 1. 

If the system considered is a simple system, i. e., if its c.hanKti.c^ristic 
equation is a quadratic, the curve of its critically damped time^ n^sponso 
is a simple exponential curve. A “time constant” for such curves may 
be defined as the reciprocal of the constant factor in the exponent, i. e., if 

y = 


then the time constant is defined as 

^ 1 
X 


sec 
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For such cases, the speed of response may be defined as the time corre¬ 
sponding to a given number of time constants. A commonly used 
figure of merit derived from this concept is that the speed of response is 
four time constants. The number four is selected because evaluation of a 
simple exponential equation shows that in a time interval corresponding 
to four time constants 98 per cent of the possible change has been made, 
and thus, after four time constants, the output of a critically damped 
system is within 2 per cent of its new steady-state value. 

When it is of primary importance to drive the output close to the 
desired steady-state condition as rapidly as possible, it is frequently true 
that an underdamped servomechanism accomplishes this purpose better 



than a critically damped system. This is illustrated in Fig. 2-2, where it 
is again assumed that the command signal moves the input rapidly from 
A to B, so that the new steady state is indicated by the line BC. Curve 1 
represents the response of a critically damped system and curve 2 that 
of an underdamped system. It is seen that the critically damped system 
reaches final steady state more rapidly, but if the important criterion is 
to get the output within the limits indicated by the crosshatched band, 
then the underdamped system accomplishes this more rapidly. 

When such a criterion is used for system speed of response (and it is a 
common criterion in control applications), it is not possible to define the 
speed of response in terms of time constants. In fact, a criterion cannot 
be readily defined at all, since the speed of response depends not only on 
the specific system and the amount of underdamping but also on the 
tolerance limits of the application. Design of an underdamped system 
to obtain a specified speed of response is largely based on figures of merit 
that have been set by experience and good performance in the resulting 
system depends largely on the designer's experience. Some of the 
figures of merit which are used are discussed in the following sections on 
peak overshoot and the frequency of the transient oscillation. 

The concept of settling time is similar to that of speed of response, but 
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it is defined more specifically. When a system is underdamped, the 
oscillations in the output gradually die out, add the system “settles 
down” to steady state. For purposes of defimtion, the oscillations are 
considered negligible when 98 per cent of the possible change has been 
accomplished. The time required to accomplish this is called the 
“settling time.” The meaning is illustrated graphically in Fig. 2-3. 

Peak Overshoot. When an automatic-control system is designed as an 
underdamped system, the output overshoots the desired steady-state 
condition, and a transient oscillation occurs. The first overshoot is 
always the greatest, and its maximum value is called the “peak over¬ 
shoot,” or “maximum overshoot.” Thvis, if any undesirable features 



result from overshooting, they are most noticeable on the first overshoot, 
and subsequent undershoots or overshoots should generally be less 
important. It is essential to know what obj actionable features may result 
from overshooting and what limitations should be placed on the peak 
overshoot to minimize or elinoinate such conditions. 

There are two basic objections to large overshoots: One lies in the 
possibility of damaging some part of the system; the other lies in the fact 
that, while slightly underdamped systems may have a faster speed of 
response than critically damped systems, badly underdamped systems 
usually approach steady state rather slowly. The possibility of dama^ng 
the system arises from the relatively high accelerations which must be 
used to get a large overshoot and the resulting stresses in the operating 
and structural parts of the system. If the stresses are not excessive, 
the only reasons for limiting overshoot lie in the performance require¬ 
ments of the system. 

While it does not require much thought to see that a badly under¬ 
damped system would actually take a long time to approach steady state, 
it is not easy to see what quantitative limits should be set on the peak 
overshoot. It has been found by experience that satisfactory perform- 
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ance is most frequently obtained if the peak overshoot is limited to 1.5 or 
less. By this is meant that, for a command signal of unit amplitude, the 
output should swing from zero to no more than 1.6. There are excep¬ 
tions to this in both directions, of course, and it is not possible at present 
to formulate a brief rule which is more specific, although some work has 
been done in this direction. 

Frequency of the Transient Oscillation. An underdamped system 
hunts, or oscillates, about the final steady-state condition, as may be 
seen from Fig. 2-1. The frequency of this oscillation is important for 
several reasons. If the frequency happens to be near a natural frequency 
of some part of the system or of the structure on which the system is 
mounted, mechanical coupling can transixut the vibration and cause a 
mechanical resonance. This may either cause unsatisfactory results in 
terms of over-all performance, or it may actually result in destruction of 
the system or component. 

On the other hand, a knowledge of the frequency of the transient 
oscillation is an aid to estimating system performance. In general, if the 
peak overshoot is limited to some fixed value, say 1.4, then for systems 
with a peak overshoot of 1.4, that system which has the highest transient 
oscillating frequency normally responds the fastest. This fact is another 
qualitative figure of merit which is quite useful in design, but which can¬ 
not readily be expressed in numbers. Further reference to this figure of 
merit will be made later in the text. 

2-3. Design Specifications. From the preceding discussion, the nature 
of the basic design specifications for an automatic-control system is 
readily seen. Obviously, the designer must know the physical nature of 
the quantity to be controlled. To make the discussion more concrete 
and more readily correlated with the preceding sections, it will be 
assumed that the problem is to control the position and velocity of a 
mechanical rotational load. 

The design specifications for such a load must include: 

1. The moment of inertia and the coefficient of friction of the load, or 
other information which implicitly contains these data 

2. The velocity, or range of velocities, for expected operation 

3. The time allowed for the drive motor to achieve the desired load 
velocity, i. e., the desired speed of response 

4. The maximum permissible overshoot, if any 

6. The permissible steady-state position error 

The above are nec.essary specifications. Many additional detailed 
requirements are normally specified, but the discussion in this chapter is 
restricted to these items. 

2-4. Selection of System Components from Design Specifications. 
Knowing the load to be driven and the performance expected of the 
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load, the designer must select a motor capable of driving it. The motor 
must not only have suflScient power capacity for the steady-state load 
requirements, but it must be capable of supplying the peak, transient 
power. If a motor is tentatively selected on a power basis, a chock must 
be made to see if it is capable of accelerating the load rapidly enough 
to satisfy the speed-of-response requirement. This usually involves 
knowledge of the starting torque and the tor(iuo-to-inertia ratio of the 
motor. 

Having selected the drive motor, the designer must then choose other 
components, such as: 

1. A controller for the motor 

2. A measuring device to monitor the load position and velocity 

3. A data input device to accept the command signal 

4. An error detector to compare the command signal with the output 
measurement 

5. A means of operating the controller from the error signal 

In each case, the minimum qualifications of the selected component are 
physical suitability, power capacity, and accuracy, but many other factors 
are involved. Note that in each case the component is selected primarily 
on a physical basis. Little mathematics is needed, and system perfor¬ 
mance specifications act as limits, not as values to bo obtained exactly. 

Using such methods, the designer obtains a basic system which is phys¬ 
ically capable of doing the task required. That is, the system has suffi¬ 
cient power capacity, measurements are sufficiently a(!Curato, and correc¬ 
tive power is applied when there is an error. It docs not follow, how'over, 
that the system would be satisfactory if assembled and tested. At least 
one factor, the allowable overshoot, has not been considcnwl at all, and the 
speed of response and steady-state position error have not been explicitly 
used in selecting the components. The obvious next st(ip is an investiga¬ 
tion of this preliminary design, not just to check performance (because 
acceptable performance can hardly be expected), but to determine what 
else must be done to obtain the specified performance. 

It is reasonably obvious that the transient and steady-state perform¬ 
ances of such a combination of components cannot be checked by phys¬ 
ical reasoning. There is no physical way to toll whether the system is 
overdamped or underdamped, except to build it and test it. Since the 
engineer normally wants a reasonable assurance that th(v system can work 
before building it, the logical procedure is to perform a preliminary 
mathematical analysis. 

2-6. The Choice of Mathematical Tools. To find the p(irformancc of a 
physical system, the obvious mathematical approach is through direct 
solution of the differential equation of the system. When analysis is the 
main purpose of a mathematical study of a servomechanism, the differ- 
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ential equation is solved. When the main purpose of the mathematical 
study is that of determining what must be done to obtain a desired perform¬ 
ance, the differential equation is not an optimum tool. The automatic- 
control problem is seldom one of analysis only; in general, it is a very 
definite design problem, and because of the design features the solu¬ 
tion of the differential equations involved is not necessarily a profitable 
undertaking. 

It has been found that the design of servomechanisms and other feed¬ 
back control systems is most conveniently accomplished using frequency- 
response methods, with transfer functions employed as an intermediate 
tool. The following sections indicate the advantages and disadvantages 
of differential-equation solutions, and show the possibility of using 
frequency-response methods. 

2-6. The Differential Equation of a Positioning Servomechanism. 
In order to illustrate the advantages and disadvantages of the differential 



Fig. 2-4. A positioning servomechanism. K — 100, 72/ * 60 ohms, L/ » 6 henrya, 
Rs - 48.8 ohms, J = l.Oalug-ft*, /l *- 0.00143 ft-lb/rad/scc, V « 100 volts, N - 60/1, 
Jm ^SX 10“-* slug-ft* Kt - 0.812 ft-lb/amp, Ku » 1.26 volts/rad/scc. Kg « 200 
volts/amp, and K, *» 6,73 volts/rad. 


equation as a tool for design purposes, an illustrative positioning servo¬ 
mechanism is considered, as shown in Fig. 2-4. This system is essentially 
the same as the gun-director servo of Fig. l-5a, and so no descriptive dis¬ 
cussion is needed. 

The differential equation of this system may be derived by any con¬ 
venient method, and is 


KgKi 
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/ dt* 
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Equa tion (2-1) is seen to be a third-order equation. An algebraic solution 
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of such, an equation is possible* but is quite laborious, and the resultant 
solution contains combinations of parameter values difficult to interpret. 

Using the numerical parameter values given with Fig. 2-4, the numer¬ 
ical differential equation becomes 

0.09 ^ + 2.462 ^ + 15.62 ^ + 573flc = 5730* (2-2) 

Assuming that the input, Ox, is initially at rest, and then is put into 
constant-velocity rotation, 6s — ojst, the solution to Eq. (2-2) is 

0c = cos[t - 0.0273 + 0.00636-28.95* _|. o.0538e+8*^2^‘ sin (14.79i - 203°) 

(2-3) 

Equation (2-3) expresses the time performance of the system for the 
parameter values used. It show's that the system is unstable (exponential 
term with positive exponent). It shows that the oscillatory frequency is 
14.79 rad/sec. If the system were stable there would be a steady-state 
position error, since, as ^ co, 

lim \Bo “ = 0.0273wj8 

(2-4) 

“ 0.0273wij 

Having obtained such a result from the solution of the differential 
equation, the designer may be faced with a number of problems. The 
system must be made stable, the steady-state error may be too large, the 
response of the system may be too slow, and there will be a problem of 
controlling the transient overshoot after the system is stabilized. While 
all these items may not be important in a specific application, certainly 
several of them will be, and the designer must determine whether the 
desired conditions can be obtained by adjustment of the selected compo¬ 
nents or whether a more drastic change must be made. 

In any physical system not all the parameters are adjustable. In the 
system of Fig. 2-4, the only parameters readily adjustable are: 

K, the error-detector sensitivity 
jfiC, the amplifier gain 

These may be readily increased or decreased. Certain other parameters 
may be increased, but in general they may not be decreased. These are: 

Rf, the generator field resistance 
Rof the armature resistance 
Jt, the load inertia 
/i, the load friction 

The gear ratio, AT, has a small range of variation in an experimental setup, 
but has none in a finished product. The motor constants, Kt and Km, can 

’“Lauer, H., R. Lesnick, and L. E. Matson, Servomechanism Fundamentals,'' 
McGraw-Hill Book Company, Inc., New York, 1947. 
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be altered by changing the field excitation, but the range of adjustment is 
not great. No other parameter values (in the system of Fig. 2-4) can be 
changed except by replacing an existing component with a new one. 

The effect of varying a parameter value is not readily determined. 
Perhaps the easiest way to show this is to consider Eq. (2-1) and study the 
effect of parameter changes on the coefficients. Changes in Ka and K 
affect only one term in the characteristic equation, and the forcing- 
function term. Changes in J?/, Rg^ J^f /l, iV", Kt, or Km affect at least two 
coefficients in the characteristic equation. Thus K, and K are conven¬ 
ient adjustments, not only because a wide variation is possible, but also 
because the effect of any variation is easily studied, and a trend may bo 
established. The other possible adjustments are not usually desirable 
because their effect on system performance is complicated, and trends are 
not readily established. In any event, the effect of a parameter change 
usually can be determined only by computing the new values of the 
coefficients of the differential equation and solving it again. This is cer¬ 
tainly a laborious process, particularly when a number of trials may be 
necessary. 

It should not be assumed that the performance of a servomechanism 
can be set to specified values by parameter adjustment alone; in fact, the 
reverse is more commonly true, i. e., it usually is necessary to insert 
additional components. After the basic system is shown to have unsat¬ 
isfactory performance, the first problem of the designer is really that of 
determining whether or not adjustment is a possible means of obtaining 
satisfactory performance. This may be quite difficult to determine from 
the differential equation. Assuming that adjustment is feasible, the 
parameters to be adjusted and the amount of adjustment normally can bo 
determined only by trial and error. Such computations are a laborious 
undertaking—so laborious that construction of the system and experi¬ 
mental adjustment are often the best solution. 

If preliminary investigations show that adjustment will not produce 
satisfactory performance, then the designer must decide what changes 
must be made in the system. The differential equation of the system 
usually does not give any clues to the type of change needed. These must 
be obtained from other sources, and the general theory is discussed in 
Chap. 3. It may be stated that the most common procedure is to add a 
filter to the system to compensate for the performance deficiencies. The 
addition of such a device normally changes the system differential equa¬ 
tion, usually increasing the order. That is, Eq. (2-1) is a third-order 
linear differential equation, and the addition of a filter to the system of 
Fig. 2-4 would produce a linear differential equation of at least fourth 
order. When a filter is added, the amplifer gain usually must bo 
increased, and suitable values for the filter parameters must be deter- 
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mined. To do this, using only the differential equation, requires trial- 
and-error methods and considerable labor, since the order of the equation 
has been incroaHcd. 

From the preceding discussion it should be obvious that the differential 
e<inat.ion of a servomechanism and its solution are not satisfactory tools 
for design procedures. Iix addition to the labor involved, the trial-and- 
error metiiods tmeded usually do not lead to an optimum result, i. e., 
although i h(f result obtained may meet specifications, it is possible that 
even b(‘tt<^r p(Tformau(!e may be obtainable. 

2-7. The Possibility of Using Frequency-response Techniques for 
Servomechanism Analysis and Design. A detailed justification for the 
use of fre<iueuc.y-respotiso methods to analyze and design servomech¬ 
anisms is (dearly not possible at this point; the bulk of this book is 
(levot<'(l to Hindi justilication and to the methods and techniques used. 
However, the basic physical and mathematical facts which make possible 
the UHe of friniuency-reaponse methods can be stated and explained, 
'rhis in done in the following paragraphs. 

The time domain and the frequency domain are formally related by the 
Fourier integral, 'rhis means that the transient (time) response of a sys¬ 
tem should be calimlable if the frequency response is known for all fre- 
cpxencieH from minuH to plus infinity. Such calculations are impractical, 
Vmt certain approximations are available. If the frequency response of a 
syHtem is known, Homo of the salient features of the transient response 
may he (‘Hl.imated with reasonable accuracy. It is well known that the 
height of the rcHonanco peak in a frequency-response curve is indicative 
of the amount of damping present, but if such a system is actuated by a 
sudden disturhunco (step function), it will undergo transient oscillations, 
and Ihe amount of damping present obviously determines the per cent 
maximiun overshoot and the time required to damp out the oscillations. 
'J'huH the height of ilio rcHonanco peak in the frequency-response curve of 
a HcrvonK'chaniHin is Indicative of the maximum overshoot and of the 
settling time, or speed of lusponse. In like manner, the frequency at 
which resonance occurH is related to the frequency of the transient oscilla¬ 
tion, and this is indicative of the speed of response of the system. 

Ibifort.unately, the relationship between frequency-response values 
and t ransient-response values is not readily expressed in a simple equation 
for cvmi the simplest t.ype of servomechanism. The height of the reso- 
nauci* p(‘ak and the value of the resonant frequency do not define exactly 
the maximum l.ransient overshoot, nor the oscillating frequency, nor the 
speed of rcHponse. 1 lowever, certain general empirical relationships exist 
which permit, fair correlation between frequency-response performance 
and transient, performance. Those relationships are: 

1. 'The resonance peak of the frequency response (expressed as a ratio 
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of output amplitude to input amplitude) is greater than the maximum 
overshoot of the transient response (expressed as a ratio of maximum out¬ 
put variation to the magnitude of the step input disturbance) for reason¬ 
able values of the resonance peak, say from 1.2 to 2.5. 

2. The frequency at which resonance occurs is essentially the same 
as the transient oscillating frequency. 

3. Systems having the same height of resonance peak have transient 
oscillations that damp out in essentially the same number of overshoots 
and undershoots, so that systems with high resonant frequencies have 
transient responses that damp out in short time intervals. Thus, a sys¬ 
tem with a high resonant frequency, but a reasonable resonance peak, has 
a fast response. 

4. A well-damped system—one having perhaps two overshoots and one 
undershoot—has a minimum response time of about twice the reciprocal 
of the resonant frequency, if this frequency is expressed in radians per 
second. 

The above criteria are certainly not exact. They are based on a number 
of observations, starting with a study of the simplest type of servomech¬ 
anism, coupling the results of this study with experience, and limiting 
them to apply to the range of performance normally expected of servos. 
They are, however, the historical basis for modern frequency-response 
methods of analysis and design. If the frequency response of a given 
system is computed or measured, the resonance peak and the resonant 
frequency indicate the transient overshoot and the speed of response fairly 
accurately. Conversely, if a system is to be designed so that its transient 
performance lies within certain limits as to overshoot and response speed, 
the designer may select a resonance peak and resonant frequency which 
arc suitably correlated and may then design the system using frequency- 
response methods. 

As previously stated, the correlations arc not exact. Furthermore, no 
exact correlations of this type can be hoped for, since the differential equa¬ 
tion of a servomechanism may be of second order or higher, and it is 
unreasonable to expect that a correlation between the resonance peak and 
transient overshoot of a second-order system would hold eciually well for 
a fourth- or fifth-order system. In fact, it is surprising that the correla¬ 
tions are as good as experience has shown them to be. It should also be 
noted that the correlations stated thus far refer only to performance dur¬ 
ing the transient period. Computation of steady-state performance is 
also conveniently accomplished in the fre<iuency domain, but it cannot 
be presented here because it depends on the mathematical developments 
in later chapters. 

The preceding paragraphs have indicated only the possibility of using 
frequency-response methods for the analysivS and design of servomech- 
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anisms, but have made no attempt to justify their use. Perhaps the best 
justification lies in the fact that frequency-response methods are very 
widely used today, w-hile the differential-equation approach has been 
obsolete for years. The reasons for this lie in a few simple facts: Computa¬ 
tion is much less laborious and time-consuming with the frequency- 
response methods; trends may be established, and an optimum solution 
obtained; the addition of components to a system does not invalidate all 
previous computations, and does not particularly complicate additional 
calculations. The bulk of this text verifies these statements by develop¬ 
ing the frequency-response techniques and applying them to specific 
problems. 
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CHAPTER 3 


TRANSIENT ANALYSIS OF SERVOMECHANISMS 


3-1. Introduction. As noted in the preceding chapter, the transient 
response of a given servomechanism, or of any automatic-control system, 
may be obtained by writing and solving the differential equations of the 
system for the desired boundary conditions. The solutions may be 
obtained using any of the standard mathematical methods, although 
operational methods and, in particular, the Laplace transformation are 
favored by most workers in the field. 

The differential equation of the simplest ideal servomechanism is a 
second-order differential equation. In general, there are few practical 
syistems with differential equations of such low order. However, the best 
starting plan for the study of the basic theory is to begin with the simple 
ideal servo. 

The purpose of this chapter is threefold: 

1. To point out that there are three basic physical parameters which 
limit the performance possibilities of the simplest idealized servomech¬ 
anism, and to study the effect of these parameters on performance. 

2. To show that the deficiencies of the simple ideal system may be 
decreased or eliminated by adding components which compensate for, or 
counterbalance, the physical parameters responsible for the deficiencies. 

3. To show the basic mathematical nature of the compensation devices 
needed. 

To accomplish this threefold purpose it is necessary to write the differ¬ 
ential equations of a number of idealized systems, and to solve them fdr 
the transient response of the system. In order to have a transient 
response, however, the system must be subjected to some disturbance, 
i. e., there must be some change in input conditions or in load conditions. 
Mathematically speaking, there must be a forcing function which can be 
inserted in the differential equation. Thus, in order to write the differ¬ 
ential equations, suitable forcing functions must be chosen. 

In view of the preceding comments, the first part of this chapter deals 
with the types of disturbances which may be expected in the normal 
operation of servomechanism and other automatic-control systems. The 
mathematical functions chosen to represent these disturbances are 
defined, and the reasons for the choice of these mathematical functions are 
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explained. It then becomes practical to define the simple ideal system, 
and to write and solve its differential equation for both transient and 
steady-state performance. Anal3rsis of the solutions shows clearly the 
limitations of the system and the effects of the physical parameters 
involved. Further analysis leads logically to methods of compensating 
for these limitations. 

3>2. Disturbances Which Produce Transient Responses in Control 
Systems, and Mathematical Functions Used to Simulate Them. A 
simple automatic-control system has only two points at which disturb¬ 
ances are to be expected. These are at the input, or command station, 
and at the output, or load. The disturbances actually experienced 
depend on the physical nature of the specific system and the application 
in which it is used. For a system with mechanical input and output, the 
input disturbances may take the form of a position change, a velocity, an 
acceleration, or an oscillation; the output disturbances usually are load 
changes, which may be expressed as a force or torque. If the inptit and 
output members are not mechanical in nature, the disturbances could 
probably be described by other words, but are analogous to mechanical 
disturbances. Therefore, the following discussion is worded as if the 
input and output of the system were mechanical rotating shafts, but the 
comments apply to any physical system. 

Step-displacement Function, One type of input disturbance is a sudden 
rotation of the input shaft. It is desired to predict the transient and 
steady-state performance of the servomechanism following such a disturb¬ 
ance. In practice, such a disturbance cannot be instantaneous, but the 
shaft rotation may be very fast. When analyzing the performance by 
solving the differential equation of the system, the disturbance must be 
described mathematically as a “forcing function,” and it is desirable to 
standardize on an expression for it. The accepted standard is to 
that the change in shaft position is instantaneous. This has several 
advantages: It is conveniently represented noathematically; it is a faster 
change than can be obtained physically so that pessimistic results are 
obtained, i. e., the transient performance of the actual system following 
an actual disturbance will be better than predicted; and, finally, such 
standardization permits ready comparison of performance between differ¬ 
ent systems. 

The instantaneous change in input position is called a “step-displace¬ 
ment function” because a plot of input-shaft position, dn, vs. time, t, 
looks like the profile of a step, owing to the instantaneous displacement of 
the input shaft. This is shown in Fig. 3-1. The mathematical expres¬ 
sion for this is 

fla = 0 t<ti 

daK . 



TRANSIENT ANALYSIS OF SERVOMECHANISMS 29 

Step-velocity or Ramp Functions. In many applications the input mem¬ 
ber may be initially at rest, but is put into motion and ultimately operated 
at constant velocity or nearly constant velocity. The transient and 
steady-state performances of a system due to such a disturbance are not 
adequately described by the results obtained using a step-displacement 
function, and a different type of forcing 
function must be defined. Again it is 
desired to standardize on a forcing frmc- 
tion which is readily expressed mathe¬ 
matically and which is reasonably rep¬ 
resentative of actual disturbances. 

The function selected assxunes that 
the input is initially at rest and is 
suddenly put in rotation at constant 
velocity. Such a function accurately represents the steady-state condi¬ 
tion if the velocity chosen is the same as the steady-state velocity of the 
actual system. The instantaneous change from zero velocity to a finite 
velocity is more rapid than can be obtained physically, and the comments 
made for the step-displacement function apply here also. 

If input velocity is plotted vs. time, 
as in Fig. 3-2a, the sudden change in 
velocity appears as a step, and the 
function is therefore called a “step- 
velocity function.” On the other 
hand, if the input position is plotted 
vs. time, as in Fig. 3-26, the curve 
appears as a rising straight line, or 
ramp, and is therefore called a “ramp 
function.” In either case, the basic 
equation for the disturbance is 6r = uat} 
where co« is the velocity in radians per 
second. 

. Acceleration and OsciUatory Input 
Disturbances. A pure acceleration in¬ 
put disturbance is rarely encountered. 
A step-acceleration function could be 
defined if needed. Most normal dis¬ 
turbances include finite accelerations, 
but if the basic disturbance is a positional change, the intermediate 
accelerations and velocities are ignored and the step displacement function 
is used, while if the basic disturbance is a change in velocity, the step- 
velocity fimction is suitable. 

Oscillatory, or periodic, input disturbances are best handled by study- 
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ing the frequency response of the system, and solution of the differential 
equation is not required, as is shown later in the text. If the periodic 
input occurs simultaneously with some other disturbance, then the prin¬ 
ciple of superposition may be applied. In fact, for any number of differ¬ 
ent combinations of disturbances, superposition is applicable as long as 
the system is linear. 

Load Disturbances. For a system with mechanical rotational output, 
load disturbances may be considered as torques. The torque may act in 
either direction of rotation as a constant quantity, or it may vary in 
magnitude and direction. For most analysis and design purposes, it is 
represented either as a constant quantity or as a sinusoidally varying 
quantity. In either case, the mathematical expression representing the 
load disturbance is readily incorporated in the differential equation, and 
normal methods of solution apply. 

3-3. A Basic Servomechanism. The purpose of a servomechanism is 
to control the position of its output. The output member may be capable 
of linear or angular motion, and the driving device may be a linear 
actuator or a rotational motor. It is assumed for this discussion that 



Fig. 3-3. Schematic representation of a 
motor-load combination. 


both the motor and the load rotate, 
and that the combination of motor 
and load are characterized by a net 
rotational inertia J and a viscous fric¬ 
tion /. They may be represented 
schematically, as in Fig. 3-3. 


In order to control the output position, a command signal must be 


supplied and the output position must be measured. The command and 


output must be compared and the motor energized by the signal obtained 
from this comparison. If these requirements are added symbolically to 
the system of Fig. 3-3, the result is the simple closed-loop system of 
Fig. 3-4. 



Fig. 3-4. A simple closed-loop system. 


The system shown in Fig. 3-4 is idealized in the following ways: 

1. The output position is assumed to be measured instantaneously and 
exactly. 

2. The error detector is assumed to compare the command and output 
signals, producing an error signal E which is the instantaneous difference 
between them. 
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3. It is assumed that the error signal is at a power level sufficiently high 
to drive the motor directly. 

Further idealization is provided by assuming that the motor is a torque 
motor producing an output torque T directly proportional to the instanta¬ 
neous error signal. 

The differential equation of the system is readily obtained by noting 
that 


m _ T _l. 

^ dP dt 

(3-1) 

T = KE 

(3-2) 

1 

H 

(3-3) 

From these equations. 



(3-4) 


It should be noted that the possibility of an external torque applied to the 
load is neglected in the above equation. Load torque is considered later 
in the discussion. 

3-4, Servomechanism with Viscous Damping Subjected to Step Input 
Displacement. If the initial conditions are applied to the system 
described by Eq, (3-4), the procedure is as follows: 

1. It is convenient to rearrange the equation by defining new param¬ 
eters for use as coefficients. These do not simplify the equation or its 
solution, but they do simplify the interpretation of the results. There¬ 
fore, let 

s 

/, = friction coefficient required for critical damping = 2-\/JK. 

*■ “ s ■ 2";^ ■ 

Substituting in Eq. (3-4), 

+ Ur?9c “ (3-6) 


2. Using classical methods, the characteristic equation is 


d^Bo 

dP 


+ 2f<an 


0 


If the system is underdamped, the roots are 

ri-, rt = -fo), T VI - 
and the transient solution is 


(3-6) 

(3-7) 




(3-8) 
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3. For an initial step-displacement input of Bs = 1, the steady-state 
output position will be 6c — 1. Since the complete solution of the differ¬ 
ential equation is the sum of the transient and steady-state solutions, 

ffc = 1 -I- -I- 

This may be manipulated into the form 

5(j = 1 -|- sin (\/l — unt + 0)] (3-10) 

where 4> = tan.'^ (\/l — fVi') 

4. To evaluate the coefficient C note that, at < = 0, flo = 0. Also, 
owing to the inertia of the load, the output cannot attain a finite velocity 
at < = 0, even though accelerated. Thus, at f = 0, 



Applying these conditions to Eq. (3-10), 

0 = 1 -f- C sin ^ (3-11) 

0 = —fw»(C' sin 4>) + C'w* "v/l ~ T* cos ^ (3-12) 

from which 

C -(3-13) 

VT^ 

Thus the solution of the differential equation is 

Bo = 1 — ^ sin ^Vl “ “ni + tan~‘ (3-14) 

3-5. Discussion of Transient Response to Step-displacement Input. 
The curves of Fig. 3-6a show the variation of the output quantity do as a 
function of the dimensionless product uj when the positioning system is 
subjected to a step-displacement input, Bk = 1.0. These curves, in con¬ 
junction with Eqs. (3-14) and (3-5), permit some basic conclusions with 
regard to the performance limitations of the servomechanism and the 
adjustment of that performance. 

It is readily seen from the curves that the system becomes more oscillar- 
tory as f decreases in magnitude. Since the value of f is indicative of the 
viscous friction, it is apparent that the oscillatory tendencies may be sup¬ 
pressed by increasing the friction. 

The speed of response is indicated on the curves by the dimensionless 
abscissa uj. If it is desired that the system reach steady state in a short 
time, then, in general, w„ should be large. For example, if the curves of 
Fig. 3-6o are consulted, and it is decided that a value for f of f >= 0.6 is 
de.sirable, and if it is further decided that the system is suffidently close 



CO ^ 


-5a. Transient response of a second-order viscous-damped servomechanism when 
bed with a step-displacement input. 



Fig. 3-56. Velocity response of a second-order viscous-damped servomechanism when 
disturbed with a step-displacement input. 
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to steady state when = 5, then the required value of con may be deter¬ 
mined from the desired speed of response. Table 3-1 shows the variation 
in Wn as a function of specified response time for <dnt = 5. 


TABLE 3-1 


S^pedfied response 
time Tf sec 
1 

0.5 

0.1 

0.01 


- C^nt/T « 6/T 
5 
10 
60 
600 


There is no theoretical difllculty in meeting almost any specification 
for such a simple positioning system. One merely notes that 



and selects a motor with a sufficiently large torque-to-inertia ratio. Then 
one notes that 

f = _J_ 

2 VKJ 


and selects a viscous damper with the proper value of /. 

Practically, there may be considerable difficulty in obtaining a drive 
with the desired torque-to-inertia ratio which also meets specifications of 
wei^t, size, and cost. Similar difficulties arise in selecting a viscous- 
doping device. Furthermore, if the system may be used with inputs 
other than a step displacement, its performance may be entirely unsatis¬ 
factory, as indicated in the next section. 

3-6. Servomechanism with Viscous Damping Subjected to a Step- 
velocily Input. If the basic servomechanism of Fig. 3-4 is to be subjected 
to a step-velocity input, dg — ugt, the same differential equation applies; 

-f- 2fw» -f Un^do = «n*®* (3"5) 


Using classical methods to solve this equation, the transient solutiui. 
(for the underdamped case) is still 


$c = -f (3-8) 

For the steady-state solution, it may be noted that for large values oi 
time the output acceleration is zero, and it then follows that 

Clin 


(3-15) 
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Pig. 3-6. Response of a second-order viscous-damped servomechanism t,o a step- 
velocity input. 

The complete solution is then 

6c “ OJiit — —^ -f- “n/I~“ f*)< -4- 

COn 
9l^'/» 

= -- + (c COS co^Vl - + i> sin w„Vl - (3-16) 

The boundary conditions are: a,t t = 0, 0c = 0, and d0c/di = 0, from which 


(7 = 

«„ 

z) 2r^ - 1 

Wn -\/l — 

Substituting in Eq. (3-16) and manipulating, the variation of 0c as a 
function of time may be expressed as 
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Writ 


Fig. 3-7. Response of a second-order viscous-damped servomechanism to a step- 
velocity input. 

Curves to show the output variation for a velocity input may be 
plotted in two ways: (con/coB)^^ vs. con^, as in Fig. 3~6, or {ddo/dt)/(j>}M vs, 
o)nty as in Fig. 3-7. 

3-7. Discussion of Performance with Velocity Input. It is readily 
seen from both the curves and the equations that a servomechanism sub¬ 
jected to an input-velocity signal reproduces the input velocity, i. e,, the 
steady-state output velocity is identical with the input velocity. The 
output position, however, does not provide correspondence with the input 
position. This is discussed in a later paragraph. 

During transient conditions a servomechanism hunts if it is under¬ 
damped. Specifically, the output velocity oscillates above and below the 
input velocity until the transient is damped out. The amplitude, fre¬ 
quency, and duration of this oscillation depend on the f and con of the sys¬ 
tem. The output position hunts correspondingly, but about its steady- 
state condition, not about the commanded position. If the system is 
well damped, the output and input may not attain even instantaneous 
position correspondence. 

The lack of steady-state position correspondence under velocity opera¬ 
tion can be a serious defect in a servomechanism. The physical reason 
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for the steady-state error is quite simple; the viscous friction provides a 
retarding torque during velocity operation, and the motor must provide 
a counterbalancing drive torque to produce torque equilibrium, but it can 
only produce a torque proportional to the position error, and so a position 
error must exist. 

It is obvious that the friction drag can be reduced by reducing f, but 
this also reduces the damping, and overshooting may be excessive in the 
transient period. It is also possible to increase the gain so that a large 
driving torque is provided for a small error, but this also decreases f and 
gives poor transient performance. Some improvement may be obtained 
by increasing both the friction and the gain, but this is not practical if 
appreciable velocities are to be used, because the energy dissipated by the 
friction becomes excessive. 

There are several ways to reduce the steady-state velocity lag error, 
only one of which uses viscous friction. This is a special device, developed 
by A. C. Hall, which utilizes a fluid chamber connected to the load (or 
motor) shaft. The chamber contains an inertia disk which is spring- 
coupled to the shaft so that it provides damping action only during oscil¬ 
latory periods and causes no drag during constant velocity. So far, it has 
been applied only to very small servos. Other methods of reducing 
steady-state velocity lag errors are discussed in later sections. 

3-8. Effect of External Load Torque. If the output (or load) of a 
servomechanism is subjected to some external torque, the basic differ¬ 
ential equation of the system is affected, since the equilibrium condition 
becomes one for which tiie drive torque must counterbalance the algebraic 
sum of the normal load torque and the external load torque. The solu¬ 
tion of the differential equation is not appreciably more involved than for 
a normal case, and it is not presented here. 

If such external torque is applied to a static-positioning servomech¬ 
anism, the steady-state output is not in correspondence with the input. 
This follows logically from the fact that a torque equilibrium must be 
maintained and the drive can only supply a torque if there is an error. 
Therefore, there must be an error to provide the necessary torque. 

The same reasoning applies to a servo with velocity input and external 
load torque. The drive must supply sufficient torque to counterbalance 
the algebraic sum of the friction torque and the external load torque. If 
both are in the same direction, the error is greater than would be encoun¬ 
tered without the external torque. 

3-9. Methods for Improving the Performance of a Servomechanism— 
General Discussion. The preceding paragraphs indicate that there are 
two important inherent defects in a servomechanism driven by a signal 
proportional to the position error and having only viscous friction for 
damping. These defects are: 
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1. The inability to combine low steady-state position error with good 
transient performance when operated under velocity conditions (constant 
or near-constant input velocities). 

2. The inability to compensate for externally applied load torques. 

It is apparent that improvement in the performance of the system can 
be obtained either by reducing the magnitude of the errors or by com¬ 
pletely eliminating them. From a theoretical point of view, complete 
elimination seems to be the proper step, but, from a practical point of 
view, some error can often be tolerated, and the choice between small 
error and no error is frequently an economic problem. It is therefore 
necessary to investigate both possibilities. 

The reduction of steady-state error due to viscous drag during velocity 
operation (the reduction of velocity-lag error) may be accomplished in 
several ways. The first requirement is that the viscous friction must be 
reduced, since this is the basic cause of the velocity-lag error. When the 
viscous friction is reduced, the damping coefiSicient, f, is also reduced, and 
something must be done to provide damping during the transient period. 
The possible sources of additional damping may be found from an analysis 
of the basic equations of the system and from physical reasoning. 

First, consider the equations for the basic servomechanism. 




E = 
f = 


6s — 6o 

/_ 

2\/KJ 

1 

J 


Note that the damping, f, is part of the coefficient of the first derivative 
of the output. If f is reduced, but the over-all coefficient is kept at the 
same value by introducing another term, then the damping remains 
unchanged. This suggests the possibility of introducing an additional 
first-derivative signal to compensate for the reduction in f. Further¬ 
more, since the error, output, and input signals are interrelated, it seems 
possible that a derivative of any one of these quantities should have some 
effect on the damping. These possibilities are discussed later. 

Next, consider the expression for the damping coefficient, and note that 
the inertia, J, appears in the denominator of this expression. It is then 
apparent that if / is reduced but J is also reduced, acceptable damping 
may possibly be obtained. This is logical from a physical viewpoint also. 
Overshooting during the transient period is caused by kinetic energy 
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stored in the system inertia, so that reducing the inertia should decrease 
the overshoot. 

In practical servomechanisms, however, it is usually not possible to 
reduce the physical inertia appreciably, because this is set by the load to 
be driven, the motor required to drive that load, and the necessary inter¬ 
connections, such as gears. Thus any reduction in inertia must be an 
apparent or effective change rather than a physical reduction. 

If the differential equation of the servomechanism is written in its basic 
form 

it is seen that J is the coefficient of the second-derivative term. Then, 
if a signal proportional to a second derivative is introduced, it may be pos¬ 
sible to reduce the value of the net coefficient of the second-derivative 
term, which is equivalent to reducing the system inertia. Again, there 
are three possible signals available, owing to the interrelation between 
input, output, and error. These will be investigated in a later section. 

The preceding paragraphs suggest the use of derivative signals to reduce 
velocity-lag error, but they do not indicate their effect when a load torque 
is encountered; a little thought shows that they can have no effect what¬ 
soever. This is especially obvious for the case of a load torque on a static¬ 
positioning servomechanism, because in this case the input and output are 
both stationary and all derivatives are zero, so that no reduction in error 
is possible with a signal proportional to a derivative. 

Since derivative signals merely reduce velocity-lag error and do not 
affect load-torque error, attention is turned to the possibility of eliminat¬ 
ing such errors. Consider the steady-state condition of a servomech¬ 
anism with velocity input or a stationary positioning system with load 
torque. In either case, there is a constant positional displacement 
between input and output which is called the error. The only way to 
reduce this error is to increase the drive torque. Thus the introduction 
of an additional signal related to the error seems in order. Such a signal 
cannot be a derivative signal, because the error is not changing, nor can it 
be proportional to the error itself, because it would then decrease as the 
error decreased and a new equilibrium condition would be reached without 
eliminating the error. The remaining possibility is to introduce a signal 
proportional to the integral of the error. If a drive torque proportional 
to the time integral of the error is added to the normal drive torque which 
is proportional to the error, it is readily seen that the error must ultimately 
be reduced to zero. This is apparent from simple logic, since the integral 
term eventually becomes infinite if the error does not disappear and 
would then apply infinite torque. 
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3-10. Mathematical Relationships for First-derivative Compensation 
Signals. Figure 3-8 shows three block diagrams indicating the addition 
of first-dieiivative signals to a basic servomechanism. These diagrams are 
idealized, and it is not necessary that the input and output signals be fed 
through separate amplifiers to take their derivatives, nor need they be fed 
into the main loop at the points indicated. It should be noted that each 
of the derivative signals is symbolized as “plus or minus,owing to the 
fact that either condition may be obtained physically. Only one sign is 




ib) 



(c) 

Fio. 3-8. Block diagrams for the addition of first-derivative compensation to a basic 
Bor vomechanism. 

(а) First-derivative error added to system 

(б) First-derivative input added to system 
(c) First-derivative output added to system 

UHod in the following treatment, and analysis of the remaining cases is left 
to the student. 

The differential equations are set up for each case, using jfiC, J, and / as 
coefficients, rather than the dimensionless coeflBlcient, since most of the 
effects are more readily seen with the equation in this form. Further¬ 
more, a detailed solution of each equation is not attempted. As far as is 
possible, conclusions are drawn from the differential equation itself, and a 
solution of the equation is left to the discretion of the student. 
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First-derivative Error. The torque-equilibrium equation is 


j 1 fdda „ dE 

(3-18) 

Substituting B = Ob — ffo, 


M _deB _ dBo 
dt dt dt 


dt^ ~ ~ ~dt) 

(3-19) 

Rearranging, 


+ KQb + 

(3-20) 


Equation (3-20) shows that the coefficient of the first-derivative output 
term is now / + K\. Therefore, the transient solution of the equation 
can be made the same as for the basic servomechanism previously dis¬ 
cussed, if/is reduced by the numerical value of Ki so that the sum/ + Ki 
remains the same as the value of / used for the basic system. Thus effec¬ 
tive damping can be obtained by use of a derivative error signal. It 
follows logically that the steady-state velocity-lag error is reduced, 
because / has been reduced. (Note that the introduction of a derivative 
error signal, of itself, has no effect on steady-state error.) 

Fir St-derivative Input. The torque-equilibrium equation is 

+ + ( 3 - 21 ) 


Substituting and rearranging, 






(3-22) 


Equation (3-22) shows that the characteristic equation is not affected 
by the input derivative signal. Therefore, the roots are unchanged, and 
the transient performance is not altered. Any reduction in friction, there¬ 
fore, causes underdamping and poor transient response (except insofar as 
the input derivative signal affects the coefficients of the oscillatory terms 
and thus the amplitude of the transient overshoot). 

_ The right-hand side of Eq. (3-22) shows that the input derivative 
signal affects the steady-state solution for an input-velocity signal (for a 
displacement input, d$n/di = 0 for <> 0). The steady-state solution to 
Eq. (3-22) is 




(3-23) 
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From Eq. (3-23) it may be seen that an input-velocity signal can control 
the steady-state error even though it cannot control the transient per¬ 
formance. For example, if 7i — f, then dc = 9a and there is no position 
error. If Ii> f, then the output actually leads the input instead of 
lagging. 

First-derivative Ovipvt. The torque-equilibrium equation, as deter¬ 
mined from Fig. 3-8c, is 

Substituting E — Bb -- 6c and rearranging give 

7 + (/ T Oi) ^ + KBa = Ke^ (3-25) 

Equation (3-25) shows that the use of a feedback signal proportional to 
the first derivative of the output has exactly the same effect on the 
differential equation as changing the viscous friction. The transient 
performance is therefore damped when the feedback signal adds to the 
frictional effect. Under conditions of velocity operation, the velocity- 
lag error is also increased by increasing the damping effect. However, 
components used to accomplish such feedback (a tachometer, for example) 
do not dissipate energy as would additional viscous friction, and thus are 
sometimes advantageous. 

3-11. Mathematical Relationships for Second-derivative Compensa¬ 
tion Signals. Figure 3-9 shows three block diagrams indicating the meth¬ 
ods for adding second-derivative compensation signals to a basic servo¬ 
mechanism. In the following paragraphs the equations are handled in 
the same fashion as for the first-derivative signals. 

Second-derivative Error. From the block diagram of Fig. 3-9a, the 
torque-equilibrium equation is 


d^Bc 

dt^ 




d*E 

dt^ 


Substituting E = Bs — Bo and rearranging. 


(3-26) 


+ + (3-27) 

The second-derivative error signal thus changes a coefficient of the 
characteristic equation, and so the transient performance is affected. 
However, if the input is a step displacement or step velocity, no second 
derivatives exist when the system reaches steady state; thus, a second- 
derivative error signal does not directly affect steady-state errors. 
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The damping coefficient of the system and the natural frequency are 

f' =- f - 

2 Vg(/T K*) (3_28) 

/ _ r~^ 

If the polarity of the second-derivative error signal is such that the 
minus sign is used, then both the damping and the natural frequency are 



(a) 



ib) 
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(c) 

I^G- 3-9. Block diagrams for the addition of second-derivative compensation to a basic 
servomechanism. 

(а) Second-derivative error added to system 

(б) Secjond-dcrivative input added to system 
(c) Second-derivative output added to system 


increased. This means that the speed of response is increased and the 
peak overshoot is reduced, both of which are improvements in transient 
response. If if a is made large enough, / may be reduced while still obtain¬ 
ing suitable damping. Since the natural frequency is still increased by 
such a procedure, the system will respond more quickly, yet the reduction 
in / decreases the steady-state velocity-lag error. 

While the above analysis indicates certain advantages obtained from a 
second-derivative error signal, practical difficulties exist. A true second- 
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derivative signal is very diflBicult to obtain with existing components, and 
consequently is seldom used. 

Secondrderivative Input For a step-displacement input or a step- 
velocity input, the input signal has a second derivative of zero for ^ > 0, 
Thus the use of a second-derivative input signal cannot affect either the 
transient or steady-state response to a velocity input and is mentioned 
here only for the sake of completeness. There may be possible uses with 
systems subjected to acceleration inputs, but discussion of these is beyond 
the scope of this text. 

Second-derivative Output From the block diagram of Fig. 3-9c, the 
torque-equilibrium equation is 

Substituting E = da — dc and rearranging, 

"F ^ 

Again it should be noted that the output has no acceleration in 
steady state when a velocity input is used and thus the feedback signal 
is effective only during the transient period. Comparison of Eq. (3-30) 
with Eq. (3-27) shows that the left-hand sides are identical in form. 
Therefore, the same conclusions can be drawn, and no further discussion 
is needed. 

3-12. Summary of Derivative-signal Effects—^Practical Considera¬ 
tions. It has been shown in the preceding sections that the introduction 
of a first-derivative error signal can be used as a substitute for viscous 
friction, thus permitting a reduction in steady-state velocity-lag error. 
A first-derivative input signal does not affect the roots of the differential 
equation and thus cannot be used as a substitute for friction damping. 
It can control the steady-state error, however. A first-derivative output 
signal, when fed back, acts exactly as viscous friction in that it provides 
damping, but also it increases the velocity-lag error. It does so, however, 
without absorbing the large amounts of energy required by a viscous 
damper. 

Second-derivative signals affect the apparent inertia of the system. 
Therefore, if they are properly used, the friction may be reduced, and good 
transient performance is still available while the steady-state velocity-lag 
error is reduced. 

No mention was made of the effect of an external load torque. It is 
readily seen that derivative signals are incapable of compensating for 
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errors due to a load torque, and other methods are required when load 
torques are anticipated. 

From a practical point of "view, second-derivative signals are seldom 
used because it is extremely difficult to obtain a good second-derivative 
signal. They probably will be used more frequently as better equipment 
and simpler methods are developed. First-derivative input signals are 
seldom, if ever, used, for two reasons. First, it is usually necessary to 
reduce the viscous friction below values which provide adequate damping, 
and some damping means must be provided. An input derivative signal 
in addition to such damping is hard to justify economically. Secondly, 
if the input signal is a mechanical motion, it often is at too low a power 
level to drive the measuring device needed for the input derivative signal. 

First-derivative error signals are very commonly used since very many 
systems have an electronic amplifier to amplify the error signal, and a 
differentiating circuit is easily inserted. However, true differentiation is 
seldom used, for reasons which will be presented later in the text. 

First-derivative output signals are frequently used and have proved 
very satisfactory. The obvious method for obtaining such a signal is to 
gear a tachometer to the output. This is commonly done, but certain 
difficulties should be mentioned: 

1. If a d-c tachometer is \ised, commutator ripple causes difficulties. 
Also, if the drive is a two-phase motor, the power channel will be a-c, and 
difficulties are encountered in introducing the output derivative signal. 

2. If an ordinary a-c tachometer is used, such as a permanent-magnet- 
field type, both the noagnitude and the frequency of tho output voltage 
vary with the output velocity, and rather complex circuits must be used 
with it. 

3. A two-phase induction tachometer, if available, provides a constant- 
frequency variable-amplitude signal. Rectification and filtering for use 
with d-c systems are not too difficult. With a-c systems some phase 
shifting may be required. The most important drawback is economic; 
induction tachometers are fairly expensive. 

In general, while the advantages of derivative signals are clear, tho 
components available usually provide an approximate rather than a true 
derivative. Thus the effects obtained, while qualitatively close to those 
of the true derivative, cannot be computed with the simple equation 
presented. It is necessary to write and solve the equations for tho specific 
components used, and these equations are usually higher-order differential 
equations. 

3-13. Integral-error Compensation. Since derivative compensators 
do not eliminate steady-state velocity-lag error and are ineffective where 
external load torques are encountered, attention is turned to the analysis 
of integral-error compensation. It has already been shown qualitatively 
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that an integral-of-error signal, added to the proportional signal, should 
be capable of eliminating steady-state errors; the following treatment 
concerns itseK with the mathematical verification of this conclusion. A 
complete solution is not attempted. 

Figure 3-10 shows a block diagram of a simple servomechamsm with 
integral-error compensation. The torque-equihbrium equation is 

+ + ^KE + K, I^Edt (3-31) 

To verify the conclusion that the steady-state error is zero, it is con- 



Fig. 3-10. Servomeclianisiii with integral-error compensatioxL 


venient to substitute 6 c — Br -- E] then 

+ (M2) 


Considering only the steady-state condition for <0 and a step-velocity 
input, 



dt ~~ 




and the equation reduces to 

^ Ti + /<ob = KEgt Jq E dt (3-33) 

The left-hand side of this equation is finite, and the term KEaa is either 
finite or zero. Then, by inspection, = 0, for if 5 ^ Oj E dt-^ 00 . 

It is obvious that the same conclusion may be drawn for a step-displace¬ 
ment input and a load torque. . 

Equation (3-32) is a third-order linear differential equation. Its solu¬ 
tion is straightforward, though some labor is involved. Since there must 
be three roots, the general form of the solution is 


E = Ae^* + 


(3-34) 
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In the symbolic form of Eq. (3-34), all the physical possibilities are not 
immediately obvious. There are at least three cases to be considered: 

1. a, j8, and y are all real and negative. Then the terms all become 
zero for the large values of t, and the steady-state error is zero. This 
corresponds to a critically damped or an overdamped condition. 

2. a may be real and negative while and y are complex conjugates. 
If the real parts of the complex roots are negative, then there is a transient 
oscillation which is eventually damped out and the steady-state error is 
still zero. This corresponds to an underdamped condition. 

3. One of the roots, a, /3, or y, may be real and positive, or the real part of 
the complex roots may be positive. In this case, the terms of Eq. (3-34) 
do not all approach zero as ;! —> <». The system is said to be unstable. 

It should be reasonably obvious that the roots of the cubic equation 
depend on the values of Kt, the integrating coefficient. If Kz is a small 
number, additional torque is produced very slowly and, though the 
steadynstate error is ultimately eliminated, the transient performance is 
essentially the same as if the integrator had not been added. On the 
other hand, if iSTj is a very large number, then a very large torque is intro¬ 
duced in a short time. This increases the effective torque-to-inertia ratio 
and thus decreases the damping. The transient oscillations become 
violent with large overshoots. If Kz is large enough, it may even produce 
roots with positive real parts, in which case the system will oscillate con¬ 
tinuously and never reach steady state. 

For intermediate values of Kz, the system ultimately reaches steady 
state with no steady-state error. The transient performance is adversely 
affected, however; i. e., the overshoot increases and the response time 
increases. 

Thus, several practical points must be considered. When adding an 
integrating device, a reasonably large value for Kz must be used in order 
to eliminate the steady-state error in a suitable time period. Because the 
transient performance is adversely affected, it is usually desirable to 
increase the damping; this is normally done with some derivative device. 

It should also be noted that integration may not always eliminate 
steady-state error in a practical system. There are two reasons for this. 
First of all, a true integrator is not always convenient or practical, and 
approximate integrators which are not capable of doing a perfect job in 
eliminating the error are used. Second, it is necessary to put an upper 
limit on the integration, i. e., the torque produced by the integral term 

Kz j* E dt cannot approach infinity as a practical limit and therefore, if 

the limit selected in design is less than the external-load torque or the 
friction-drag torque, the error is reduced by the integrator but may not 
become identically zero. 
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PROBLEMS 

8-1. In the system of Fig. 3P-1, the motor has an inertia of 10“* slug-ft* and the load 
has an inertia of 0.009 slug-ft*. The viscous friction at the motor is lO”* ft-lb/rad/sec, 

Gearratio 


Fia. 3P-1 

and at the load it is 4,500 X 10”® ft-lb/rad/seo. The gear ratio from motor to load 
is 1:30. 

a. Compute the effective inertia and friction at the load shaft. 

5. Compute the effective inertia and friction at the motor shaft. 

8-2. The motor of Fig. 3P-1 may be considered an ideal torque motor, which means 
that it produces a torque at its shaft which is directly proportional to the voltage 
supplied by the amplifier. Assume that the motor torque constant is 30 X lO”* 
ft-lb/volt. If a voltage of 100 volts is applied to the motor, 
o. What win be the steady-state motor speed in radians per second? In rpm? 

b. What will be the steady-state load speed? 

8-3. The amplifier of Fig. 3P-1 may be considered ideal, and has a gain of 20. 
The synchro error-detector system produces a voltage which is proportional to the 
angular misalignment (for small angles, up to perhaps 15°) between the shafts of the 
generator and motor. For the units of Fig. 3P-1, the signal produced is 1.0 volt/deg. 
Write the differential equation of the system, and 

a. Compute the transient response if the input shaft is suddenly rotated 10®. 

b. Compute the transient response if the input shaft is suddenly given a rotational 
velocity of 10 deg/sec. 

8-4. It is decided that the system of Fig. 3P-1 should be critically damped, and 
that the viscous friction should be reduced. To increase the damping, the amplifier 
is redesigned to differentiate the error signal, the resulting amplifier equation being 

e. - 20ft + 

Viscous friction is reduced by redesigning the bearings in the load, so that the load 
friction becomes negligible. 

a. Determine the value of the coefficient A for critical damping. 

b. Compute the steady-state velocity-lag error for an input velocity of 10 deg/sec. 

c. If the system operates at a constant velocity of 10.0 rad/sec, how much potoer 
is saved by using error-rate damping instead of viscous damping? (Consider a case 
where critical damping is to be obtained with viscous friction only.) 

8-5. It is decided to damp the system of Fig. 3P-1 by tachometer feedback rather 
than by redesigning the amplifier. The resulting circuit is shown in Fig. 3P-2, where 
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the voltage at the input to the amplifier is KJi — NtKtiddo/dt), The tachometer 
voltage constant is » 0.02 volt/rpm. The gear ratio from load shaft to tachometer 
is a stepup of 5:1 to provide reasonable tachometer speeds. The inertia and friction 
of the tachometer are negligible. 

a. With the constants given, determine the system response to a step-displacement 
input of 10®, and to a step-velocity input of 10 deg/sec. 



5. In what ways can the system be adjusted to obtain critical damping? 

c. Under critically damped conditions, how does tachometer feedback compare 
with error-rate damping in regard to velocity-lag error and power consumption for a 
system velocity of 10 rad/sec? 

8-6. Approximate derivative damping may be obtained with passive filter net¬ 
works. One practical type is shown in Fig. 3P-3. The filter illustrated may be used 
only with d-o signals. The preamplifier must therefore demodulate the synchro 
error signal, and some changes would be required in the main amplifier. Normally 
the input impedance of the main amplifier would be made much greater than Ri 
to prevent loading of the filter. 

CJompute the response of the system to a sudden input displacement of 10® if 
B B* 9.0 megohms, C » 0.3 pif, and Ri » 1.0 megohm. Use a preamplifier gain of 10, 
and all other parameters as in Prob. 3-3 except that the load component of friction 
is zero. 

8-7. The system of Fig. 3P-1 is to be operated at an output velocity of 10 rad/seo. 
With the specified friction in motor and load, the resultant velocity-lag error will be 
7.6®, which is considered excessive. It is decided to eliminate the error by replacing 
the amplifier with an integrating amplifier, for which the voltage equation is 

eo *“ 20ei Bi <U 

Since an added integrator normally makes a system more oscillatory, the damping is 
increased by doubling the load component of viscous friction* 
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а. Compute the response of the system to a ramp input of 10 rad/sec. 

б. Is the system oscillatory? If so, what is the oscillating frequency? How long 
will hunting persist? 

c. How long will it take for the integrator to reduce the lag error to less than 0.5° ? 
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Fig. 3P-4 


8-8, An approximate integration may be obtained by using the low-pass filter 
of Fig. 3P-4 instead of the integrating amplifier suggested in Prob. 3-7. If the load 
component of viscous friction is doubled (over that of Prob. 3-1), and if E is 4 meg¬ 
ohms, El is 1 megohm, and Ci is 10 /if, 

a. Compute the transient response of the system to a ramp input of 10 rad/sec. 

b. What is the steady-state error? 

c. What is the oscillating frequency? 



8-9. The parameters of the positioning system shown in Fig. 3P-5 are; 

J * load inertia — 1.0 slug-ft* 
f — load viscous friction « 0.00143 ft-lb/rad/sec 
Jm = motor inertia » 8.0 X 10“^ slug-ft* 
fm ■" motor viscous friction « 0 
Ki « motor torque constant ■■ 0.812 ft-lb/amp 
Kt = motor back-emf constant »■ 1.26 volts/rad/sec 
Ea » motor armature resistance » 24.4 ohms 
K >" amplifier gain » 250 

It is assumed that the armature-leakage inductance is negligible and that the equiv¬ 
alent output impedance of the amplifier is also negligible. 

a. Write the differential equation of the system and evaluate its coefficients. What 
is the effect of the motor back-emf on damping? 

h. Compute the transient response to a 10° step input. What is the oscillating 
frequency? What is the maximum overshoot? 

c. Compute the transient response to a ramp input of 1.0 rad/sec. What is the 
velocity-lag error? 

8-10. Compute the parameter values for a preamplifier and differentiating filter 
which will critically damp the system of Fig. 3P-5. 
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8-11. Compute the parameter values for a preamplilicr and integrating filter which 
will reduce the velocity-lag error of the system of Fig. 3P-5 to 0.6°. 

Gearratio 



8-12. In the system of Fig. 3P-6, the motor is driven by a rotating amplifier (gen¬ 
erator) rather than by a static amplifier. The motor, load, and orror-detector system 
are the same as in Prob. 3-9. The generator parameters arc: 

Ra ™ armature resistance » 24.4 ohms 
Kq “ 200 volts/amp 
Rf ■■ 50 ohms 
Li henrys 

a. Compute the transient response to a 10° step input. What is the oscillating 
frequency? What is the settling time? 

b. Compute the response to a 1-rad/sec ramp input. What is the velocity-lag 
error? 




Pig. 3P-7 

8-18. Figure 3P-7 shows a servomechanism in which the drive motor is a two-phase 
induction motor. Such systems are called carrier-frequency servos, since the motor 
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is driven by a constant-frequency voltage, and the command is transmitted to the 
motor by modulating the amplitude of the voltage applied to the control phase. 
If the inertia of the motor is 10“® slug-ft*, and the load inertia is 10“^ slug-ft*, while 
the synchro sensitivity is 1.0 volt/deg, compute the transient response to a 10® step 
input. 

3-14. The system of Fig. 3P-7 is modified to include error-rate damping as shown 
in Fig. 3P-8. The jSlter is a parallel-T, and is one of many filters called “notch 



filters*' because the frequency-response curve has a V, or notch, shape with the notch 
centered at the carrier frequency. The amplifier gain is increased to counteract the 
filter attenuation. Compute the transient response of the modified system to a 10® 
step input. 
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CHAPTER 4 


TRANSFER FUNCTIONS 


4-1. DefixiitiozLS and Interpretations. When a signal is applied to the 
input of a physical device, the signal is transmitted to the output where it 
appears in modified form, the modifications being due to the physical 
nature of the device through which the signal travels. When the input 
signal is a sine wave, and the system is allowed to reach steady state, 
then (for linear systems) the output signal is also a sinusoidal wave differ¬ 
ing from the input only in amplitude and phase. Thus it may be said 
that a linear physical device has the ability to transfer information from 
its input to its output. Any mathematical function which correctly 
describes the effect of the physical device on the information transferred 
through it may be called a ^Hransfer function.^' When sinusoidal signals 
are transferred, the effect of a linear physical component is to alter the 
magnitude and phase of the signal. The transfer function must therefore 
express the amplitude relationship and the phase relationship between 
output and input, for all frequencies. Such a transfer function can con¬ 
veniently be expressed as a ratio. 

For the purposes of this text, the frequency transfer function* of any 
linear component is defined as the ratio of the steady-state sinusoidal 
output of that device to the steadynstate sinusoidal input which is causing 
that output expressed in complex numbers. Such transfer functions may 
be derived by the application of basic a-c circuit theory. 

4-2. Transfer Functions of Specific Devices. In this seciton, the defi¬ 
nition of a transfer function is applied, and a number of specific transfer 
functions are derived. Simple filter networks are considered first, since 
the circuit analysis is elementary; then a few mechanical and electro¬ 
mechanical devices are introduced. In each case, the resulting transfer 
function is manipulated to permit the definition of time constants (con¬ 
stants having the dimensions of time). It will be seen in later chapters 

*The transfer function of a physical device is formally defined as the Laplace 
transform of the response of that device to a unit impulse input. The algebraic form 
in a of the transfer function obtained by using Laplace-transform methods is identical 
with that obtained in ja by using the methods of circuit theory. In practice, either 
method may be used to derive a transfer fxmetion, the engineer usually selecting that 
method which is most easily applied to the specific problem. 
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that the arrangement used is most convenient for the graphical manipula¬ 
tions needed in system analysis and design. 

In applying the laws of circuit theory, one noay use either the instanta¬ 
neous-value notation or the complex-number notation. The instanta¬ 
neous notation (i. e., the differential equation) is always applicable, 
though somewhat more laborious. The complex-number notation is 
readily applied to electric circuits, but does not always have an obvious 
interpretation when dealing with electromechanical devices or purely 
mechanical or hydraulic systems. In such cases it is perhaps better to use 
the instantaneous notation. In the following paragraphs, the first two 
filters considered are treated by both methods, but for the remainder of 
p wvwu v I n derivations the author has 

R ^ selected the method which seems 

slant £ I =Ba sin Daos* readily applicable. 

y BL High-pass Filter. Ilgure 4-1 

--^ o shows a simple high-pass BL filter. 

Fio. 4-1. RL higb-pass filter. If g, sinusoidal voltage is applied to 

the input terminals, the circuit equations are 


= Ei sin (d] thus Ci = Ei/(f 

(4-1) 

= iS 4-L thus Si = IE-f L ^ 

(4-2) 

= Ee sin («< 4^ ^); thus So = Eo!^^ 

(4-3) 

= i|;thusS.=i| 

(4-4) 

= / sin (w< — 9); thus I * I/—B 

(4-6) 

d/v 

= w/ cos (w< — tf); thus ^ = jml/—6 

(4-6) 


Using only the vector form of Eqs. (4-1) through (4-6), and substituting 
in Eqs. (4-2) and (4-3), 


ii = BI / — 6 -f- juL I j—d 

S , = 

from which 

g, _ j<aL I/—d 
Si ~ Rii-e +j<aLT7^e 

and 


fo _ ju(L/B,) _ JMT 

S{ ju(L/R) — 1 jarr -1- 1 

Equation (4-10) is the transfer function* of the filter. 


(4-7) 

(4-8) 

(4-9) 

(4-10) 


* Iq. this text the term ^‘transfer function’’ normally means ’’frequency transfer 
function.” 
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Repeating the derivation with the complex-number notation, 

Si = iR - 1 - juJLl ( 4 - 11 ) 

So = (4-12) 

50 juLl _ juL _ j<i3(L/R) _ juT 

51 jcLl + Rl 3<»L + R ML/R) -1-1 -I- 1 ^ 

RC High~pass Filter. Figure 4-2 shows a simple high-pass RC filter. 



Fig. 4-2. RC Ugli-pass filter. 


For a sinusoidal applied voltage, the circuit equations are: 

Ci = JSi sin (Jit; thus Si = Ei/0 

e< = J ^ -1- thus = i f idt + m 

eo = So eon (ait ^ ilf); thus So = S ol’^-ji 
Co = iR\ thus So = R’t 

* = 7 sin («t -f d); thus 5 = I/+0 

T C 

*-cos (cot -I- 0)', thus I idt = -=== 

Again using only the vector form of Eqs. (4-14) through (4-19), 


but 




r, + ^ 

So = S o! = RI ! -\~B 
RI/-\-9 


So - 


j(>yr 


juC 

_ juCR _ 
juCR -|- i jur ■+• 1 


+ R 


(4rl4) 

(4-16) 

(4rl6) 

(4.17) 

(4-18) 

( 4 ^ 19 ) 


(4-20) 

(4-21) 

(4-22) 


where r = RC. Equation (4-22) is the transfer function of the filter. 
Repeating the derivation with the complex-number notation, 

«.-»+,4 

So = IR 

So ^_ iR ^ juCR ^ jwT 

Si~ IR-^ 1/jaC “ 3<^CR -t- 1 “ iior -1- 1 


(4-23) 

(4-24) 

(4-25) 
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Phase-lead Network. Kgure 4^ ahoyrs a phase-lead network of a type 
commonly used for the series compensation of d-c servomechanisS. 




Fio. 4-3. Phase-lead network. 

Using the complex-number notation, 

Si^lZ + IZr 

where Z = R/juC , 7 _ p 
Eo = iRi 

= -- lEl __ RiUuCR + 1) 

Ei I[R/(juCR + 1)] + JR^ a: + (juCR -I- l)i?i 

= + Ri Ri j„CR + 1 


(4-26) 


(4-27) 


■ juCRRi -f -I- i2 
^ jur -f 1 
juocr -f- 1 


R + Ei3<->UR[Ri/(R -t- fii)] -f 1 


(4-28) 

where a = Ry(R + R{) and t = RC. Equation (4-28) is the transfer 
function of the network. '-“o wanaier 

O" ^AA/VWV 
B 



Fig. 4-4. Phase-lag network. 

Ph^e-lag Network. Figure 4-4 shows a simple phase-lag network fre- 
quently used m the compensation of d-c servomechanisms. Using the 
complex-number notation, * ® 

Ei = IR + IR^ + J^ 

JoCi 

E, = iRi -f- ~ 
juCi 

^ ^ JuCiRi + 1 

Ei I(R + Rj -I- l/jaCi) J^^^i(E~4-~R0~+~l 

_ jWi + 1 
Jurs -f- 1 


(4-29) 

(4-30) 

(4r31) 
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Gear Train. Figure 4-5 shows a schematic diagram of a gear train. 
Ni and are the ratios of the respective pitch diameters taken as the 
ratio of the larger diameter to the smaller. Assuming no backlash and 
no binding, when the input shaft is moved with sinusoidal motion and 



^0 

^ JV, 

) 

\ JVj . 




Fio. 4-5. Schematic diagram of a 
gear train. 


an amplitude jSt, the intermediate shaft 
moves in time phase but with an 
amplitude 

(M2) 

In like manner, the output shaft has an 
amplitude 


Combining these equations, 


§0 _ 1 _ 

Pi ~ NiNi 


(434) 


Equation (434) is the transfer function of the gear train. If binding or 
backlash is present, the gear train is nonlinear, and the transfer function 
of Eq. (434) is not valid. 

Electronic Amplifiers. The electronic amplifiers normally used for 
servo applications may be classified in two general groups, d-c amplifiers 
and carrier-frequency amplifiers, and 
are most commonly used to drive d-c 
motors or two-phase motors (60-cycle 
or 400-cycle), respectively. The d-c 
^plifier may have to pass signals 
containing harmonic frequencies up 
to 60 or 60 cycles; the carrier-fre¬ 
quency amplifiers must pass ampli¬ 
tude-modulated signals, and the am¬ 
plifier pass band must extend above 
and below the carrier frequency for 
about 15 per cent of the carrier fre- 
quency. Thus the band of frequen¬ 
cies to be passed has a maximum 
width of about 120 cycles (for a 400- Fro. 4-6. Single-stage d-c amplifier, 
cycle carrier). In general, phase shift (o) Schomatic diagram, 
presents no problem in such an ampli- ' circuit, 

fier, since the frequencies are so low that the interelectrode capacities of 
the tubes have negligible effect, and the coupling circuits can readily bo 
deagned to give negligible phase shift for the desired frequency range. 

ligure 46a shows the schematic diagram of a single-stage d-c ampli- 
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fier, and Fig. 4-66 shows its equivalent circuit, 
circuit, 

/x5t = ^p(Tp “1“ “Ki) 

Bo = IpRl 
Bo _ 

e,- Tp + Rl 


From the equivalent 

(4-35) 

(4-36) 

(4^37) 


Equation (4-37) is the transfer function of the amplifier stage in the 
low-frequency range and is seen to be a constant. The usual 180® phase 
shift is present, but this is readily handled in the over-all system design. 

In the case of carrier-frequency amplifiers, the coupling circuits intro¬ 
duce time constants in the transfer function, but the numerical value of 
these time constants is such that they may be neglected at the frequencies 

actually passed through the ampli¬ 
fier. Thus, in general, the transfer 
function of a servo amplifier is sim¬ 
ply its gain constant. 

Many servo amplifiers are used 
as modulators or demodulators in 
addition to utilizing their amplifica¬ 
tion properties. This does not 
affect their phase-shift characteris¬ 
tics unless transformers having ap¬ 
preciable phase shift are used. 

A D-C Generator, A d-c generator is normally operated with its shaft 
driven at constant speed by some prime mover. Electric output is 
obtained from the armature by applying a voltage to the field circuit. 
Figure 4-7 shows a schematic diagram of a d-c generator. Its transfer 
function may be derived as follows: 

Ei^URs+jo^Li) (4-38) 

where Si and 7/ are complex numbers. In the time domain 

= KMt)) eo(t) = ^20(0 (4-39) 

thus Bait) = KiKiifit)] So = KiKilf (4-40) 

where Ki and Kz are proportionality constants, and Eo is the effective 
output voltage. Solving simultaneously, 

^ _ KglRf 

Si + Rf joTTf + 1 

where Kg = KiKz and r/ = LffRf. 

This derivation assumes linear operation, i. e., the field circuit is 
unsaturated and hysteresis is negligible, and the load is moderate so that 
armature reaction effects are negligible. It should also be noted that 



generator. 
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the output voltage is defined to be the voltage developed with the load 
terminals open-circuited, which is equivalent to the generated voltage. 

D-C Motors, When d-c motors are used to drive a load in a servo¬ 
mechanism, they are usually connected with the field separately excited 
and the armature supplied from relays or from a generator. (Constant- 
speed motors connected to the load by clutches or fluid transmissions 
are not^considered in this text.) Figure 4-8a shows a schematic diagram 
of a d-c motor without load. It should be noted that, in this case, the 




Fro. 4-8. D-C-motor schematic diagrams, (a) A d-c motor without load, (t) A 
d-cmotor with inertia and friction load. 

input is a voltage and the output is a mechanical rotation, and so the 
transfer function is not dimensionless. 

Applying Kirchhoff^s law to the electric circuit and using instantane¬ 
ous values, 

sin = iR, + K, ^„/0 = %R, + K, ^ (4-42) 

where E„ = maximum applied voltage 
i = instantaneous current 
R, = armature resistance 
K, = motor back-cmf constant, volts/rad/sec 
do = instantaneous angular position of output shaft, radians 
Applying Newton’s law to the mechanical system, 

^ = Ka; Jn ^ = Kfi (4-43) 

where J„ = the motor inertia, slug-ft* 

Kt = motor torque constant, ft-lb/amp 
To determine the transfer function from these equations, note that in 
steady state the motor shaft must have simple harmonic motion, because 
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the input voltage is sinusoidal and the system is linear. Therefore 
assume that 

0. = dr^ sin {cot + 1 ^); (4-44) 

The transfer function is then the ratio 

^ sin (cot -|- V') do 

¥i Em sin ut ’ % E„/0 

Note that 

^ = uBmox cos (cot + 4');^ = 

and 

—* = sin (“< + T?'); -^ = (jt»)^9Mox/+± 

Using only the vector equations, and combining Eqs. (4-42) end (4-43), 

^-»/9 = ^ (4-48) 

Substituting Eqs. (4-46) and (4-47) gives: 


(4-49) 


(4-50) 

where = JmRJKtK^ = motor time constant. Equation (4-50) is the 
transfer function of the motor. 

In most applications the motor is geared to a load. Since the normal 
running speed of most electric motors is much higher than the speed 
desired of the load, it is necessary to use reduction gearing to obtain 
the desired output. For example, if a motor is rated at 1,800 rpm and 
the load is to rotate normally at 9 rpm, a reduction of perhaps 100:1 
might be used. Note that the gear reduction is not the same as the 
nominal speed reduction. This is to provide for necessary accelerations 
and for the possibility that higher load speeds may be required at times. 
When gear reductions are used, the error detector is usually connected to 


£^m/0 =“ {jfaY ~~~ ^m»x / + ^ + joiKeSramx / 

= [0«)‘ ^ + jo>K^ 

From Eq. (4-49), 

8c _ ^m. ./ +4' __ 1 

Em/ 0 ~ MMJMRa/Kt) -f Ko] 

= yg. 

j(o(jurM - 1 - 1 ) 


(445) 

(446) 

(447) 
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the load, not to the motor, shaft and the transfer function is desired in 
terms of do measured at the load shaft. 

Many loads consist of inertia and viscous friction. Figure 4-86 shows 
such an arrangement in schematic form. The electric circuit is still 
described by Eq. (4-42), but the mechanical-system equation becomes 

= (4-51) 


where /«« = /« + JlJN^ — equivalent inertia of motor and load lumped 
at motor shaft 

feq = /*n + fh/N^ = equivalent viscous-friction coefficient of motor 
and load referred to motor shaft, ft-lb/rad/sec 
N = over-all motor-to-load gear ratio taken as ratio of motor- 
shaft revolutions to load-shaft revolutions 
Using the relationships of Eqs. (4-44) through (4-47), 


JE„/0 = (j«)^ + jwK,9^/±t 


-E«/o = + 


(-^+X.)] 


+ K,) 


Et 


1 




/ * 

V“ jcr 


• feqRa i 

+ -j^ + K. 


•) 


= + KtK,) 

■+■ 1 ) 


(4-52) 

(4-53) 


(4-54) 


where = J,tRa/(f»tRa + KtK,). 

The preceding equations neglect the leakage inductance of the motor 
armature and are therefore only approximations. However, many small 



d-c servomotors have such a high armature resistance that the effect of 
the leakage inductance is completely negligible, and in larger motors (up 
to about yi hp) the leakage-inductance effect is small. 

Motor-gemraior Combination. Figure 4-9 shows the schematic dia¬ 
gram of a motor-generator combination commonly used in servo systems. 
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The transfer function is readily derived from the following equations: 


Ktia = 

/ T 1 , . ddc , JT - _ / T ir \ ^*^0 1 f 

(4-55) 

eg = 

i,(ie, -f Rn) -f K, ig = f.(E, + ii:„) -1- Kg ^ 

(4-56) 

eg = 

Kgil] = Kg^l 

(4-57) 

ei = 

iiRi "1" ^ ^ 

(4-58) 

Assuming 

e< = Ei sin coi; gi = jE?i/0 

(4-59) 

then 

ii = Jl sin (coi — ^1 = Ji/—0 

(4-60) 


= «Ji cos (ut — 9); = juli/—0 

(^61) 


ia = Ig sin («< - /5); 5. = J«/-/3 

(4-62) 


= 00 sin («< — 1^); So = 0o/—i/* 

(4-63) 


^ = «@« cos (at — }f);^ — ja@o/ 

(^64) 


^ = -«*@o sin («< - ^);^ = 

(4-65) 


Substituting Eqs. (4-59) through (4-65) in the preceding relationships, 

= («fm + (4-66) 

KgI i/—0 — /» /—)8 (J?g -+- i2m) -f- (4-67) 

Ei/0 = Ii/-e(Ri + juLi) (4-68) 

+ KgUo>)&ctd: (^ 69 ) 

Substituting Eq. (4-66) in (4-69), 


Ri + j<»Li + Kt 

-F (4-70) 

from which 


h 

Si 


Kg 

Ej/O (J^^i "I" Ri) 


![(/- + Jz)KtKRg + R„)(juy + \jo>KRg + RJ/Kt] + jwKg 


_ K _ 

ju{j<aTm + l)(j«T/ 4- 1) 


(4-71) 
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where 


K = 


KiK, 




i2i[/(i2, + R„) + KtK,\ 
+ Jl){R> + gj 


m, + RJ + KJC, 


. -h 

' Ri 
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Synchro Generator and Control Transformer. Figure 4-10 shows the 
synchro system commonly used as an error-detector system in servo¬ 
mechanisms. The synchro generator supplies the command signal by a 
rotation of its shaft, and the shaft of the control transformer (not 


Synchro 

generator 


Etectricat 

connections Control 
transformer 


A-c supply 


1 






(<d 


Error voltage 



Fie. 4-10. Diagrams of synchro error-detector system, (a) Block schematic. (6) 
Wiring schematic. 

shown) is connected or geared to the load, measuring the output posi¬ 
tion, 9c, by the position of its shaft. Any angular difference between 
these shaft positions results in an electrical signal, e., which is a measure 
of the difference, i. e., an error signal. 

If the input shaft is rotated through a complete revolution, with the 
control-transformer shaft held stationary, the amplitude of the error 
voltage, e«, goes through one cycle of a sinusoidal variation. The vari¬ 
ation of the output-voltage amplitude is 

e» = K, sin ifis — Oc) = K, sin E (4-72) 


where E — dn — 9c. 


The transfer function is 


e. _ K, sin E 
E~ E 


( 4 - 73 ) 
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In most servomechanism designs, however, it is not desirable to per¬ 
mit great angular difference between the input and output, so that the 
maximum difference between the input and output is normally restricted 
to small an^es. Under these conditions, the variation of Co is linear, i. e., 

60 — — 9,) = K,E; thus e« = K,S (4-74) 

I - -K. (4-75) 

It should be noted that the transfer function for the synchro combi¬ 
nation is expressed as the ratio of the output voltage to the error signal. 
This arises from the fact that the combination of two synchros has two 
independent inputs, Or and 6c- These are effectively subtracted by the 
design and connections of the synchros so that the equivalent input to 
the combination, considered as an error detector, is the difference signal, 
E ^ 6 r — 6c- It is the energy in this error signal which is transferred 

to the output, so that it is quite prop¬ 
er that the transfer function be 
derived in terms of the error signal. 

Potentiometers Used as Error De¬ 
tectors. Figure 4-11 shows sche¬ 
matically the basic arrangement of 
two potentiometers to be used as an 
error-detector system. One poten¬ 
tiometer is connected to the com¬ 
mand shaft to measure dn and the 
other is connected to the output 
shaft to measure 6o- If the two 
contacts on the potentiometers are preset so that they are both at the same 
potential when 6r and 6a are in correspondence, no error signal appears at 
the terminals e©. If one of the shafts is displaced, the contacts are 
misaligned by the error angle E — 6r — dc- Assuming that the potenti¬ 
ometers are wound linearly, then the voltage per unit angle is the total 
supply voltage, T, divided by the permissible rotation over which this volt¬ 
age is distributed. This voltage per unit angle may be called the potenti¬ 
ometer sensitivity, if,, and 

X. = J (4-76) 

where V = supply voltage 

B = permissible angular rotation of potentiometer 

If the potentiometer contacts are displaced by an error angle, E, the 
output voltage, eo, is 

(dr77) 



error detection. 


So = KJE 
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The transfer function is then 


jB “ 


(4-78) 


‘ 'Reference' 
field 


It should be noted that, if ordinary potentiometers are used, the servo¬ 
mechanism may be controlled only through somewhat less than one revo¬ 
lution of the potentiometer shaft. The rotation of the load itself may be 
much greater if gearing is used properly. Potentiometers with helical 
windings are available so that rotation of the potentiometer through a 
number of revolutions is possible. 

Two-jikase Indudion Motor. In many servomechanism applications, 
particularly where the systems are of the instrument type and require 
powers less than 100 watts, two-phase 
induction motors are convenient power 
devices to drive the load. There are 
various reasons why the two-phase 
motor is desirable. It is small, rugged, 
and comparatively cheap; it requires 
no servicing; it may be energized from 
a single-phase source with the help of a 
phase-splitting device; and it may be 
controlled from a simple a-c amplifier 
rather than troublesome d-c amplifiers. 

Figure 4-12a shows the schematic 
diagram of a two-phase motor, and 
Fig. 4-126 shows speed-torque curves 
typical of the small two-phase motors 
used in servo applications. The trans¬ 
fer function of this type of motor may 
be derived from the general equation 
for the torque of a two-phase motor, 
idealized as in Figure 4-126, is: 




T = 


aT » , dT 
as * aj„ 


(4-79) 


Pig. 4-12. Two-phase servo motor. 

(а) Schematic diagram. 

(б) Speed-torque curves. 


where 8 — dBo/dt. Physically, this equation means that the torque pro¬ 
duced by an induction motor has a component due to the speed and a 
component due to the current in the control or driving winding. 

In the usual two-phase servo motor, ball bearings are used, so that 
there is very little friction. Assuming no external load, the reaction 
torque is 

». , d^Bo / A 0 /\\ 
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The equilibrium equation is 


- d^a _ST „,dT j dT dec , dT 97, 

din, ” dS dt din, da ^ 

This reduces to 

j d^dc _ dT dSo I dT 


( 4 - 81 ) 

(4r82) 


The partial derivatives dT/dS and dTIdei may be evaluated numeri¬ 
cally from the torque-speed characteristics of the motor; for operation 
on those portions of the characteristics which are straight and parallel, 
they may be considered constants. Let 


Then 



dT 

dei 


= B 


T , A ddc 


= Bei 


Assuming 


« 0^ sin {(at — ; thus Be = 0c / 

^ = w@o cos {(at — ; thus ^ = jctf0c /—^ 

^ = -w*@, sin («< - ^); thus ^ 


(^83) 

(4-84) 

(4-85) 

(4^6) 

(4^7) 

(4«8) 


Substituting in Eq. (4-85), 

Jn,(ju)’^ c/—'l' + AjuQc/jzi. ~ 

S, ^c/-^ B _ B/A 

ii Ei/0 i«(i«J„ 4 - A) jo){juT„ -I- 1) 

This transfer function must be modified if there is a load connected to 
the shaft. It should also be noted that the effect of any time constant 
in the control field winding has been neglected. This would normally be 
considered m the output circuit of the device controlling the motor. 

4-3. Precautions in Deriving and Using Transfer Functions. It should 
be noted that all the transfer fxmctions derived are subject to certain 
limitations. The primary limitation is that of linearity. If any of the 
devices operate nonlinearly, then the transfer functions are invalid, 
though, if the nonlinearity is slight, the linear transfer function may be a 
useful approximation. 

A second limitation is that of loading. Note that all electric-circuit 
transfer functions were derived assuming that the output terminals were 


(4r89) 

(4-90) 
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open-circuited. In practical systems, the output is not open, but if it is 
fed into a sufficiently high impedance, such as the grid of an electron 
tube, the transfer function is not appreciably affected. However, if the 
output is fed into a low-impedance load, the transfer function is not 
correct, and must be redeiived so as to include the effect of the load. 
For example, if two identical filters are connected in series, a transfer 
function must be derived for the two-loop network. Note also that the 
transfer function of a d-c generator was derived neglecting the armature 
resistance. This is correct only if the armature resistance is included 
with the load resistance when a load is added. This was done in deriving 
the transfer function of the motor-generator combination. 

4-4. Types of Transfer Functions and Their Use in Servomechanism 
Analysis and Design. In dealing with servomechanisms, it is most con¬ 
venient to use the type of transfer function which is derived for an 
assumed sinusoidal input. It is desirable to point out, however, that a 
variety of expressions derived on the sinusoidal basis may be termed 
“transfer functions.” Most of these have uses in servomechanism work 
and are explained briefly here, although this text is concerned mainly 
with the simple, or “direct,” transfer function already defined. 

Four general types of transfer functions are used in servomechanisms. 
They are: 

1. Direct transfer function = where the device considered 


is a simple series component 

2. Loop transfer function . --tirhere the 

^ input signal — feedback signal 

function desired is the ratio of the feedback signal fed into the comparison 

device to the signal derived from the comparison device 


3. System function 


frequency-response function = 


output signal 
command signal' 


where the device considered has a closed loop, and both signals are 
external to the loop itself 

4. Inverse functions, which are the reciprocals of the three transfer 
functions defined above. 

The direct transfer function is the function most commonly used in 
servomechanism work. It is used to set up the system equation, since a 
system normally consists of many components, each of which has a 
transfer function. The resulting system equation is then used to com¬ 
pute the steady-state performance, the resonance peak of the frequency 
response, and the resonant frequency of the closed-loop system. It is 
also used in obtaining the loop transfer function, the system function, 
and the inverse functions. 

The loop transfer function is needed in analyzing and designing sys- 
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terns in which the feedback path that closes the loop affects the signal 
relationships. Consider the block diagrams of Fig. 4-13. Figure 4-13a 
shows a simple servomechanism in which the output quantity, Bcf is 
measured and fed directly back to the error detector in such a way that 
the feedback signal is a faithful reproduction of the actual output sig¬ 
nal, dc. The loop transfer function for such a system is the ratio of the 
feedback signal at the error detector to the actual system input signal, jB, 
because this ratio indicates the transfer of energy around the loop. It is 
obvious that, for the conditions of Fig. 4-13a, the loop transfer function is 

the same as the direct transfer 
function. 

For the system of Fig. 4-13b, the 
loop transfer function is also the 
ratio of the feedback signal at the 
error detector to the actual system 
input, jB. This is obviously differ¬ 
ent from the direct transfer func¬ 
tion, which is the ratio of the system 
output, 6 ( 7 , to the actual input 
signal, -B. This difference is due to 
the component in the feedback 
path, which has its own transfer 
function, of course, and therefore 
produces a signal different from the 
output 6 c. The component in the 
feedback path may bo an actual 
unit inserted for a specific purpose, 
or it may represent imperfections in 
the device used for measuring the output. In either case, the signal fed 
back into the error detector is different from the actual output signal, and 
the loop transfer function must be used in computing the system perform¬ 
ance. The manipulations used with the loop transfer function are slightly 
different from those used with the direct transfer function, as will be shown 
later in the text. 

The system fimction is the ratio of the output signal to the command 
signal. From either diagram in Fig. 4-13, it may be seen that this is the 
ratio of Be to Br. This response is related to the direct transfer function 
and the loop transfer function as follows: For the system of Fig. 4-13a, 
where there is no component in the feedback path, the transfer function is 

1 ^, - (««* 
* The symbols for a transfer function are often followed by a parenthetical notation 
which is not a multiplier but an indication of the variable in terms of which the transfer 
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Fig. 4-13. Block diagrams of single-loop 


(а) Simple closed-loop system. 

(б) System with component in feed¬ 
bag path. 
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■where the symbols KG represent the specific function which is character¬ 
istic of the components in the box marked “System.” Solving Eq. (4-91) 
for the frequency-response function gives 


e<, _ KO 
On l-\-KG 


(4^92) 


For the system of Fig. 4-136, where there is a component in the feedback 
path, the loop transfer function is 


- -SfiAF (4-93) 

Here the symbols AF represent the direct transfer function of the com¬ 
ponent in the feedback path. Equation (4-93) may be derived by remem¬ 
bering that the output of a de'vice is computed by multiplying its input 
by its transfer fimction; accordingly, 



Oo = (da - A)KG 

(4-94) 

Thus 

A * doAF 

(4r-95) 


^ = (da - A)KG 

(4r96) 

and 

• 



. ^ , = KGAF 

Br -- A 

(4r97) 


The frequency-response equation may be obtained by substituting Eq. 
(4-96) in Eq. (4-93) and solving. Thus, 


from which 



(4.98) 

do KG 

da 1 -f KGAF 

(4.99) 


If the system under consideration is just a single-loop servomechanism, 
the direct transfer function or the loop transfer function is derived and 
used to obtain the specific frequency data (resonance peak and resonant 
frequency) needed for design purposes. The frequency-response equa¬ 
tion would probably not be derived or used. In other applications, how¬ 
ever, the servomechanism system may be more complex and may contain 
within itself one or more closed-loop systems, such as those of Fig. 4-13. 

function is to be expressed. Examples are KO(ja) or KO(,b), where the notation (jta) 
or (s) indicates the variable. In this text only one variable, y«), is used. Therefore 
the parenthetical notation is omitted, since there is no need to dia tingiiiah between 
variables. 


70 ELEMENTS OF SERVOMECHANISM THEORY 

In such a case, the closed-loop system within the over-all servomechanism 
is just a component as far as the servomechanism is concerned, and its 
transfer function must be determined. It is readily seen, then, that the 
frequency-response function of the simple closed-loop system is its direct 
transfer function as far as the rest of the servomechanism is concerned. 
In such cases, the frequency-response function may be derived and used 
as a direct-transfer-function expression. 

Inverse transfer functions may be obtained by taking the reciprocal 
of the norma l transfer functions. They are not as commonly used as 


TABLE 4-1 

TRANSFER FUNCTIONS OF COMPONENTS 


Equa¬ 
tion No. 

Component 

Transfer function 

K 

a 

(4-10) 

BL filter 

JUT 

1 

jtar 

jbrr -f 1 

3 tar + 1 

(4-22) 

RC filter 

jar 

1 

3 <ar 

JeUT + 1 

jtOT -f 1 

(4-28) 

Phase-lead network 

. Star -f- 1 

a 

JW -1-1 


jwar + 1 


3'tacer -f- 1 

(4«1) 

Phase-las network 

dwi 4* 1 

1 

jiWi + 1 


Jtan -i- i 


y«ri -H i 

(4-34) 

G^ear train 

1 

NiNt 

1 

NxNt 

... 

(4-37) 

Eleotronio amplifier 

hBl 

nRh 


rp -|- Rl 

Tp -H Rl 

... 

(4r41) 

D-C generator 

K,IRf 

Kp 

1 

JtOTf -h 1 

Rf 

y«T/ +1 

(4-60) 

D-C motor; inertia load 

1/jr* 

1 

1 

jtaiJtaTm + 1) 

K, 

j'uUon’m + 1) 

(4-64) 

D-C motor, geared; 
inertia and friction load 

Kt/(f^Ra -f K,Kt) 

Kt 

1 

juUtarm -f 1) 

f^Ra + KtKp 

j'taO'borm + 1) 

(4-71) 

Generator-motor 

K 

FT 

1 

]u(j(aTM -H 1)0«T/ -f- 1) 

A 

3’<a(jtartn *+■ l)(jW/ 4- 1) 

(4-75) 

Synchro error detector 

K, 

x. 

•.« 

(4-90) 

Two-phase motor 

B/A 

B 

1 

juijtarm -i- 1) 

I 

S'taUurm 4- 1) 


the normal transfer functions, but they are more convenient in various 
specific applications. Some of their advantages are seen in a later 
chapter. It should be noted that the inverse transfer function does not 
indicate a transfer of energy in the reverse direction. Most of the com¬ 
ponents used in servomechanism systems have unidirectional properties 
as far as energy transfer is concerned, and thus their inverse transfer 
functions still refer to energy transfer in the same direction as is specified 
by the direct transfer functions. 

The symbols iiCG and AF are merely Shorthand notations for direct 
transfer functions. ^ The KO notation is used for the direct transfer 
functions of components which are in the main transmission path, while 
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the AF notation is used for the direct transfer functions of components 
which are in feedback paths. The use of subscripts instead of a change 
in letters is common practice, the choice in notation being a matter of 
personal preference. Two letters are used instead of a single letter 
because most transfer functions are readily factored into a constant 
factor, which is represented by the K, and a frequency-variable factor, 
which is represented by the G. Table 4-1 lists the transfer functions 
previously derived in this chapter, and indicates the value of K and Q 
for each. Note that in some cases the value of K is unity, and thus the 
K need not be used in s 3 unbolizing such a component. This indicates 
another advantage of the double-letter representation; when only the 
frequency-variant factor is of interest, the specific transfer function may 
be symbolized by the Q only, thus indicating that K has an assumed 
value of unity for the manipulation under consideration. 

4-6. Block Diagrams. In Chap. 1, functional block diagrams were 
used as an aid in explaining qualitatively the performance of servo¬ 
mechanism systems. In the analysis and design of servomechanisms, 
block diagrams have a twofold use: first, to clarify the operation of the 
system and the purpose of various components; and secondly, to aid in 
setting up the equations of the system. This second use of block dia¬ 
grams is considered here. 

In previous sections, the transfer functions of various components have 
been derived. These components, when used in servomechanisms, are 
interconnected. If the over-all schematic diagram of the system is 
inspected, it is usually possible to subdivide the system into these simple 
components. A convenient method for indicating this subdivision is to 
enclose the individual components in blocks. Tho transfer function for 
each component is then obtained, and, since the actual circuit is no 
longer of value, once the equations are known, the individual blocks are 
redrawn with the equations inserted in them. In this manner a block 
diagram is obtained which consists of a number of interconnected blocks, 
each identified mathematically. It is also convenient to mark tho lines 
interconnecting the blocks with symbols representing the signal which is 
fed from one block to the next. 

Once the block diagram has been set up in this fashion, it is only 
necessary to combine the transfer functions properly to obtain the equa¬ 
tions needed in analyzing or designing the system. Certain rules must 
be established for manipulating the transfer-function equations, but the 
rules are simple and will be derived as needed. It should also be noted 
that the subdivision of a system diagram into blocks is not necessarily 
an automatic procedure. Care must be taken to enclose all interacting 
components in the same block; otherwise the transfer functions are 
incorrect. To illustrate the methods used in setting up block diagrams 
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and in order to derive the siinple rules needed to manipulate the transfer 
fimctions, an example is worked out in the following paragraphs. 

Figure 4-14 shows the schematic diagram of a positioning servomecha¬ 
nism. The diagram has been subdivided into four blocks. The reason¬ 
ing behind this subdivision is as follows: 

Block 1. This contains the error-detector system, which consists of 
a synchro generator and control transformer. The two units are electri¬ 
cally and functionally interconnected so that both must be included in 
the same block, and the only other factor to be considered is the possi¬ 
bility that some other component interacts with the s 3 mchros and should 
also be included in the block. That no such interaction exists is readily 
determined. The input signal is an independent variable; the output 


rB/ock /l/aP.r Block No. 3 ~!!a JZ, "t ~ I 



[J_ 


Pro. 4-14. Positioning servomeohanisin—to fllustrate blook-diagram methods. 


signal is fed in mechamcally from the load and may be considered as 
ano&er independent variable; the output of the control transformer is 
fed into the amplifier input, which normally would be a very high imped¬ 
ance and effectively an open circuit. Thus the inclusion of the error- 
detector system in a block by itself is justified. 

Block 2. This contains the amplifier which is asanmad to be an elec¬ 
tronic device, but it does not include the amplidyne field. It is assumed 
that the amplifier is capable of converting the a-c synchro signal to a 
d-c signal suitable for the control fields, and it is also assumed that the 
amplifier h^ been designed so that it has no phase shift over the range 
of frequencies important to system operation. The design of such an 
amplifier is not difficult, though in some designs the amplidyne field 
coma not be external to block 2. To avoid divergent discussion at this 
pomt, no specific amplifier circuit is given. 

Bloch 3. This contains the amplidyne generator but not the resist- 
mce of the generator armature. This arrangement is used because the 
terminal voltage of a generator is affected by the drop across the armar 
hire resist^ce, but the generated voltage is not, as long as the generator 
IS operated as a Hnear device, i. e., as long as armature reaction is too 
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small appreciably to distort the magnetic held. By the simple expedient 
of placing the generator armature resistance external to block 3, the 
output of the block is the generated voltage, and there is no interaction 
with the motor. 

Block 4. This lumps together the generator armature resistance, the 
motor, the gearing, and the load, because all these units interact in the 
sense that the performance of the motor cannot be calculated unless all 
are considered. 

Once the blocks have been set up on the schematic diagram, the trans¬ 
fer function of each block is obtained, and a new block diagram is drawn, 
as in Fig. 4-15. In this case the transfer functions of blocks 1, 2, and 4 
are determined as in previous sections. 


B/ock No. 1 Block No2 Block No. 3 Bfock Na 4 



Fio. 4-15. Block diagram of a positioning servomechanism. 


The complete derivation of a transfer function for an amplidyne gener¬ 
ator is beyond the scope of this text. However, if the mutual inductances 
between fields are neglected, the amplidyne is approximately equivalent 
to two d-c generators connected in tandem, and an approximate transfer 
function for the amplidyne is 




(^ 100 ) 


where Kg = over-all gain, volts/volt 

Tf =* control-field time constant 
Tg = quadrature-field time constant 
The next step is to determine the direct transfer function of the system 
by combining the transfer functions of the components. By definition, 
the direct transfer function of the system is the ratio of the output to the 
activating input. The output obviously is Oc- The activating input is 
the error signal jB = di* — So* Thus the system transfer function is 




E 


(4-101) 


Since all the blocks are connected in cascade, KbO, may be obtained 
simply by multiplying together all the transfer functions. This may be 
proved from the basic definition of transfer functions, as follows: by 
definition. 
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but 


Thus 


K^Q, = X. = I 


6 o 


KSi = 


K, 

(jwTf + 1)0W« + 1) 

K'JN do 
3<»U<^'m + 1) e. 



C0 Si Sq Bo 

E 60616, ~ E 


(4H02) 


Bo 

E 




KoKKoKUN _ 

jo)(joST'^ + 1)0W/ + l)OWg + 1) 


(4-103) 


4-6. R€sum4. Certain of the advantages of the transfer-function 
approach to servomechanism problems may be seen from the general 
manipulations presented in this chapter. The derivation of transfer 
functions for individual components is a relatively simple manipulation. 
Systems may be subdivided into components or groups of components 
by using the block-diagram technique. Over-all transfer functions for 
simple series circuits are obtained from the block diagram by simple 
multiplication (when components are not all in series, the manipulation 
is only slightly more complicated). 

Several other advantages which are particularly convenient in design 
work may be seen from Eq. (4-103). In this equation all expressions 
are multiplied together, and the terms representing the characteristics 
of individual components appear as factors. Thus, if it is decided to 
replace some component with a different device, a simple substitution 
of transfer functions is all that is necessary; the entire equation need 
not be rederived. For example, if a different error detector is to be used, 
the term K, is removed from Eq. (4-103) and the transfer function of the 
new error detector replaces it; or if a different motor is to be used, the 
Kif, and (and possibly the N) are removed and replaced by the corre¬ 
sponding constants for the new motor-load combination. Also, if it is 
decided that an additional series component is required to obtain desired 
performance, the equation for the new system is obtained by simply 
multiplying the original transfer-function equation by the transfer func¬ 
tion of the additional component. 


PROBLEMS 

4 - 1 . Derive the algebraic transfer functions for the electric networks of Pig. 4P-1. 
4 - 2 . Derive the algebraic transfer function for the filter of Fig. 4P-2. 
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530K^R^530K 



4-8. The filters of Fig. 4P-3 are normally used in oarricr-froqucncy servos, and the 
voltage applied is a suppressed carrier axnplitude-modulated wave. Derive appropri¬ 
ate transfer functions. 

4-4. For the system of Prob. 3-3, derive the numerical direct transfer function 
and the frequency-response function (system function). 

4-6. Derive the algebraic transfer function for the difforontiating amplifier of 
Prob. 3-4. 

4-6. Obtain the numerical transfer function and the system function for the servo 
of Prob. 3-4. 

4-7. For the system of Prob. 3-6, 

а. What is the loop trantrfer function for the tachometer loop? 

б. What is the direct transfer function for the system? 

c. What is the frequency-response function? 

4-8. What is the direct transfer function for the system of Prob. 3-6? 

4-9. What is the transfer function of the integrating amplifier of Prob. 3-7? What 
are the system function and the direct transfer function for the servo? 

4-10. Determine the transfer function for the system of Prob. 3-8. 

4-11. Draw the block diagram for the system of Fig. 3P-6. Using the numerical 
values given in Prob. 3-0, compute the transfer function for each block, and the direct 
transfer function of the system. 
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4-12. Draw the block diagram for the system of Fig. 3P-6. Compute the transfer 
function of each block, using the numerical data of Prob. 3-12. Compute the direct 
transfer function of the system. 

4-18. Determine the direct transfer function of the system of Prob. 3-13. 

4-14. What is the direct transfer function of the system described by the block 
diagram of Fig. 4P-4? 



Fig. 4P-4 
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CHAPTER 5 


TRANSFER-FUNCTION PLOTS 


6-1. Introdaction. As previously indicated, the analysis and design of 
servomechanisms are concerned primarily with the transient, or time, 
response of a closed-loop system, where the term “transient” includes 
the final steady-state response. The use of frequency-response methods 
instead of differential-equation methods is justified partly because it 
saves time and labor, but mostly because it permits an optimum, or 
nearly optimum, design for systems which are not readily handled with 
the differential equation. The transfer-function equations may be con¬ 
sidered as an intermediate step in determining the important parts of the 
frequency response. 

The use of frequency-response methods arises from the mathematical 
correlations between frequency response and transient response. It 
wo\ild therefore seem logical to manipulate the transfer-function equa¬ 
tions so as to obtain the frequency-response equation for a closed-loop 
system. This can be done readily, as shown by Eq. (4-92). 


Oa _ KG 
ea~ I+ KO 


(4-92) 


The frequency response of the system can then be calculated, plotted, 
and interpreted in terms of the transient response, but in general this is 
not necessary, since the only features of the frequency response needed 
for transient interpretation are the height of the resonance peak and the 
resonant frequency. Furthermore, frequency-response equations are not 
readily adaptable to design work, i. e., if the height of the resonance peak 
and the resonant frequency are not as desired, something in the system 
must be changed and the response recalculated; because of the vector 
relationships in the frequency-response equation, such repeated calcu¬ 
lations are very laborious. Finally, the steady-state performance of the 
system is not readily determined from the frequency-response equation 
or from the frequency-response curves. 

The direct transfer function (,KO) of a closed-loop system does not 
directly give the frequency response of a servomechanism, but is related 
to it, as shown by Eq. (4-92). By working with this transfer function, 
it is possible to determine the hei^t of the resonance peak of the closed- 

77 
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loop system^ that is, the peak of the frequency-response curve, and it 
is also possible to determine the resonant frequency. The methods 
involved are graphical, i. e., plotting curves for the transfer-function 
equation and interpreting these curves. It is also possible to determine 
the steady-state performance of the chsedrloop system from the tranter-- 
function equation^ and for certain types of plots it is possible to determine 
the steady-state performance from the plot. 

This chapter is concerned primarily with methods of plotting the 
transfer-fimction curves, and with methods of determining the relation¬ 
ships between these curves and the frequency response or the transient 
response. The treatment assumes that the systems are known to be 
stable (i. e., do not oscillate continuously). The important question of 
stability, which can also be determined from the plots, is reserved for the 
next chapter, as is the question of steady-state performance. 

6-2. Types of Transfer-function Plots. It must be remembered that 
the transient response of a component or system cannot be determined 
from its response to a single frequency, but only from its response to all 
frequencies from zero to infinity. The necessary procedure is, therefore, 
to substitute in the transfer-function equation a number of numerical 
values for the frequency, «, and plot the results. The transfer function 
is, in general, a complex expression, and the numbers obtained by sub¬ 
stitution for 0 ) are vectors having a magnitude and a phase angle. Thus 
there are three parameters to be considered in plotting: the frequency, 
the magnitude, and the phase. 

There are a number of ways to plot curves representing the transfer- 
function equations. These are: 

1 . Plot magnitude vs. frequency and phase vs. frequency on rectangu¬ 
lar coordinates. 

2 . Plot as vectors on polar coordinates, obtaining a vector for each 
value of CO, and connect the tips of the vectors to form a polar curve. 

3. Use logarithmic coordinates, i. e., plot log magnitude vs. logco, and 
phase angle vs. log co. 

4. Plot log magnitude vs. phase angle, with frequency as a parameter. 

Of these, method 1 is not used because the resulting curves are not 

readily interpreted. Method 2 is particularly convenient for explaining 
the concepts involved; it permits ready determination of stability, reso¬ 
nance peak, and resonant frequency: and it gives a qualitative indication 
of steady-state performance. It may also be used to compute the fre¬ 
quency-response and phase-shift curves of the closed-loop system. It is 
usable for design work, though not necessarily optimum. 

Method 3 is particularly useful for preliminary design work. It per¬ 
mits ready determination of the steady-state performance, and con- 
yeniently shows the effects of important system adjustments and the 
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effect of adding components. The height of the resonance peak may 
be estimated, but not accurately, and the system natural frequency 
may be estimated, but not the resonant frequency. The over-all fre¬ 
quency-response curves cannot be calculated from the plots of method 3. 
Recently, methods have been: devised for computing the transient- 
response curve from the curves used in method 3, but a discussion of 
t.his is beyond the scope of this text. 

Method 4 is roughly equivalent to method 2 in that it is the logarithmic 
counterpart of the polar plot. It has certain definite advantages in 
design work and would normally be used. Its major disadvantage is 
that the steady-state performance is not available from the plot. 

In practical design, the logarithmic methods are most commonly used 
because they are faster and give results that are as good as, if not better 
than, the results of polar-plot design. The polar plot, however, has 
advantages in certain specific problems, and should be considered as a 
valuable tool. 

6-3. Polar Plot of the Transfer Function—^Relationships with the 
Frequency Response. To illustrate the plotting of the transfer-function 
curve on polar coordinates, consider Eq. (4-103), which is the transfer- 
function equation of a positioning servomechanism: 


^_ K,KK,K'JN _ 

E “ jaijoyrl^ + -f + 1) 


(4-103) 


No numbers arc used at this point because the general shape of the curve 
may be determined by inspection of the equation, and a sketched curve is 
sufficient for purposes of explanation. 

To determine the general shape of the cirrve, consider that « is zero. 
Two things may bo noted from Eep (4-103): First, the magnitude-of KO 
is infinite, since there is a zero factor in the denominator; second, the 
phaso of KO is —90® since the phase of ju is -1-90®, while all other terms 
have a phaso angle of zero, and the ju term is in the denominator. Thus, 
one end of the polar curve is a point, w = 0, located at infinity on the 
negative imaginary axis. As « increases, the phase of the other terms 
in the denominator becomes appreciable, but the magnitude of the 
denominator increases and the magnitude of KO decreases. Thus, for 
increSiSing valvios of <o, points on the polar locus move into the third 
quadrant and come closer to the origin. At some value of w, the total 
phase angle of the denominator is 180®, and so the locus crosses the 
negative real axis into the second quadrant, with the magnitude of KO 
continually decreasing. At some other value of u the phase of the 
denominator is 270®, and the locus enters the first quadrant. Finally, 
as CO approaches infinity, the phase approaches 300®, and the locus 
approaches the origin along the positive real axis. 
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Figure 6-1 is a sketch illustrating the general shape of the locus of 
Eq. (4-103). The actual curvature of the various portions of the curve 
depends on the numerical values assigned to the time constants t/, 
and Tg, and an actual plot for assigned numerical values might have an 
appreciably different shape. It should also be noted that the length of 
each vector depends primarily on the numerator of Eq. (4-103), i. e., on 
the system gain. Thus the points a and b at which the plot crosses the 
axes are not unique, but depend on the system gain and may be moved 



Fig. 6-1. Polar locus of Eq. (4-103). 


along the axes simply by adjusting the 
system gain. 

The relationships between the trans¬ 
fer-function curve and the frequency- 
response curve may also be established 
from Fig. 5-1. The vector KO is illus¬ 
trated in the figure. If the distance 
from the — 1 + jO point to the origin is 
considered as a vector (+1), then the 
vector 1 + KO is a line from the — l-fjO 
point to the point on the curve. 
Equation (4-92) shows that the fre¬ 
quency response is 


Sc _ KO 
Be 1 + KO 


(4-92) 


Thus, by constructing the vector 1 + KO, the magnitude of the ratio 
6 o/Sr may be determined at any c*> by measuring the lengths KO and 
1 -f KO and performing the indicated division. If this is done at a 
number of frequencies, a plot of the magnitude of the output/input ratio 
vs. frequency may be obtained, and the height of the resonance peak, 
as well as the resonant frequency, may be determined. 

The phase relationships for the frequency response may also be obtained 
from the polar plot. From Fig. 5-1 it is seen that the angle of KO at fre¬ 
quency <*)» is a, and the angle of 1 •+• KO is jS. Then the angle of the 
frequency response is 

/!;-»-« («) 


Thus the phase may be determined at any and all frequencies by com¬ 
puting or measuring the angles indicated. However, it is readily shown 
that the angle # between the KO and 1 + KO vectors is also the angle of 
the frequency response, so that only one measurement is needed. Defin¬ 
ing counterclockwise rotation to be positive: 


a - 5 == 180* 
+ # - 5 = 180* 


(5-2) 

(5-3) 
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Then 


# = 180® - jS + 8 


(5-4) 


Substituting Eq. (5-2) in (5-4), 


^ = a — S — — fi 


(5-5) 


In general, the over-all frequency-response curve is not needed and 
would not be calculated. The height of the resonance peak and the 
resonant frequency are needed and must be determined. They may be 
computed by the method indicated, but easier methods are available. 
Discussion of these methods is reserved till later in this chapter. 

6-4. Logarithmic Plots—^Magnitude in Decibels vs. Log & and Phase 
Angle vs. Log a. The transfer-function equation may be plotted on 
logarithmic coordinates. One preliminary advantage of this method lies 
in the fact that the numerical computation of points on the curves is 
considerably simplified, and usually the plots of log magnitude vs. log u 
may be approximated to engineering accuracy with straight-line asymp¬ 
totes, thus further simplifying the plots. 

The transfer function of a servomechanism may be generalized and 
expressed as 


rra = rr +!)••• [(yM)*rt + ju-A + !]••• 
-f i) • • • [(y<o)®Tj + juB + 1] 


(5-6) 


There may be any number of terms in either the numerator or the denomi¬ 
nator; the denominator is usually of higher order than the numerator. 
The exponent N takes only positive integral values such as 0, 1, 2, 3, 
etc., and is seldom greater than 2. Single time-constant terms, such as 
jwa + 1, are most common, quadratic terms are occasionally encountered, 
and cubic or quartic terms can occur but are rare. 

The terms in Eq. (5-6) are complex numbers, and therefore their mag¬ 
nitudes and phase angles are handled separately. Taking logarithms of 
both sides and using the base 10, 

logio IXGI “ logio licl 4- logic l>Ta -f ll • • • 

+ logic |(yw)*rfc -h juA -f 1| • • * — iV logic |j«| 

” logic Ij'wti -|- ij • • * — logic |(yw)V 2 juB -|- 1| (5-7) 

To express the magnitudes in decibels, which is a more convenient form, 
the terms are multiplied by 20; thus, 

20 logic |2C(?1 = 20 logic IXI + 20 logic lyW. -|- 1| • • • 

— 20.^ logic |y«| • • • (5-8) 


• ■ • - 

— tan~^ «Ti • • • (5-9) 


The phase angle is given by 

/KO »= /K -f tan"‘ «t« ■ • • -f tan"*^ 



82 ELEMENTS OF SERVOMECHANISM THEORY 

The computational advantage of the logarithmic form is immediately 
apparent from Eq. (5-8) (there is no advantage in the angle calculation). 
From Eq. (5-8) it is seen that each term may be considered as a separate 
unit, its magnitude found, and the log determined and converted into 
decibels. The individual terms are then added or subtracted as required. 
Thus addition and subtraction are substituted for multiplication and 
division. 

When the results are plotted, semilog paper is usually used, with the 
magnitude, in decibels, and the phase angle plotted as ordinates on the 



rectangular scale, and the frequency plotted as abscissa on the logarithmic 
scale. In setting up the ordinate scales, it is normal practice to make 
the 0-db and — 180®-phase-angle divisions coincide. This results in a 
combmed plot of magnitude and phase-angle curves which is readily 
interpreted in terms of system performance, for reasons which will be 
explained later. Figure 5-2 shows a sketched log plot for the system of 
Eq. (4-103). 

As further simplification, it may be shown that various portions of the 
magmtude plot are essentially the same as their straight-line asymptotes, 
so that the asymptotes may usually be used instead of the actual curve. 
This, of course, reduces the number of points that must be calculated. 
Furthermore, the deviation of the true curve from the asymptote is 
readily estimated (except for quadratic factors); in any case, if much 
discrepancy is expected, additional points may be calculated at exactly 
the frequencies at which they are needed. The following paragraphs 
indicate the asymptotic approximations of the typical factors encountered 
in servomechanism equations. 

For a term such as {jcay which normally occurs in the denominator, 
the decibel expression is -20iV logic |;w|. This plots exactly as a straight 
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line. If JV" = 1, the slope of the line is —6 db/octave*; if iV = 2, the 
slope is —12 db/octave, etc. These slopes are indicated in Fig. 5-3. 
That these are correct may be seen from: 

—20 logio 1 = 0 db 
—20 logic 2 = —6.02 db 
-20 logic 4 = -12.04 db 
-20 logic 8 = - 18.06 db 

which shows a slope of almost exactly —6 db/octave for JV = 1. Also, 

-20(2) logic 1 = 0 db 
-20(2) logic 2 = -12.04 db 
-20(2) logic 4 = -24.08 db 
-20(2) logic 8 - -36.12 db 

which is a slope of —12 db/octave for iV = 2. The phase-angle curves 
are, of course, constant at —90® for iV = 1 and —180® for JV = 2. 

For a term such as (jW* + 1), when in the numerator of the transfer 

* An octavo is a measure of the difference between two frequencies, fi and ft, and 
may be defined by 

Number of octavos - » - 

logio 2 

One octave separates any two frequencies which are in the ratio of 2 or Thus 
/i ■» 40 is separated by one octave from /a ■■ 80. Likewise /i — 40 is separated by 
one octave from/a « 20. If it is desired to compute the frequency which is n octaves 
above a given frequency /o, then 

-/o2- 

and to compute the frequency which is « octavos below 
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function, the decibd expression is 20 logio + 1). This may be 
replaced by two asymptotes, one horizontal at 0 db and the other rising 
at +6 db/octave. The asymptotes intersect at a frequency w = I/t*. 
Figure 5-4 shows a typical plot. It is readily seen that these as 3 m[iptotes 
are correct. 

For (ora <3C 1, |j«r„ -f- 1| S 1. and 20 logic |i«<wo + Ij S 0 db 

WTo 1, \juTa + ll = liwTal 

and 20 logic b(ora| has a slope of +6 db/octave. 

Also, at «Ta = 1, 

l/wT. -1- 1| = and 20 logic V2 = 3.0103 db 

Thus the error at the comer frequency (the frequency at which the 
asymptotes intersect) is 3 db. It is readily seen that at uTa <K 1 the 



phase angle is essentially zero, while for «Ta 5S> 1 it is -|-90“. When 
= 1, then tan“‘ |«Tel is 45®. These are also shown in Fig. 5-4. 

If a similar term (Jmti -f- 1) appears in the denominator, then by similar 
reasoning it is seen that the asymptotes are a horizontal line at 0 db 
and a line sloping at — 6 db/octave, with the corner frequency at« => 1/ti. 
The phase relationships are 0° at low frequencies, —45® at the comer 
frequency, and —90® at high frequencies. The magnitude error at the 
comer frequency is —3 db. Terms such as these may at times be 
repeated in a transfer function, for example (jWa + 1)*. The exponent 
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does not affect the low-frequency horizontal asymptote, but it changes 
the slope of the high-frequency asymptote to ^12 db/octave. The 
corner frequency is also unaffected, but the error at the comer frequency 
is multiplied by the exponent and is ^ 6 db. The phase-angle relation¬ 
ship is also modified, since the phase at high frequencies is 180° when 
the exponent is 2, and at the corner frequency the phase angle is 7 90°. 

Quadratic factors such as -1- juB + 1 are less conveniently 

handled in asymptotic form. Figure 5-5 is a sketch of the log magnitude 
of such a term as a function of frequency. It is readily shown that the 



Fia. 5-5. Sketch of the magnitude response of a quadratic factor when in the denomi¬ 
nator. 

low-frequency asymptote is a horizontal line at 0 db and the high-fre¬ 
quency asymptote slopes at —12 db/octave (if the term is in the denomi¬ 
nator). The low-frequency phase angle is 0°, and the high-frequency 
phase angle is 180°. The corner frequency is « * l/\/n. However, 
the behavior of both the magnitude and the phase angle in the frequency 
range around the comer frequency depends on the coefficient B. There 
is no convenient way to estimate the magnitude error, and while the 
phase angle at the comer frequency is —90°, the slope of the phase-angle 
curve varies considerably with the value of B. In general, when quad¬ 
ratic terms are encountered, the asymptotes are a good starting point, 
but several exact points should be calculated near the corner frequency. 

To illustrate the method of plotting the asymptotic curves, consider 
Eq. (4-103), which was used to obtain the polar plot of Fig. 5-1. Assume 
that the numerator of the equation has a numerical value of 4, and that 
i^Tf <=‘ 0.5, and r, = 0.1. Then the equation becomes 

_ K^K^UN _ 

(;«)(ya»Tj, -f i)(y«T/ + i)(j«t4 -h 1) 

_4_ 

ju(Ju "h l)(0.5j« -f- l)(0.iyw -t" l) 


(5-10) 
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Most of this equation can be plotted by direct inspection. The numeri¬ 
cal value of the numerator naust be converted into decibels; the other 
terms may be evaluated as follows: 

X = 4 horizontal line at +12 db 

j<a —6 db/octave slope, and is 0 db at w — 1 
jca + 1 corner frequency at = 1; horizontal line at 0 db for 
w < 1 and —6 db/octave slope for co > 1 
O.Syco + 1 corner frequency at w = 1/0.5 = 2; horizontal line at 
0 db for CO < 2; —6 db/octave slope for co > 2 
O.l^co + 1 corner frequency at co = 1/0.1 = 10; horizontal line at 
0 db for CO < 10; —6 db/octave slope for co > 10 

The basic plotting procedure is to add the curves at each value of co 
and plot the sum. This may be done by tabulating values, as in Table 
5-1. The values given in this table are not sufficient for a complete 


TABLE 6-1 



curve; many more points would be needed. But if the asymptotes have 
been drawn for the individual factors, the desired values are readily 
obtained from the curves so that no calculation other than addition is 
required. 

A much simpler procedure is to add the slopes of the asymptotes after 
deternoining a convenient starting place. To combine the curves, one 
first applies the basic procedure of adding the ordinates at one selected 
value of co; the convenient starting place is any value of co where such 
addition is simplest. The simplest addition for Eq. (5-10) is at an co of 
1.0, since all curves are zero at this frequency, except the gain constant 
of 12 db. Thus, at co = 1, the net asymptotic curve must have an ordi¬ 
nate of 12 db. For CO < 1, all curves are horizontal except the term which 
has a slope of —6 db/octave and rises as co decreases. Thus, for values 
of CO less than 1.0, the net ordinate rises at 6 db/octave from the starting 
value of 12 db, and a straight line with a —6 db/octave slope may be 
drawn. Between the values co = 1 and co = 2, two of the asymptotes 
have a slope of — 6 db/octave, and all others have a slope of zero. Thus 
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the net asymptote between these frequencies must have a slope of —12 
db/octave, and at w = 1 this asymptote must have a value of -+-12 db. 
Similar reasoning may be applied to the higher frequency ranges. 

In general, the addition of asymptotes is done by inspection; some¬ 
times the individual asymptotes are drawn first, but more often the 
resultant plot may be made directly from the equation. To illustrate 
this, consider Eq. (6-10). With experience, one simply looks at the 
equation and draws the following curve: 

1. —6 db/octave slope for low frequencies, terminating at 0 db and 
<0=1 

2. —12 db/octave slope from <ii = 1 to <■) =: 2 

3. —18 db/octave slope from « = 2 to « = 10 

4. —24 db/octave slope from « = 10 to w = <» 

5. The entire curve is then raised -1-12 db 

The reasoning behind this simple result may be explained by outlining 
the thought process which is actually being followed. 

1. Temporarily assume K = 1 bo that its log is 0 db, and insert the 
true value as a last step. 

2. There is a ja term in the denominator, and so the lowest-frequency 
slope is —6 db/octave. 

3. There are three frequency-varying factors in the denominator. 
Each such term contributes nothing below its corner frequency, but 
above the comer frequency each factor produces a slope of —6 db/octave. 
Thus the net asymptote changes slope by —6 db/octave at each comer 
frequency. 

4. Since the initial slope is —6 db/octave and there are three corner 
points, the slope of the resultant curve has a sequence —6 db/octave, 
— 12 db/octave, —18 db/octave, and —24 db/octave, with the changes 
in slope occurring at the comer frequencies. 

5. The actual corner frequencies are at « = 1, 2, and 10. Therefore 
the slopes are: 

—6 db/octave below « = 1 
— 12 db/octave from w = 1 to w = 2 
—18 db/octave from « = 2 to « = 10 
—24 db/octave above « = 10 

6. At frequencies below a = 1, all terms have a value of 0 db except 
the term —20 logio |i«|. Therefore, if this term is plotted for w < 1, 
it is also the net asymptote (still assuming iC = 1). But the curve for 
—20 logio |iw| is a straight line with the —6 db/octave slope passing 
through 0 db at w = 1. 

7. The net asymptotic curve is therefore located exactly and may be 
drawn in. 
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8. Since K = A, and 20 logio 4 = 12 db, the entire curve must be raise 
12 db to represent correctly the transfer function. 

The phase-angle curves would normally be calculated if accuracy i 
desired. As a short cut, the phase angles may be determined at ver, 
low and very high frequencies, and at each comer point. A curv 
sketched through these points is frequently sufficient for preliminar; 
analysis. Thus, for the system of Eq. (5-10), 

For « 1, # = —90“ 

<0 = 1, $ = -167“ 

<0 = 2 , # = - 210 “ 

<0 = 10, # = -298“ 

<0 = CO, $ = —360“ 

The phase-angle curve may then be sketched, as shown in Fig. 5-6. 



The labor of computing phase-angle curves may be reduced by stand¬ 
ardizing on a specific phase-angle plotting scale and a specific log « scale, 
and constructing a template. Most of the factors in servo transfer- 
function equations are single time-constant factors of the form (jW + 1). 
The phase angle of such a term is $ = tan-> tor; this is a simple tangent 
curve. To use a template, note that the phase angle has a value of 45“ 
at w = 1 /t which is the comer frequency; thus, by marking the 45“ point 
on the template and aligning this point at 45“ on the plotting scale and 
at the corner frequency, the phase-angle curve may be drawn for any 
single time-constant term. The net phase angle is obtained by adding the 
curves thus determined, plus any phase-angle curves due to other factors. 

6-6. Hiteipretation of Decibel vs. Log a and Phase-angle vs. Log a 
Plots. It has been stated previously that the frequency-response data 
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are not conveniently available from the decibel vs. log w plots, but that 
the steady-state performance may be obtained from them, and an esti¬ 
mate of the transient performance may be made. While a detailed 
explanation of these features is reserved for Chap. 6, a brief statement of 
the procedures involved is made here so that the reader will not under¬ 
estimate the value of the logarithmic plot. 

1. The existence or absence of a steady-state error for a given appli¬ 
cation may be noted in most cases by mere inspection of the magnitude 
plot to determine the slope of the asymptote at lowest frequencies. 

2. If a steady-state error is seen to exist in step 1, a number may be 
read from the plot and used in a simple arithmetic calculation to deter¬ 
mine the magnitude of the steady-state error. The commonest manipu¬ 
lation of this type is for systems which operate at essentially constant 
velocity and have a steady-state error known as a ‘'velocity-lag” error. 
For such an error, the lowest-frequency asymptote (having a — 6 db/ 
octave slope) is extrapolated to intersect the 0-db axis. The frequency 
at this intercept is read and divided into the known velocity input to 
determine the steady-state error. 

3. In general, both the magnitude plot and the phase-angle plot cross 
the 0-db axis (this must coincide with the —180® phase axis). For the 
system to be stable, the phase-angle 
curve must cross at a higher fre¬ 
quency than the magnitude curve. 

4. While there are methods for 
determining the system transient re¬ 
sponse from the decibel vs. log « 
plots, most of these are beyond the 
scope of this text. The transient re¬ 
sponse may be estimated, however, 
from certain figures of merit called 
‘‘phase margin” and “gain margin.” 

These quantities may be read directly 
from the plot. They are defined and 
explained in Chap. 6. 

5. If the lowest-frequency asymp¬ 
tote having a —12 db/octave slope is extrapolated to the 0-db axis, the 
frequency at which it intersects the axis is approximately the natural 
frequency of the system. 

6-6. Decibel vs. Phase-angle Plots. The decibel and phase-angle 
computed from equations such as Eq. (5-8) or (5-9) may be plotted 
against each other with the magnitude, in decibels, as ordinate and phase 
angle as abscissa. An illustrative plot is shown in Fig. 6-7. ^ This method 
of plotting is of particular importance in design work. It is essentially a 
logarithmic counterpart of the polar plot. From it, the frequency- 
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response characteristics can be determined, and certain changes and 
adjustments in the servomechanism are readily represented. The meth¬ 
ods for deternaining system frequency response from polar plots and 
decibel vs. phase-angle plots are derived in the following paragraphs. 

6-7. Magnitude Circles on the Polar Plot. It has been shown in Sec. 
5-3 that the magnitude of the frequency-response ratio of a closed-loop 
system at any frequency w* may be obtained by drawing the KO vector 

from the origin to the point on the locus, 
then drawing a line from the — 1 + jO point 
to aj», and computing the ratio of these two 
lengths. It should then be apparent that 
every point on the plane corresponds to 
some magnitude ratio, and loci of constant- 
magnitude ratios must exist. For example, 
it is obvious that a straight line parallel to 
the y axis (see Fig. 5-8) and intersecting the 
X axis at is everywhere equidistant 
from the origin and the — 1 -1- jO point, and 
is therefore a locus of constant magni¬ 
tude, M = 1.0. 

Of course, the constant-magnitude loci 
are not all straight lines; it will now be 
proved that they are circles. Consider a general point P (x,y) as shown 
in Fig. 5-8. The distance from the origin to P is 

OP = 

and the distance from the — 1 + jO point to P is 
\AP\ = Vil + xy + y^ 

The magnitude ratio is then 


(5-11) 

(5-12) 



Fig. 6-8. Sketch for deriving the 
equation of the magnitude 
circles. 


M 


OP 

AP 


= 

V(1 + xy + 


Squaring both sides and rearranging 


y* + a:* + 2x 


JIfS _ _J|f2 

j|f 2 _ 1 iif 2 _ 1 


(5-13) 


(5-14) 


Completing the square, 

„2. a,.+ 2x /.I 

y +x + 2* j -i) - \M^- 1/ JIf*- 1 




M* 


(JIf* - D* 


(5-16) 




(&) 

Pro. ^9. (a) M-circles on the polar plane. (5) Frequency response curve obtained 
irom Jig. 5-9a. 
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This is seen to be the equation of a circle with 


Center located at a; = 
Radius r = 


M* 

M>- 1 
M 
- 1 


(5-17) 

(5-18) 


A group of M circles is shown in Fig. 5-9a, together with a hypo¬ 
thetical transfer-function locus. This figure is used to illustrate the 
method of determining the frequency-response data. The KO locus 
intersects various M circles; these intersections are at known frequencies. 
The locus intersects the ilf == 1 circle at ws. Thus, at frequency the 
ratio of 6a to ds is unity. This procedure may be repeated for as many 
frequencies as desired and the results plotted, as in Fig. 5-96, to obtain 
the frequency-response curve. From the frequency-response curve, the 
height of the resonance peak and the resonant frequency are readily 
determined. 

In most servomechanism work, the frequency-response curve is not 
needed; oidy the resonant frequency and the resonance peak, Mp, are 
useful. These may be determined from the transfer-function plot with¬ 
out plotting the frequency-response curve. It may be noted in Fig. 5-9o 
that the transfer-function curve is tangent to the M = 2.0 circle, but 
does not cross it. Therefore the largest possible value of ilf is 2.0, and 
the resonance peak must be Mp — 2.0. The frequency at the point of 
tangency is a>», and therefore the resonant frequency is «r ■* w». Thus, 
to find the resonance peak and the resonant frequency of any closed-loop 
system, it is only necessary to plot the transfer function on polar coordi¬ 
nates, add a few Jlf circles (the proper ones are easily chosen by inspec¬ 
tion), and locate the point at which the locus is tangent to one of the 
circles. The M value of the tangent circle is Jlf„ and the frequency at 
the point of tangency is wr. 

Lod for the Phase Angle of do/6a. "Whenever a closed-loop system is 
used as a component in a complex servomechanism, the frequency 
response of the closed-loop system is also its transfer function with 
respect to the rest of the servomechanism, and both the magnitude and 
the phase angle of its frequency response are desired. It is therefore 
convenient to derive and use loci of the constant phase angle for do/OR, 
They perform the same function in determining the phase response as 
do the M circles for the magnitude response. 

It has been shown, in Sec. 5-3, that if the KQ and 1 -H KO linos are 
drawn on the polar plot, the phase angle of 6c/6r is the angle included 
at the intersection of these lines. Figure 5-10 reproduces these lines and 
adds a circle which passes through the origin, the — 1 -f jO point, and 
the point at which the phase angle of eo/Bn is desired. The angle is thus 
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inscribed in a circle, and its value is measured by the arc which it sub¬ 
tends. Furthermore, any other point lying on the circumference of this 
circle but below the x axis (if considered as the junction of the KQ and 
1 ^ lines) subtends the same arc and therefore represents the same 
value of /Qa/Bi. It is thus seen that any circle passing through both the 
origin and the — 1 -f jO point is a locus of the constant phase angle for 
the frequency response. 

The equation of these N circles may be derived from the following 
considerations: By inspection, the . 

center of all the N circles must lie on onsta^ p se 

the line x = — It is also seen from y-cfrcle.. . 

Fig. 5-10 that the angle of Bo/Bn is j 0 

exactly half the angle at the center of X 

the circle. Therefore, / \ ''s R// \ 


/ ~ \ = s= 

/ 9je 2 


(5-19) 


where y is one coordinate of the center 
of the circle. Rearranging Eq. (5-19), 


\ Ji 

r/ 


2 tan /Bq/Bn 


(5-20) 


and the coordinates of the center of the derivation of 

_ _ , .11. iv^-circlc equation. 

N circle are thus determined for any 

chosen value of the angle of Be/Bn. The radius of the circle is, of course, 




(5-21) 


since the circle must pass through the origin. 

N contours are also needed on the decibel vs. phase-anglo plot. They 
may be computed point by point, or equations may be derived. This 
derivation is left to the student as an exercise. 

6-8. Magnitude and Phase Loci on the Inverse Polar Plot. An inverse 
polar locus is a polar plot of the inverse transfer function or of the inverse 
system function. When the inverse transfer function is plotted, the mag¬ 
nitude and phase of the frequency response may be determined by means 
of magnitude and phase loci. Since the inverse transfer function is simply 
the reciprocal of the direct transfer function, a vector from the origin of 
the inverse plane is simply l/KG, as shown in Fig. 5-1 la. The vector 
from the — 1 + jO point to the origin is still -t-1, and so the vector AB 
from the — 1 -t- jO point to the tip of the 1/KO vector is 




( 6 - 22 ) 
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( 6 ) 

Fig. 5-11. (a) Sketch for derivation of inverse Af-circle relationships. (6) M and N 
loci on the inverse polar plane. 
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Thus the length of a vector from the — 1 + jO point to a point on the 
curve is the reciprocal of the magnitude of the frequency response. 
It therefore follows that circles which are concentric with the — 1 + jO 
point on the inverse polar plane are loci of constant magnitude for the 
inverse frequency-response function. The value of ilf = \6c/Br\ associ¬ 
ated with each circle is numerically equal to the reciprocal of the radius 
of the circle. The circles are used with the KO''^ locus just as the M 
circles on the polar plane are used with the direct-transfer-function locus. 
Figure 5-116 shows a family of inverse M circles. 

Returning to Fig. 5-1 la, the vector AB is also \/M which, by defi¬ 
nition, is |0«/^o|. The angle — # associated with this vector is then 

'rilo angle desired for the frequency-response function is 


/I-- 


(6-24) 


Thus the angle associated with the vector from the — 1 4-^0 point to a 
point on the KO~^ locus is the negative of the angle of the frequency- 
response function. 

6-9. Magnitude Loci on the Decibel vs. Phase-angle Plot. As has 
been indicated, the decibel vs. phase-angle plot is a logarithmic counter¬ 
part of the polar plot, and therefore it should be possible to obtain a 
series of constant-magnitude loci, or M contours, on this logarithmic plot. 
There are several ways to accomplish this. The M circle may be trans¬ 
ferred point by point by the simple expedient of selecting a point on an 
M circle, drawing a line from the origin to that point, expressing the 
length of the line in decibels, measuring the an^e between the line and 
the positive x axis, and plotting on the decibel vs. phase-angle coordi¬ 
nates. This method is not very accurate, however, because of the inher¬ 
ent difficulty in measuring the lengths of the lines and the angles, and it 
is not used. 

The most convenient way to determine the M contours is to derive 
equations expressing the magnitude in decibels and the phase angle in 
terms of the value of M. This may be done by manipulating Eq. (6-16). 

Expanding and rearranging. 


y® + ®* 
from which 

20 logio Vl/* + »* 
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This is the desired result, since is the length of the line from 

the origin to the point on the M circle; Of course, only the right-hand 
side of Eq. (5-26) is evaluated. A desired value of JW is used, and various 
values of x are substituted. Note that the proper algebraic sign must be 
used with the value of x. It should also be noted that this equation is 
indeterminate for M = 1, and further manipulation is reqtdred. 

To find the phase angle needed with each decibel value, the values of 
M and x used in Eq. (5-26) are substituted in Eq. (5-16) and the corre¬ 
sponding value of y computed. The phase angle is then 

Phase angle = tan“' - (6-27) 

01 / 

It is important to use the proper algebraic signs with y and x in Eq. (6-27). 


PROBLEMS 

5-1. Plot polar loci for each of the following transfer functions: 

1 
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a. KO - 
h. KO - 

c. KO - 

d. KO « 

e. KO - 
/. KO 

g. KO 
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10 


i«(0.§/co 1) 

10 


ib) 

Pio. 5P-1 


j(a(fi,Sj(o + l)(f).Zj(a + 1) 

_LO_ 

MO.Sgto H- l)(0.3iw + l)(0.iy« + 1) 
10 

(7«)*(0.fii/« + 1) 

_ 10 _ 

(yo))*(o.s;« + i)(o.3y« +1) 

10(?;« H-1) 

-h 1) 


5-2. Using the data obtained in Prob. 6-1, plot the 
trani^er functions on decibel vs. log <a and on phase- 
an^e vs. log a coordinates. Draw the asymptotes to the magnitude curves. 

5-8. The filters of Prob. 4-1 have the following parameter values: 


20 — 9 megohms 

C - 0.13 Af 

Bi « 1.0 megohm 

C, - 0.3 Af 

20a = 9.0 megohms 

K - 1.0 

208 » 1.0 megohm 



o. Plot polw loci for the transfer functions of all three filters on the same plot. 

5. Plot decibel vs. log u and phase-angle vs. log co curves for the transfer functions 
of all three filters. 

5-4. a. For the filter of Fig. 6P-la, plot polar transfer-function loci (all on the 
plot) for the following sets of parameter values: 


JK " 9 megohms 
E "" 9 megohms 


C « OiS /if 
C - 0.3 4 


jKi * 1 megohm 
iBi » 3 megohms 
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6. What is the effect on these loci of changing the value of C from 0.3 juf to 0.6 fd? 

c. Plot the results of parts a and b on decibel vs. log u and phase-angle vs. log 

coordinates. 

6-6. a. For the filter of Fig. 6P-16, plot polar transfer-function loci (on the same 
plot) for the following sets of parameter values: 

jR « 4 megohms jBi « 1 megohm Ci = 10 Atf 
12 « 9 megohms Ri <=> 1 megohm Ci 10 juf 

h. What is the effect on these loci of changing Ci from 10 to 6 /ff? 

c. Plot the results of parts a and b on decibel vs. log ta and phase-angle vs. log w 

coordinates. 

6-6. For the system of Prob. 3-3, plot the polar transfer-function locus. (See 
Prob. 4-4.) Add M circles and determine Mp. Add N circles, and plot the frequency- 
response and phase-shift curves for the closed-loop system. 

6-7. For the system of Prob. 3-3, plot the asymptotic decibel vs. log « curve and the 
phase angle vs. log ta curve. (See Prob. 4-4 for the transfer function.) 

6-8. For the system of Prob. 3-3, plot the decibel vs. phase-angle curve (on an 
Af-AT contour chart if available). Determine Mp, 

6-9. Plot the polar transfer-function locus for the servo of Prob. 3-4 (see Prob. 4-6). 
Add M circles and determine Mp and 6)r. 

6-10. a. Plot the asymptotic decibel vs. log « and phase-angle vs. log ta curves for 
the transfer function of the system of Prob. 3-6 (see Prob. 4-8). 

6. Plot the decibel vs. phase-angle curve for the system. Add M contours, end 
determine Mp and tar. 

6-11. Plot the polar transfer-function locus for the integrating amplifier of Prob. 3-7 
(see Prob. 4-9). 

6-12. Plot the polar transfer-function locus for the system of Prob. 3-7 (see Prob. 
4-9). Add M circles. Determine Mp and cor. 

6-18. a. Plot the polar transfer-function locus for the system of Prob. 3-8 (see 
Prob. 4-10). 

b. Plot the decibel vs. log « and phase-angle vB. log « curves for the transfer function. 

c. Plot the decibel vs. phase-angle curves. 

6-14. a. Plot the polar transfer-function locus for the system of Prob. 3-9 (see 
Prob. 4-11). 

b. Plot the docibol vs. log « and phase-angle vs. log « curves. 

5-16. a. Plot the polar transfer-function locus for the system of Prob. 3-12 (see 
Prob. 4-12). 

b. Plot the decibel vs. log « and phase-angle vs. log ta curves. 

5-16. a. Plot the polar transfer-function locus for the system of Prob. 3-13 (see 
Prob. 4-13). 

6. Plot the decibel vs. log « and phase-angle vs. log « curves. 
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CHAPTER 6 


ANALYSIS OF SINGLE-LOOP SYSTEMS 


6-1. Introduction. The purpose of this chapter is to present in com¬ 
pact form the methods of analyzing system performance from the 
transfer-function equation and its various plots, and to justify these 
methods theoretically as far as is convenient and possible. All the 
analysis methods have uses in the design, adjustment, and compensation 
of systems, and these uses are investigated in subsequent chapters. The 
discussion in this chapter is limited to single-loop systems, since the dis¬ 
cussion of multiple-loop systems is restricted to a few general comments 
in Chap. 10. 

The three major points of interest in any servomechanism analysis and 
design are; 

1. Is the system stable? 

2. Is its steady-state performance satisfactory? 

3. Does it meet transient specifications? 

These points are listed in the order of importance. If a system is 
unstable, it is usually of no value whatsoever as a servomechanism, and 
therefore the question of stability is very important. The purpose of 
the vast majority of servomechanisms is to maintain some steady-state 
condition. If the steady-state performance is not satisfactory, then 
adjustments or changes must be made, and there is no need to check 
transient performance until after such adjustments or changes have made 
the steady-state performance acceptable. Finally, if the system is stable 
and has satisfactory steady-state performance, transient information is 
required to see if the system responds quickly enough without objection¬ 
ably large overshoots and with a resonant frequency that is not likely to 
introduce troubles. 

6-2. Stability—^Nyquist’s Criterion. A system is said to be stable if 
any existing transient oscillations eventually die out and the system ulti¬ 
mately reaches steady state. Conversely, a system is said to be unstable 
if transient oscillations never die out, but rather increase in amplitude 
until they destroy the system or are limited by nonlinearities. 

When systems are analyzed by the transient, or differential-equation, 
method, stability is readily determined from the roots of the equation. 
If the equation has any positive real roots or any complex roots with 
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positive real parts, the system is unstable. Any stability test using the 
transfer-function equation or plot must indicate the same facts, i. e., the 
presence or absence of positive real roots or of complex roots Tvith posi¬ 
tive real parts. Stability tests need not determine the numerical values 
of the roots; it is sufBicient to show their existence or nonexistence. 

The stability test most commonly used in servomechanism work is the 
result of a theorem developed by Nyquist in his study of regeneration 
theory. A complete derivation of this theorem requires complex varia¬ 
ble theory and conformal mapping, and is beyond the scope’" of this text. 
A restricted statement of this theorem, which applies rigorously only to 
single-loop servomechanisms, is: 

Nyguisfs StaUUty Criterion for SingMooy Systems. If the loop trans¬ 
fer function is plotted on the polar plane for all values of « from plus 
infinity to minus infinity, and if this plot does not enclose the — 1 -f- jO 
point, then the closed-loop system is stable. The following section indi¬ 
cates, by means of sketched curv^, the graphical interpretation of 
Nyquist’s stability criterion on the polar plane. Succeeding sections 
give a simplified explanation of the physical meaning of the criterion, 
and explain its interpretation on the logarithmic plots. 

6-3. Interpretation of Typical Polar Hots. In normal computation of 
transfer-function curves, only positive values of « are used. A typical 
curve is shown as a solid-line curve in Fig. 6-lo. The curve for negative 
frequencies is shown as a broken line. It may be seen that the curve for 
negative frequencies is the mirror image, in the real axis, of the positive- 
frequency curve. This is true in general, and therefore no calculations 
are needed for negative frequencies, nor is it usually necessary to plot the 
negative-frequency curve. 

The two curves of Fig. 6-la form a closed loop on the polar plane, and 
the enclosed area is the crosshatched area. The — 1 + jO point is not 
enclosed, and therefore the system represented is stable. The enclosed 
area may be determined by imagining that the curve is drawn by a 
tracing point which starts at « >= 0, traverses the positive-frequency 
portion of the curve to « = + “, then starts at w = — o® and traverses 
the negative-frequency portion, ending agmn at « = 0. The enclosed 
area is always to the right of such a tracing point. 

It is apparent that the negative-frequency part of the locus is not 
needed for interpretation of Fig. 6-la; in fact, it is seldom necessary to 
draw the negative-frequency portion. Figure 6-lb, c, d, and e show other 
typical plots of the positive-frequency transfer-function locus, and the 
enclosure of the — 1 + jO point is readily seen. It should be noted that 
the portion of the curve near the — 1 + jO point usually gives suflficient 

* See Thaler, G. J., and R. G. Brown, "Servomechanism Analysis," McGraw-Hill 
Book Company, Inc., New York, 1953. 
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information to determine stability, so that it is not even necessary to 
plot the entire positive-frequency locus. Using the tracing-point con¬ 
cept, and assuming that the point moves from low to high frequencies, 
it may be noted that, for a stable system, the — 1 + jO point is to the 
left of the tracing point as it traverses that portion of the positive- 
frequency locus which is adjacent to the — 1 + jO point. 



Fia. 6-1. Interpretation: of stability from the polar plot. 

(a) Polar plot of transfer function for positive and negative frequencies, stable 
system. (6) Stable, (c) Unstable, (d) Stable, (e) Unstable. 


AU the transfer-function plots in Kg. 6-1 have a finite value for fre¬ 
quency CO = 0, as evidenced by the curves. Apparently, then, none of 
the transfer-function equations corresponding to these plots could have 
a factor ju in the denomiiiator. The majority of servomechanisms, how¬ 
ever, have such a factor in the denominator, and a typical polar plot is 
shown in Fig. 6-2(i. Such a plot does not close on itself when drawn on 
a finite plotting surface, but closes at infinity. It is then necessary to 
draw an auxiliary line to close the plotted curve so that the location of 
the enclosed area becomes apparent. 

Returning to Fig. 6-lo and the tracing-point concept, it is seen that 
the closed curve is traversed in a clockwise direction, starting at w » 0 
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on the positive-frequency section. It can be shown that this procedure 
is correct for the open type of transfer-function plot. Thus the curve of 
Fig. 6-2o may be closed by drawing a circular arc in a clockwise direction 
from the low-frequency end of the negative-frequency locus to the low- 
frequency end of the positive-frequency locus, as shown. Since the 
— 1 + ^0 point is not enclosed, the system is stable. 


oj-O J/‘oo 



(a) 





4J-+0 


Id) 


ie) 


Fig. 6-2. Polar plots of transfer functions having a factor (j<a) in the denominator. 

(a) Both positive and negative frequencies shown, stable system. (6) Stable, 
(c) Unstable, (d) Stable, (e) Unstable. 


It is seen that in this case also the negative-frequency part of the locus 
and the closing circular arc need not be drawn for most tests; only in 
exceptional cases will they be needed. Figure 6-26, c, d, and e shows other 
typical plots for transfer functions having &ju factor in the denominator. 
These are plotted for positive frequencies only, and the stability is readily 
determined. 

Occasionally a servomechanism has a transfer function with a 0’«)* 
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factor in the denominator. The plot of such a transfer function does not 
form a closed loop, and it must be closed by an added line in order to 
deternoine stability. Again it may be shown that a suitable closing 
curve is a circular arc drawn clockwise from the low-frequency end of 
the negative-frequency locus to the low-frequency end of the positive- 
frequency locus. Several polar loci of this type are shown in Fig. 6-3. 



Fio. 6-3. Polar plots of transfer functions having a factor (ja>)* in the denominator, 
(a) Unstable, (b) Stable, (c) Stable. 


6-4. A Simplified Esplanation of the Physical and Mathematical 
Meaning of the Stability Criterion. In Chap. 5, it was shown that the 
magnitude of the ratio da/Bn (for sinusoidal motion) can be determined 
from the transfer-function plot by means of Af circles. When a family 
of M circles is drawn, it is seen that the center of the circle approaches 
the — 1 + jO point as the value of M increases, and this point in itself 
is a circle of zero radius having an M value of infinity. Thus, if the 
transfer-function curve passes through the — 1 -h iO point, Mj, is infinite, 
i. e., leo/enl = 00 . This does not mean that ldc| is infinite, but that \dc\ 
may have a finite value even if |ds| is zero. In other wordb, the output 
may oscillate when there is no input. 
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When a transfer-function curve passes through the —1 -1-^0 point, 
the KO vector to this point is do/E = -|-1 /180°. Using this fact and the 
block diagram of Fig. 4-13a, it is readily seen that the closed-loop system 
can oscillate, because the magnitudes of Oc and E must be identical, and 
there are two phase shifts of 180°, one in the system represented by KG, 
and the second in the error detector where Be is smhtractxd from Br. At 
the frequency for which these conditions occur, the signal circulating 
around the closed loop reinforces itself at the error terminals, E. Since 
each time the signal goes around the loop it arrives at E undiminished in 
amplitude and exactly in phase, the input signal, Br, may be discon¬ 
nected, and the circulating signal will continue without interruption. 
Conversely, if the system is at rest and some disturbance occurs, the 
system fall into oscillation at the critical frequency. Such self¬ 
oscillations or auto-oscillations are not desired in servomechanisms; the 
system is usually considered to be unstable. 

Instead of starting with the M circles, one may note that 


Ba KG .. 

Br 1 +kg 

For the case where the transfer-function curve passes through the 
— 1 -H jO point, the KG vector to this point is KO — —1. Thus, 


-1 
1 - 1 


= 0 “ “ 


Furthermore, the characteristic differential equation of the system may 
be obtained from Bq. (6-1) by noting that 

Boil + KG) = BrKG (6-3) 

Therefore the characteristic equation is 

Boil + KG) =0 (6-4) 

To study this point further, note that the general algebraic form for 
the transfer function of a physical system may be written as 


^-§ = KG 


IV (y«ra -f l)(jtort -b 1) • • • 
iju)^ijoiri -h l)(jwra -f- 1) • • 


where is a constant, N is restricted to 0, 1, 2, 3, ... , and the equa¬ 
tion may contain quadratic factors. Substituting E(i. (6-6) in Eq. (6-4)^ 

a r 1 I ^ ( 7 ^*^* "f" 1*)(7^*^6 "I" 1) ' I A fiN 

From Eq. (6-6), the characteristic equation of the system is 

Bolij<ii)''ijoiri + l)ijuri + 1) • * • Kijwra -|- l)(j<»Ti -|- 1) • • •] = 0 

(6-7) 
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If Eq. (6-7) is expanded and manipulated, the roots of the characteristic 
equation may be found. For the case of a specific transfer function with 
plot passing through the — 1 -1- yO point, two of the roots thus deter¬ 
mined will be conjugate imaginary numbers (real part = zero). It is 
well known that such roots indicate a transient response with undamped 
sinusoidal variation. 

In view of the preceding statements, the stability of systems repre¬ 
sented by curves such as those in Figs. 6-la and 6, ^2a and 6, and 6-3& 
may be explained by noting that: 

1. AU points on the curve have a finite M value; thus the frequency 
response can never be infinite. 

2. Where there is a KG vector with a phase of 180®, its magnitude is 
less than unity, and so the signal fed back is not sufficient to sustain 
itself if the input signal is removed. 

3. If the characteristic equation is formed and solved for the roots, 
it will be found that the real part of each root is negative, so that any 
transient oscillations are damped out. 

For cases which encircle the — 1 + jO point and are therefore unstable, 
such as the curves of Figs. 6-lc and e, 6-2c and e, and 6-3a, the Jlf-circle 
explanation does not work, since all points on the curve apparently have 
a finite M value even though the system is unstable and will oscillate. 
It is easily seen, however, that: 

1. The KO vector with a phase of 180® has a magnitude greater than 
unity. Thus each time the signal traverses the closed loop, the error 
signal is increased and the output is increased, so that the output vari¬ 
ation must eventually become infinite unless limited by some nonlinearity 
in the system. 

2. If the characteristic equation is formed and the roots determined, 
at least one root will have a positive real part. 

There are some special cases, such as the curves of Figs. 6-ld, 6-2(i, 
and 6-3c, for which the only applicable comment is that solving their 
characteristic equation yields roots each of which has a negative real part. 
The ilf-circle explanation may be used but, since it proved invalid for 
the case of an enclosed critical point, it is not trustworthy. It may also 
be noted that for each of the curves mentioned there are KO vectors 
with a phase of 180® and a magnitude greater than unity, so that an 
increasing signal might be expected. Yet such is not the case; the sys¬ 
tems are stable, and transient oscillations are damped out. 

A much more complete and satisfactory explanation of the stability 
criterion may be obtained by using complex variable theory. Such treat¬ 
ment, however, is beyond the scope of this text. 

6-6. Determining the Existence of Roots with Positive Real Parts— 
Routh’s Criterion. There are a number of methods for finding the roots 



ANALYSIS OF SINGLE-LOOP SYSTEMS 105 

of a characteristic equation. Any of these is applicable to tlie equa¬ 
tion of a servoraechanism. When ■working ■with transfer-function meth¬ 
ods, the engineer frequently does not need the numerical values of the 
roots, but would like a quick check to determine whether positive roots 
(or complex roots ■cnth positive real parts) exist. Such methods have 
been developed by Routh and by Hurwitz. The method outlined here 
(without proof) is essentially that due to Routh. 

A characteristic equation as obtained from 


e<, _ KQ 
da 1 + KO 

has the algebraic form 

A(i«)" -I- -I- + 


( 6 - 1 ) 

= 0 ( 6 - 8 ) 


To apply Routh’s criterion, the coefficients are ■written alternately in 
two horizontal rows: 


A C EG . . . 
B D F H . . . 


(6-9) 


Additional rows, 3, 4, 6, etc., are formed from these two rows by apply¬ 
ing a definite arithmetic procedure. Each row is terminated when all 
succeeding numbers would be zero, and Af ■+• 1 rows must be formed to 
check M roots. The resulting array of numbers is triangular in shape 
because the number of terms in each row decreases as new rows are 
formed. The final array appears as: 

A C E 0 

B D F H 

Xi X 2 Xz ( 6 - 10 ) 

Yi Yz y, 

Zx Zz 


The X, Y, Z rows are formed as follows: 

Xi = 

Xz = 

Xz = 

Zx = 


BC 

— 

AD 


B 


BE 

— 

AF 


B 


BG 

— 

AH 


B 


YxXz ■ 

-XxYz 


„ DXx - BXz 

- T, - 

^ FXx - BXz 
-- 

XxH - BO 


Yx 


Yz = 
Zz * 


Xx 

YxXz - XiYz 
Yx 


( 6 - 11 ) 


When the array has been completed, the existence of positive real roots 
is determined by inspecting the signs of the numbers in the left-hand 
'Column. If all signs are the same, there are no positive real roots. If 
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there are changes in sign, then the number of positive real roots is equal 
to the number of changes in sign. 

Numerical Example: 

(jm)* + 8{ju)* + (ju)* + 12(jai)* + + 6 “ 0 

Routh's array is 1 1 18 

8 12 6 

-0.6 17.25 0 

+288 6 0 

+17.26 0 0 

6 0 0 

Inspecting the left-hand column, there are two changes in sign: from 
+8 to —4, and from —4 to +288. Therefore two roots are positive or 
have positive real parts. 

6-6. Stability from Decibel vs. Log u Plots. If logarithmic methods 
are used for analysis and design, interpretation of stability from the 
logarithmic plots is necessary. The needed interpretation is supplied 
with the help of the concept of phase margin. Phase margin may be 
defined as the negative of the additional negative phase shift required to 
make the phase angle of the transfer fimction —180® at any given fre¬ 
quency. The terms positive and negative phase margin are frequently 
encountered. A positive phase margin means that a negative phase shift 
is required to make the phase angle —180®, whereas a negative phase 
margin means that a positive phase shift is required. 

For the purpose of interpreting stability, phase margin need be defined 
at one frequency only; this is the frequency at which the magnitude of 
the transfer-function vector is unity, or, in logarithmic terms, when the 
magnitude is 0 db. The concept of phase margin and its use in inter¬ 
preting stability are illustrated graphically in Fig. 6-4. 

If the KO locus is plotted on polar coordinates and if a circle of unity 
radius and center at the origin is added, the circle intersects the locus at 
a frequency «, at which the magnitude of the KO vector is unity. This 
is shown in Fig. 6-4o. The phase margin is then the angle between the 
KG vector at <a and the negative x axis, because this is the angle through 
which the vector would have to be shifted to make the phase angle —180® 
at frequency u. It is a positive phase margin because the required phase 
shift is clockwise, or negative. 

Note that the KO locus of Fig. 6-4o does not enclose the — 1 + JO 
point, and the system is therefore stable. If the point is shifted clock¬ 
wise through the angle corresponding to the phase mar gin, then the point 
(d coincides with the — 1 + JO point. When the — 1 + JO point is on 
the locus, it is considered to be enclosed, and the system is unstable. 
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Thus Si physicsl intsTprststion of phase margin is the amount by which 
the unity KQ vector has to be shifted to make a stable system unstable 
(or vice versa for an initially unstable system). 

Figure 6-46 shows a decibel vs. log m plot equivalent to the polar locus 
of Fig. 6-4ffl. It is seen that the magmtude curve crosses the 0-db axis 




Fio. 6-4. Interpretation of stability with phase margin. 


at «i, but the phase-shift curve crosses at some higher frequency. Thus 
if the magnitude crossover is located at wi, the phase angle of the locus 
may be road and the phase margin determined. The reason for making 
the —180“ phase-angle axis correspond to the 0-db magnitude axis lies in 
the fact that the phase margin may then be read directly as the height 
of the phase-angle curve above (or below) the magnitude-crossover point. 
The phase margin is so marked in Fig. 6-46. 

It may also be noted from Fig. 6-46 that the phase-crossover point 
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lies to the right of (i. e., at a higher frequency than) the gain crossover. 
This provides an easy test for stability but one that must be used cau¬ 
tiously. In general, it may be said that on the decibel vs. log w plot 
a system is stable it the phase crossover lies to the right of the gain 
crossover. However, it is possible to have several phase crossovers (or 
gain crossovers), as indicated in Fig. 6-4c and d. The polar plot of 
Pig, 0 - 4 c shows a positive phase margin and a stable system. In Fig. 
6 - 4 d there is a phase crossover to the right of the gain crossover, but 
there are also phase crossovers to the left, so that the stability condition 
is not perfectly clear from the location of crossover points. The phase 
margin, however, is seen to be positive at the gain crossover, and therefore 
the system is stable. 

Figure 6-46 and / shows the case of negative phase margin, i. e., an 
unstable system. On the polar plot of curve e it is seen that the locus 
encloses the — 1 + jO point. On the decibel vs. log a> plot of curve / it is 
seen that the phase crossover is to the left of the gain crossover and that 
the phase margin is negative. 

Interpretation of stability from the decibel vs. phase-angle plot is 
available by noting the phase margin. The curves of Fig. 6-4 could be 
plotted on decibel vs. phase-angle coordinates and readily interpreted. 
This is left to the student as an exercise. 

6-7. Steady-state Performance of Servomechanisms. If a servomech¬ 
anism is controlling a mechanical load, the steady-state performance 
desired is usually that of maintaining a constant position, a constant 
velocity, a constant acceleration, or some combination of these, such as 
a constant velocity or acceleration with definite position correspondence 
between input and output. When the load is not mechanical, the 
required steady-state performance normally involves quantities which 
are mathematically equivalent to position, velocity, etc. The steady- 
state performance of servomechanisms may be determined accurately 
from the transfer-function equation and from the decibel vs. log co plot. 
For certain applications, it may be determined from the polar plot. The 
above statements concern the response of the system to an input com¬ 
mand signal. If disturbances are applied to the load, external to the 
. closed loop, interpretation is more involved and is beyond the scope of 
this text. 

The generalized form of the transfer-function equation is 

rrp _ Oc _ KjjoTg + 1) (jCOTb + 1) ' — + josA + 1] /ft lO\ 

E + l)(ycor2 + 1) ' * * [U^)^z + + 1] 

Several general remarks concerning this equation are necessary before 
formulating specific rules for interpretation. The equation expresses the 
ratio of the output position, 6c, to the 'position displacement, or error, E, 
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between the output and input. The output position is always a finite 
quantity and therefore, if there is to be zero error (5 = 0), the transfer 
function must evaluate as infinity. Likewise, if the error is to be con¬ 
stant and finite (5 = 5), the transfer function must evaluate as some 
constant number. Equation (6-12) does not directly apply to oases 
where the output is to be a velocity or an acceleration, and it must be 
manipulated to permit interpretations for these conditions. 

In order to interpret the steady-state performance of the system, some 
numerical value must be substituted for the jo terms in Eq. (6-12). The 
value used for jo must correspond to the time condition t = oo, i. e., 
steady-state performance is desired and steady state is obtained at ^ = <». 
Therefore, the value used must be mathematically compatible with con¬ 
ditions at ^ = 00 . The proper value to use is jo = 0. 

This statement can be proved by expanding the generalized equation 
for the error in a power series and appljdng the final-value theorem of 
the Laplace-transformation theory. Such a treatment is beyond the 
scope of this text. However, if the above rule is applied to the transfer 
functions of specific physical systems and the mathematical answer inter¬ 
preted in terms of the expected physical performance, it is readily seen 
that the mathematical procedure gives the correct physical answer. Such 
an analysis is made in several of the following sections of this chapter. 

The application of this may be summarized very simply, knowing the 
transfer function of the system, $o/E = 5(?, where the algebraic form of 
KO is as in Eq. (6-12), and desiring to know the steady-state error charac¬ 
teristics of the system: 

1. If the input signal is a command for a constant output position (or 
analogous quantity), substitute = 0 in the expression for KO and 
obtain a numerical answer. 

2. If the input signal is a command for a constant output velocity (or 
analogous quantity), first multiply the transfer function by iw, obtaining 
joKO; then substitute jo = 0 in the expression for joKQ and obtain a 
numerical answer. 

Because of the algebraic form of the transfer functions, only three types 
of numbers are to be expected from each of the above manipulations. 
These are zero, a positive finite constant, and infinity. The interpre¬ 
tation is 

K0 = ^^0-,K; fori«-0 

If the numeric is 0, then E = <» since Bo 7 ^ 0 
If the numeric is K, then E is finite since Oa is finite 
If the numeric is «, then E = 0 since 60 is finite 

Similar interpretations result for jaKO and In each case the 
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interpretation is physical and specifies the magnitude of the position 
error, E, between input and output for the type of steady-state output 
operation being investigated. If the steady-state error is either zero or 
infinite, the value of the system is immediately apparent. On the other 
hand, if the error is a constant, the value of the system and its useful¬ 
ness depend on the magnitude of the steady-state error. The numbers 
obtained in this fashion are usually called ‘'error coefficients.'' 

6-8. Classification of Systems. In order to study conveniently the 
steady-state performance of servomechanisms, it is desirable to classify 
them into groups which have comparable steady-state performance. It 
will be seen that the exponent, N, in the denominator of the general 
transfer-function equation is a controlling factor in steady-state per¬ 
formance. For this reason, the following classification is chosen: 

Type 0 system = those for which N — 0 

Type 1 system = those for which N — 1 

Type 2 system — those for which iV = 2 

Etc. 


6-9, Steady-state Performance of Type 0 Systems. The basic trans¬ 
fer-function equation of a type 0 system has no jco factor in the denomi¬ 
nator, because iV = 0, and is therefore of the form 



V-/7 _ + 1) 

E (jWi -f- l){j<aT2 -1- 1) 

(6-13) 

Substituting jco 

= 0, this evaluates to 



II 

(6-14) 

from which 

ri ^0 

(6-15) 


and is some constant error. It is seen that, if a type 0 system is used, 
the error cannot be zero, i. e., the output quantity does not reach the 
exact steady-state value desired, though it may approach this value by 
making K a large number. Numerical evaluation of the error is obtained 
if the transfer-function equation is known quantitatively. 

An example of a type 0 system is a voltage regulator used to maintain 
the output of a generator close to that of a reference. An approximate 
schematic diagram is shown in Fig. 6-5. 

Note that the field of the generator is driven (through the amplifier) 
by the difference between the reference voltage and the actual output 
voltage. The output voltage can never be as great as the reference, 
because if it were, then E ^ Vn Vo ^ 0, and no field current would 
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be supplied to the generator. Since it is not possible for the generator 
to produce an output without excitation, the error E must always have 
a finite value other than zero, i. e., Fs Fcr. Derivation of the trans¬ 
fer function of this system is left to the student as an exercise. 

It may readily be shown that type 0 systems are of no value as posi¬ 
tioning systems when subjected to a changing command signal. If the 
input to such a system is a constant rate of change, then the steady-state 



Fio. 6-5. Schematic diagram of a generator voltage regulator. 


output performance is evaluated from 



: rrn K(jo>r -f 1) 

E C/toTi -t- l)(y«rj -f 1) 

(6-16) 

Substituting ja 

=< 0 in the right-hand side, this becomes 



ju>9o _ f, 

E 

(6-17) 

from which 

=0 

(6-18) 


In physical terms, the input rate of change is not duplicated by the 
output, and so the position error becomes very large. 

This concept may also be illustrated qualitatively with the voltage 
regulator of Fig. 6-5. If the command signal F« is increased gradually 
at a constant rate, the output voltage also increases, but not at the same 
rate, and therefore the difference between these voltages £f = (F* — Fo) 
also increases. 

From Eq. (6-13) the general shape of the polar transfer-function locus 
and the decibel vs. log « locus may be determined. They are shown in 
the sketches of Fig. 6-6. From the polar plot, it is seen that the type 0 
system is characterized by an intercept on the positive x axis at fre¬ 
quency 6) = 0. The length of the vector from the origin to this intercept 
is the value of K needed in Eq. (6-16). From the decibel vs. log « plot, 
it is seen that the slope of the lowest-frequency asymptote is 0 db/octave. 
This is characteristic of type 0 systems. The decibel value of this as 3 rmp- 
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tote is also the gain constant K expressed in decibels. Thus the type 0 
system may be recognized from the shape of the polar or logarithmic 
plot, and the numerical value of K needed to compute the steady-state 
error may also be obtained from the plots. 


•1+yo 






Fio. 6-6. Charaoterifltios of a type 0 system, (o) Polar plot. Q>) Decibel vs. log 
CD plot. 

6-10. Steady-state Performance of Type 1 Systems. The basic trans¬ 
fer-function equation of a type 1 system is characterized by a single j<a 
factor in the denominator and thus is of the form 


KO = — ^ 

E ju{juTl -1- 1)0'«TJ -1- 1) 
Substituting = 0, Eq. (6-19) becomes 


or 


E 0 


00 


^ = 0 
00 


(6-19) 


( 6 - 20 ) 

(6-21) 


Thus a type 1 system, when used as a positioning system, has no position 
error and inherently produces the exact position required by the com¬ 
mand signal. The gun-director servomechanism discussed in previous 
chapters is an example of a type 1 system. 

If the input to a type 1 system is operated at constant velocity, the 
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steady-state performance is evaluated from 




Kvijurg + 1) 


0‘wTi -I- l)OWs -1- 1) 
Substituting = 0 in the right-hand side, 


and 


— TT 

~w ~ 


E 


ju6c 

Kg Kg 


(6-22) 


(6-23) 

(6-24) 


where Fo is the output velocity and is also a constant when the system is 
in steady state. 

From Eq. (6-24) it is seen that, when a type 1 system is operated as a 
“velocity” system, the position error, E, is a constant in the steady-state 
condition. In order for this to be true, the output velocity must be 
exactly the same as the input velocity; otherwise, a constant-position 
displacement between input and output could not exist. 

That such a position-displacement error or “velocity-lag” error must 
exist may be seen from the block diagram of Fig. 6-7 which is a simpli- 



Fio. 6-7. Block diagram of a type 1 system. 


fied functional diagram for the gun-director servo. From Fig. 6-7 it is 
seen that the motor, M, must run at constant speed if the output, do, is 
to operate at constant velocity. Then the generator must supply a con¬ 
stant voltage output; the amplifier must supply constant current to the 
generator field and, therefore, there must be a constant signal, E, applied 
to the input of the amplifier. But E is the position displacement between 
input and output, or the position error. Thus it is obvious that a posi¬ 
tion error must exist in a type 1 system if the output is to operate at 
constant velocity. 

Figure 6-8 shows a polar plot and a decibel vs. log u plot for a type 1 
system. On the polar locus the w = 0 end of the curve goes to infinity 
along the negative imaginary axis. This is characteristic of type 1 sys¬ 
tems. Thus, from the polar plot, the type 1 system may be recognized. 
This identification ensures that the system has no steady-state error if 
used for static positioning. It also ensures that there will be a velocity- 
lag error if the system is operated at constant velocity. However, there 
is no way to compute the velocity-lag error from the polar plot. 
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On the decibel vs. log co plot the identifying characteristic of the type 1 
system is the —6 db/octave slope of the lowest-frequency asymptote. 
This —6 db/octave slope is due to the joj factor in the denominator. 
Thus, if a decibel vs. log « plot is inspected and the slope of the lowest- 
frequency portion is —6 db/octave, this identifies the system as type 1. 
The static-position error is therefore zero, and there is a velocity-lag 






Fig. 6-8. Transfer function plots for a type 1 system, (a) Polar plot. (6) Decibel 
vs. log a> plot. 


error if the system is operated at constant velocity. Moreover, the 
velocity constant Kv, which is the gain constant of the system, may be 
determined from the plot by extrapolating this —6 db/octave slope to 
the 0-db axis and reading the frequency at the intercept. Then 

X, - «. (6-25) 

and 

X = (6-26) 

To justify this statement, consider the logarithmic form of the transfer- 
function equation: 
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201ogio = 20 logio |if,| + 20 logic IjWb -j- 1| • • • 

— 20 logic |iw| ~ 20 logic b’wTi + 1| — 20 logic |y<<w 2 + 1| (6-27) 

The problem is to evaluate K,, knowing the Ze/f-hand side of the equa¬ 
tion. (This is known because the plot is available.) It is necessary to 
know that the plot represents a type 1 system, but this is determined by 
checking the slope of the lowest-frequency asymptote to make sure it is 
—6 db/octave. Then it must be realized that the steady-state perform¬ 
ance (and therefore Kv) are related to the transfer-function response at 
lowest frequencies. With this in mind, a very small value of ju is selected 
and substituted in Eq. (6-27). When evaluated, all terms containing 
time constants approach unity, so that their logarithm approaches zero 
and the terms may be neglected. The remaining terms are then used to 
evaluate K,, i. e., the equation reduces to 

20 logic ^ = 20 logic \K^\ — 20 logic |j«l (6-28) 

If the proper frequency, co*, is selected to make the left-hand side of 
Eq. (6-28) equal to 0 db, then 


0 = 20 logic |jSr.| — 20 logic lw»| 

20 logic I^T.I = 20 logic l«.l (6-29) 

jK, = Ux 

The logarithmic plot of Eq. (6-28) is a straight line of —6 db/octave 
slope, and selection of a frequency, «„ which satisfies Eq. (6-29) is eqmv- 
alent to finding the point where this line intersects the 0-db axis. Thus, 
when a complete locus of a type 1 system is available, the lowest-frequency 
—6 db/octave slope may be extrapolated to the 0-db axis and the inter¬ 
section locates Ux, which is numerically equal to E„. The velocity-lag 
error is then found by dividing the known system velocity by «*, as indi¬ 
cated by Eq. (6-26). 

6-11. Steady-state Performance of Type 2 Systems. The basic trans¬ 
fer fimction of a type 2 servomechanism is of the form 




KajjWa •+• 1 ) • • • 
(y«)®(y&)ri -|- i)(yajTs -f- 1) 


(6-30) 


This equation may be analyzed by the same methods as are used with 
type 0 and type 1 systems. It is seen that a type 2 system inherently 
has no error when operating as a static-positioning system or when oper¬ 
ating at constant velocity. There is a position-lag error, or “acceleration 
error,” when the system is operated at constant acceleration. 

If a polar plot of a type 2 system transfer function is made, the <0=0 
end of the curve goes to infinity along the negative real axis. This is 
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the identifying characteristic of a type 2 polar plot. If a decibel vs. 
log CO plot is made, the lowest-frequency as 3 nnptote has a —12 db/octave 
slope; this is the identifying characteristic of a type 2 decibel vs. log co plot. 

The acceleration error of a type 2 system may be determined from its 
equation as 

S = A® (6-31) 

JLa 

where Ac the known output acceleration and Ka is the system gain 
constant. Ka may be evaluated from the decibel vs. log co plot by extra¬ 
polating the initial —12 db/octave slope to the 0-db axis and determining 
the intercept frequency, coa. Then Ka = coa^. Proof of this is left to the 
student. 

6-12. Transient Performance of Servomechanisms from Transfer- 
function Plots. The important features of the transient response of a 
servomechanism are the peak overshoot, the oscillating frequency, and 
the speed of response, as previously pointed out. The peak transient 
overshoot is related to the height of the resonance peak of the frequency 
response, and the transient oscillating frequency is very nearly the same 
as the resonant frequency, as also previously discussed. The transient 
speed of response is difl5.cult to interpret in terms of the frequency response 
or transfer-function data, but it has been established that, for a given 
height of resonance peak, systems with high resonant frequencies respond 
quickly, while those with low resonant frequencies respond slowly. 

The M circles and M contours provide a convenient means for deter¬ 
mining the height of the resonance peak and the resonant frequency from 
the polar plot and the decibel vs. phase-angle plot. Methods for uti¬ 
lizing these tools have been presented, and no further discussion seems 
necessary. 

On the decibel vs. log w and phase-angle vs. log w plot, interpretation 
of transient performance is, at best, qualitative. The phase-margin con¬ 
cept provides a ready indication of stability, as well as empirical limits of 
30° to 60° as corresponding roughly to excessive overshoot and critical 
damping, respectively. At present, however, it is not possible readily 
to evaluate the resonance peak or the resonant frequency. 

The empirical limits of 30° to 60° for phase margin may be explained 
from the polar plot, and only one assumption is necessary. The neces¬ 
sary assumption is that the gain continues to decrease for frequencies 
above the gain-crossover frequency. This is true for a large number of 
systems. 

Consider Fig. 6-9. Two KO curves have been sketched on the polar 
plot such that curve KOa has a phase margin of 60° and curve KOh has a 
phase margin of 30°. The phase margins are indicated at points a and 
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b, respectively. For both curves the gain is decreasing as the loci pass 
through these points. M circles have been added, and it is readily seen 
that, for curve KGa, Mp is slightly greater than 1.0, and for KG^, Mp is 
approximately 2.0. The first corresponds approximately to critical 
damping, and the second to a slightly excessive overshoot. 



It is fairly obvious that considerable variation is possible, and of course 
no numerical correlation could be expected between phase-margin angles 
and values of Mp. Yet a little consideration of Fig. 6-9 indicates that 
for most type 0 and type 1 systems, if the phase margin is between 30° 
and 60°, an Mp greater than 2.0 would be unusual. 

If the basic requirement of continuously decreasing gain is not met, 
the empirical limits of 30° to 60° phase margin cannot be used. This 
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can be shown quite readily by sketching a few hypothetical transfer- 
function curves. Figure 6-10 shows polar plots of three transfer-function 
curves, each of which has approximately 30° phase margin. From the 
M circles shown, only curve A has the expected Mp of approximately 2; 
curves B and C have considerably larger resonance peaks. Figure 6-11 



Fig. 6-10. Hypothetical transfer function curves. All have a 30° phase margin but 
various ilf^’s. 

shows essentially the same curves on decibel vs. log oj and phase-angle vs. 
log coordinates. In this case, there are no M circles to aid in interpre¬ 
tation, but it can be seen that the rates of attenuation are not the same 
in the three cases shown. It is not possible to specify the expected Mp 
from the logarithmic plots, but it is possible to define a quantity, gain 
margin^ which aids in predicting satisfactory transient performance. The 
gain margin is marked on Fig. 6-1 la, 6, and c, and may be defined verbally 
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as the number of decibels by which the gain must be changed to put the 
system at the limit of stability. In terms of the decibel vs. log <a plot, 
the gain margin is the amount by which the magnitude curve must be 
raised (or lowered) to make the gain crossover coincide with the phase 
crossover. In terms of the polar plot, the gain margin is the number 
(expressed in decibels) by which the actual gain must be multiplied to 





Pio. 6-11. Decibel vb. log « plots of curves A, B, and C on Fig. 6-12. 

make the polar plot pass through the — 1 + jO point. Note that gain 
margin may be either positive or negative. If the gain must be raised 
to make the system unstable, the gain margin is positive. 

The gain-margin concept is generally used in conjunction with the 
phase-margin concept, since neither is a complete criterion in itself. If 
both the phase margin and the gain margin are adequate, transient per¬ 
formance should be satisfactory. Of course the words “adequate” and 
“satisfactory” cannot be defined specifically, since the type of perform¬ 
ance desired of a system varies with the application. Thus use of the 
phase-margin—gain-margin criterion is empirical and depends on experi- 
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ence. In most applications, if the phase margin is between 40® and 60® 
while the gain margin is positive and between 10 db and 20 db, the 
transient overshoot will be small and there probably will be only one 
overshoot and one undershoot. This is generally considered satisfactory 
transient performance. 

Although it is not possible to evaluate the resonance peak or the reso¬ 
nant frequency from the decibel vs. log « plot, it is possible to estimate 
the natural frequency, wn. Since the natural frequency is related to the 



Fig. 6-12. Sketches used to prove that <aa ^ ^n. (a) Idealized servo system, (b) 

Decibel vs. log <a plot. 

resonant frequency, it provides an indication of the speed of response. 
The method for determining the natural frequency from the decibel vs. 
log 0 ) plot is to locate the lowest-frequency asymptote having a —12 db/ 
octave slope, extrapolate this to the 0-db axis, and read the frequency at 
the intercept, which is approximately the natural frequency. 

That the intercept of the lowest-frequency —12 db/octave asymptote 
with the 0-db axis approximates the natural frequency for simple sys¬ 
tems may be shown as follows: 

Consider the idealized system of Kg. 6-12a, in which it is specified 
that the drive torque at the load shaft is directly proportional to the 
error signal, E. Applying Newton^s law, 
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and 




Thus 

E = 

6a — 6o 

(6-33) 


KBu = 


(6-34) 


II 


(6-36) 


where KfJ = «„*, by definition of the natural frequency of the system. 

The transfer function of the system may be derived by the usual 
methods and is 


— =Z ^ — MnV 

E juijtaJ +/) jw^jotr + 1) 


where r = J/f. 

For values of « large enough that jw 1, Eq. (6-36) reduces to 


(6-36) 


£o _ co»V ^ ctf»* 

E (iw)*T (yw)® 

Expressing both sides of the equation in decibels, 


(6-37) 


20 logio 


Be 

E 


20 logic 1 m»®| — 20 logic |(y<o)®| 


(6-38) 


It is readily seen that the slope of the curve is —12 db/octave, since 
Wn is a constant. If a value of cc is selected such that 


20 logic 
then obviously 


E 


0 = 20 logic |«„*| — 20 logic |(y<oo)®l 


«„ = «o 


(6-39) 

(6-40) 


For Eq. (6-38) to be zero, the value of w« must be the value at which 
the —12 db/octave line intersects the 0-db axis, as shown in Fig. 6-126. 
It may also be shown that 


Wn = «a “ (6-41) 

where w, is the comer frequency between the —6 db/octave slope and 
the —12 db/octave slope, and where co» is the intercept frequency for 
the —6 db/octave slope. These points are shown in Fig. 6-126. Proof 
of Eq. (641) is left to the student. 

PROBLEMS 

6-1. Check each of the following difierential equations for positive real roots or 
roots with positive real parts: 
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a, 4 + "h 12® = 0 

b. *x 4- 6® + 12® » 0 

Cm X — 2 £ + 6 ® + 12 ® *■ 0 

dm *®‘ 4- 3'® -f 2® 4 rfc 4- 14® « 0 

6-2. Check the stability of the closed-loop systems represented by the following 
direct-transfer functions: 


Om 

KG 

bm 

KO 

Cm 

KQ 

dm 

KO 

Cm 

KO 

/. 

KO 

Q- 

KO 

h. 

KO 


10 

O’m 4-1) (6i« 4-1) 

_ 10 _ 

4 l)(6Ja) 4 1) 

10 

0«)*0« +1) 

_ 10(3ia> 4 1) _ 

4 l)(6ia) 4 l)(0.y« 4 1) 

10 

(6i« 4 1)0« + l)(0.6j« 4 l)(0.y« 4 1) 
100‘cj 4 1) 

C/m)* 
jcj 4 1 

_ 1 _ 

X0.6i« 4 l)(0.1i« 4 1)(0.0?;« 4 1) 


6-8. For each of the transfer functions of Prob. 6-2, determine the steady-state 
error for a step-displacement input of 1 radian. 

6-4. For each of the transfer functions of Prob. 6-2, determine the steady-state 
position error (velocity-lag error) and the steady-state velocity error for a ramp input 
of 1 rad/sec. 

6-6. What value of gain will make the system of Prob. 3-3 unstable? (Sec Prob, 

6 - 6 .) 

6-6. What gain will make the system of Prob. 3-6 unstable? (See Prob. 6-10.) 



Fig. 6P-1 
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6-7. What is the gain increase (in decibels) required to make the system of Prob. 3-7 
unstable? (See Prob. 5-11.) 

6-8. Repeat Prob. 6-7 for the system of Prob. 3-8. (See Prob. 6-13.) 

6-9. Determine the value of gain required to make the system of Prob. 3-9 unstable. 
(See Prob. 6-14.) 

6-10. What are the gain and phase margins for the system of Prob. 3-22? What 
gain is required to make the system unstable? (See Prob. 6-15.) 

6-11. What are the gain and phase margins for the system of Prob. 3-13? What 
gain increase (in decibels) is required to make the system unstable? (See Prob. 6-16.) 

6-12. A servo system with unity feedback has a direct transfer-function asjntnptotic 
plot as shown in Fig. 6P-1. What is the numerical transfer fimction? Is the system 
stable? 

8-13. Repeat Prob. 6-12 for the plot of Fig. 6P-2. 

6-14. Repeat Prob. 6-12 for the plot of Fig. 6P-3. 



6P-3 
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CHAPTER 7 


METHODS OF MEETING 
PERFORMANCE SPECIFICATIONS 


7-1. Specifications Involved in System Design. The automatic-con¬ 
trol problem is invariably one of design. A load of definite dimensions 
and characteristics exists, usually without much possibility of altering it, 
and the desired performance is pretty well defined. In many cases the 
command signal also exists, though some variation is frequently possible 
here, and in some cases it is desired to use certain specific pieces of aux¬ 
iliary equipment. The problem is, then, to select devices to drive the 
load and measure its performance, and to design whatever additional 
apparatus is necessary to produce the specified performance. In many 
applications, particularly for aircraft and military apparatus, additional 
complications are introduced by space and weight limitations, expected 
variations in temperature and climatic conditions, limitations in the type 
of power to be used, etc. This chapter is concerned only with perform¬ 
ance specifications. 

In general, the primary performance specification is that of a required 
steady-load condition with definite tolerances. The second might be a 
required response time or response speed, usually with an upper limit on 
the allowable time. A third item might specify the maximum magnitude 
of overshoot, if any is permissible, and possibly the number of overshoots 
and undershoots allowed. The form in which this information is sup¬ 
plied to the designer and the completeness of the information vary con¬ 
siderably with the customer and his understanding of the problems 
involved. 

7-2. The Preliminary Design. The normal procedure in beginning a 
design is to select components for the drive (a motor) and for the output 
measurement. Either of these selections may involve considerable work, 
depending on the specific problem. The selection of a measuring device 
is not discussed here, except to note that factors to be considered are the 
accuracy and speed required in taking the measurement, and that com¬ 
parison of the resultant measurement with the command signal is neces¬ 
sary. The selection of a motor (here assumed to be an electric motor) 
depends on the steady-state power required, and on the necessary tran- 
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sient accelerations and velocities wMcli the motor must supply. The 
manufacturer’s rating of the motor selected may be considerably greater 
than the steady-state power requirements, because of the transient 
velocity and acceleration requirements. 

Having selected the motor, means must be provided for supplying it 
with power. In an instrument-type system where the motor is small, 
the power may be supplied directly from an electronic amplifier; for 
larger motors, an amplid 3 me generator* or equivalent rotating amplifier 
may be used. The field of this generator must be energized; perhaps 
this may be accomplished with an electronic amplifier. In order to 
design the amplifier, the error-detection system must be devised, i. e., 
some method must be devised for comparing the output signal with the 
command signal and for producing an electrical signal indicative of the 
difference to feed into the amplifier. The gain of the amplifier is then 
designed so that a definite amount of error produces full output. 

The preceding general discussion of preliminary design is brief because 
every design problem is different, and it is difi&cult to outline a general 
approach in any detail. What has been stated, however, is sufiicient to 
indicate two important points: The preliminary design is aimed largely 
at satisfying steady-state requirements, and at providing accelerations 
and velocities which make possible the desired response speed. Up to 
this point no consideration is given to such items as the transient over¬ 
shoot and the resonant frequency, and the response speed and steady- 
state error have not been quantitatively determined. 

It is hardly to be expected that such a selection of components would 
result in a system having both satisfactory steady-state performance and 
acceptable transient performance. Thus, all performance requirements 
must be checked; this is done from the transfer-function plots. In 
general, neither transient nor steady-state requirements are met satis¬ 
factorily by the preliminary design. At times only slight adjustments 
are necessary to obtain satisfactory performance, but usually the system 
must be compensated, i. e., additional components must be inserted to 
change the system so that all specifications can be met. 

7-3. Effects of Gain Adjustment and Compensation. Generally the 
only available adjustment in a single-loop system is a gain adjustment, 
and this, of course, is in the amplifierf, if one is used. 

On the other hand, for certain cases the steady-state error is inherently 
zero, as when a type 1 system is used for static positioning. In such 

* Relays may be used, and the system would then be called a relay servomechanism. 
Such systems are nonlinear. While methods are available for analysis, they are 
beyond the scope of this text. 

t The amplider gain is not the system gain, but is one of the factors which enters 
into the system gain. 
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applications the gain can theoretically be set entirely on the basis of 
transient performance. It should be noted, however, that positioning 
systems sometimes have specifications as to permissible error during 
changes in position, and this may place a lower limit on the gain, i. e., 
if the gain is too low, large errors may exist while changing from one 
steady-state position to another. Also, if the 
load itself is subject to random disturbances, 
the system should be “stiff,” i. e., a relatively 
high gain should be used so that errors due to 
load disturbances are quickly corrected. 

If, as is usually the case, gain adjustment is 
not capable of satisfying both steady-state 
and transient specifications, then compensat¬ 
ing devices must be used. Compensating 
devices, in general, are filters. They reshape 
the transfer-function locus so that the gain 
required for steady-state performance may be 
used. These characteristics may be illus¬ 
trated readily on the polar plot, as shown in 
the foUowing paragraphs. In actual design, 
the use of logarithmic methods is preferable, 
but discussion of these methods is reserved 
for a later chapter. 

Consider the polar plot of Tig. 7-lo, assum¬ 
ing that it is a type 1 system used at approxi¬ 
mately constant velocity. There will be a 
velocity-lag error, of course, and it may 
further be assumed that for the gain of curve 
1 the velocity-lag error is excessive. If this 
is so, the gain must be increased to obtain the 
required steady-state performance. Assume 
that the gain is doubled by doubling the am¬ 
plifier amplification. This makes each KO 
vector twice as long, and, as may be seen, the 
resulting locus (curve 2) encloses the — 1 + jO point, so that the gain ad¬ 
justment makes the system unstable. The maximum allowable gain 
increase for proper transient performance would probably be no more than 
10 to 15 per cent; if this is insufficient for the steady-state requirements, 
then compensation must be added. 

Figure 7-16 shows a similar plot for which the initial gain setting is 
excessive and the system is unstable. Stability can readily be obtained 
by decreasing the gain. Curve 1 shows the initial unstable condition, 
while an approximate 50 per cent reduction in gain gives curve 2, which 




(« 

Fio. 7-1. Effect of gain ad¬ 
justment. 

(o) Type 1 system; gain 
too low for steady-state re¬ 
quirements. 

(6) Type 1 system; gain too 
high, system unstable. 
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is stable. If the system is to be used for positioning, and velocity-lag 
error is not important, such gain reduction is satisfactory, providing the 
system remains stiff enough to oppose any expected load disturbances. 

Compensation is used when gain adjustment alone cannot satisfac¬ 
torily meet steady-state and transient requirements. The commonest 
types of compensation devices are high-pass and low-pass filters. Both 
of these devices reshape the polar locus, and in general permit the use of 
higher gain than would be permissible with uncompensated systems. 
Both are used because of the effect produced in the range of frequencies 
near the resonant frequency of the system, but each produces a different 

effect, as will be shown. 

High-pass filters are used primarily 
because of the phase shift produced 
in the critical range of frequencies. 
In general, they cause a phase Uad, or 
counterclockwise rotation of the 
higher-frequency vectors, together 
with attenuation at the lower fre¬ 
quencies. Figure 7-2 shows the 
general effect obtained on the polar 
locus; curve 1 is the uncompensated 
locus, and curve 2 is the resultant 
locus after insertion of a high-pass 
filter. The frequencies wi, «s, w*, 
and 0)4 are seen to be shifted in a 
counterclockwise direction. The 
steady-state performance is appreciably affected because of the attenua¬ 
tion at low frequencies, and so the gain must be increased. Normally the 
gain can be increased suflficiently that the steady-state performance for the 
same resonance peak, is better than it would be with the uncom¬ 
pensated system. At the same time, the resonant freqiutncy is increased 
so that a faster system normally results. This is due to the positive pha^ 
shift. 

Low-pass filters are used primarily because they attenuate at high 
frequencies. In general, they produce a phase lag, or clockwise rotation 
of the KG vector. They are used primarily in situations where large 
increases in gain are needed to meet steady-state requirements, since 
phase-lead (high-pass) networks usually will not permit very largo 
increases. They may also be used where a low resonant frequency is 
desired. Figure 7-3 shows qualitatively the result of using a low-pass 
filter. Frequencies mi, wj, « 8 , and < 1)4 are shifted clockwise from curve 1 
to curve 2 , but, what is more important, the magnitudes are greatly 
attenuated. Since the lower frequencies are not appreciably affected,. 



Fig. 7-2. Effect of a high-pass filter. 
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the steady-state performance is virtually unaffected, and all additional 
gain increases directly improve the steady-state performance. The new 
resonant frequency, however, is considerably lower than in the uncom¬ 
pensated system, and the transient response will be slower. 

In some systems it is necessary to use 
both high-pass and low-pass filters, or a \ 

single band-elimination filter. This is -i+^o 
done to permit high gain for steady-state “ " 2 / /""Z I 

performance and at the same time to ob- / 

tain a higher resonant frequency with at- / / 

tendant increases in speed of response. ^ 

Detailed discussion of this is beyond the 1 j 

scope of this text, / 

7-4. Physical and Mathematical In- W 

terpretation of Compensation. While j 

it is easy to see the effect of phase lead \ ^ 

and phase lag on the transfer-function \ 

curve, and thus on the frequency response \ 

of the system, it is desirable to investigate \ 

the effects of such devices in terms of the 7.3 ^ 

time performance of the system, i. e., in 

terms of the differential equation. It is then possible to interpret their 
effect in terms of physical phenomena which give a better iitsight into the 
purposes of these devices. 

Figure 7-4 shows two high-pass and two low-pass filters. Types a and 
e are used in feedback paths (discussed in Chap. 10) but never in series 


^ w*“0 I 

Fia. 7-3. Effect of a low-pass filter. 




Fio. 7-4. Filters used in the compensation of servos, (a) High pass, (b) High pass, 
(c) IjOW pass, (d) Low pass. 

paths, while types b and d are commonly used in the series compensation 
of servomechanisms. Type a cannot be used in series because it com¬ 
pletely blocks d-c signals. If a servomechanism using such a device in its 
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series path was at steady state, but the output was not in correspondence 
with the input, a d-c error signal would not get through. Type c cannot 
be used in series because it completely shorts out high frequencies and 
the system would not respond to rapid changes in command. Type b, 
however, passes d-c signals although it attenuates them, and likewise 
type d passes high frequencies. 

Mathematical analysis of circuit h shows that its output, Co, is approxi¬ 
mately the sum of two components. One component is proportional to 
the input signal and the other component is proportional to the derivative 
of the input signal. To prove this, assume that 

e. = Ae, + B ^ (7-1) 

The transfer function is then 

^^A+juB (7-2) 


From Chap. 4, the transfer function of the network is 


Bo + 1 

— = a --- 

ei jcaar + 1 


(7-3) 


where r = i2C. 
(7-3) reduces to 


Now a is always less than unity, and if 6>i2C <K 1, Eq. 


Bq 1 • 

— == o: -f- jcoar 

6 i 


(7-4) 


This, of course, is true only over a limited range of frequencies. 

In like manner it can be shown that the phase-lag circuit d has an 
output which is approximately the sum of some factor times the input 
signal and another factor times the integral of the input signal. Thus, 

e« = Aei -f- Bdt (7-5) 

The transfer function is 

^ = A -I- (7-6) 

The transfer function of circuit d is 


?£ ss jcjJBiCi + 1 

jo3(R + i?i)Ci + 1 

and if w(jB + i2i)Ci )$> 1, this reduces to 

_ Rt l/(fi! + jiii)Ci 
6i R 4 " j ! 2 i jo) 


(7-7) 

(7-8) 


This relationship also is valid only over a limited range of frequencies. 
Having thus indicated that the essential function of phase-lead and 
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phase-lag devices is to produce approximately the derivative and the 
integral of the input signal, the physical effect of such devices may be 
seen qualitatively by assuming the use of true differentiators and inte¬ 
grators. The effect of these on system performance is readily seen from 
the differential equation of the system. 



Fig. 7-6. Idealized servo with differentiating compensator. 


Figure 7-5 shows the block diagram of an idealized servomechanism 
with a series-differentiating compensator. The differential equation of 
the system may be obtained by applying Newton’s law at the output: 

+ (7-9) 

Substituting E = ds — 9o, 

KJKe« + KJKi ^ = / ^ + (/ + K„Kr) ^ (7-10) 

From these equations t-wo features of the series derivative device may 
be seen. The left-hand side of Eq. (7-9) is the torque applied to drive 
the load. It consists of two components: one proportional to the instan¬ 
taneous error; the other, to the rate of change of the error. Now, if 
dE/d;t is defined to be positive when the error is increasing, it is seen 
that the derivative device tends to anticipate the error. If there is a 
rapid change in the input, an error is produced; the torque due to the 
error itself is not large until the input has achieved considerable displace¬ 
ment, but the torque due to the rate of change of error can be quite 
large, and thus a large correction torque is applied in anticipation of the 
error which is being produced by the rapidly changing input. 

As the output is displaced by the drive torque, the error decreases and 
the sign of the derivative term reverses, decreasing the drive torque and 
thus limiting the overshoot. This is equivalent to additional damping. 
Such physical interpretation is available from Eq. (7-10) where the effect 
of the derivative term is seen in the coefficient / -f- KmKi. The dimen¬ 
sions of this coefficient are the same as the dimensions of /, which is the 
viscous-friction term. Viscous friction tends to damp the transient oscil¬ 
lations by opposing the velocity of the load, and the addition of a deriv¬ 
ative device produces the same damping effect as adding viscous friction. 
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Such derivative damping does not dissipate energy, however, as may 
readily be seen from the nature of the circuits involved. 

Figure 7-6 shows the block diagram of an idealized servomechanism 
with a series-integrating compensator. The differential equation of the 
system is 

E.{KE + K,j‘Edt).J^^+)^ (7-11) 

Substituting E = da — do, 

KnJLSn + K,nKa = + f^ + 

(7-12) 

From these equations it may be seen that the integrator improves the 
steady-state performance but makes the transient performance more com- 



Fio. 7-6. Idealized servo with integrating compensator. 


plex and the system more oscillatory. Equation (7-11) shows that the 
drive torque has a component due to the error itself and another com¬ 
ponent due to the time integral of the error. The integral term enables 
the system completely to eliminate steady-state errors. For example, 
assume that the system is operated at constant velocity. If the inte¬ 
grator is not present, the system comes to equilibrium with a velocity-lag 
error, owing to the fact that the load friction sets up a retarding torque 
and there must be an error to permit the system to establish a counter¬ 
balancing drive torque. With the integral device, however, if any error 
exists, its time integral sets up a torque. This permits the error itself 
ultimately to reach zero, after which the integrator supplies the neces¬ 
sary signal so that a drive torque may be maintained to counteract the 
friction drag. 

The change in the transient response may be seen from the right-hand 
side of Eq. (7-12), where the addition of the integral term makes the 
characteristic equation a cubic. In general, the addition of a third root 
makes a system less stable, though this is not necessarily true. The 
effect of the integral term on the transient performance of the system 
may be seen qualitatively from the sketched error-vs .-time curve of Fig. 
7-7, which assumes that a constant-velocity input signal is suddenly 
applied. The error then increases gradually while the output is being 
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accelerated. The drive torque is the sum of the instantaneous error and 
the integral of the error, which is the crosshatched area under the curve. 
This torque accelerates the output until it overshoots at point a. The 
instantaneous error then reverses, but the integral already established 
does not reverse. The torque counteracting the overshoot is thus the 
difference between the two components, so that the overshoot is greater 
than it would be if the integrator was not present. The effect of the 
integral term is decreased during the overshoot, because the area under 
the error curve is negative. The overshoot is gradually eliminated by 



Fio. 7-7. Transiont effects in a system with an integrating device. 

the combination of increasing error torque and decreasing integral torque 
until an undershoot occurs at point h. The integral torque then increases 
again. This procedure is repeated until the net area under the curve is 
just sufficient to counteract the load torque so that the steadynstate error 
is eliminated. It is thus seen that the integral term, while improving 
steady-state performance, tends to produce larger and more numerous 
transient overshoots and undershoots. 

It should not be assumed that the filter networks of Fig. 7-4 can pro¬ 
duce true derivative and integral effects, for they cannot. However, 
they generally do a sufficiently good job so that it is not economical to 
use the relatively complex systems necessary for true integration or differ¬ 
entiation. In particular, it should be noted that the phase-lag filter of 
Fig. 7-4d cannot completely eliminate steady-state error. However, in 
most practical cases where it is used to reduce velocity-lag error, it is 
possible to reduce the error to approximately that value which would be 
produced by noise and other disturbances, so that a true integrator would 
have essentially no advantage in terms of steady-state performance. 



CHAPTER 8 


GAIN ADJUSTMENT OF SERVOMECHANISMS 


8-1. Introduction. This chapter is concerned with methods of adjust¬ 
ing the gain of a servomechanism with the help of the three types of 
transfer plots previously discussed. Gain adjustment is not a particu¬ 
larly difficult task on any of the plots, though development of a simple 
method for use with the polar plot requires some discussion. However, 
gain adjustment is a necessary part of any servomechanism design. If 
steady-state error is not a problem, then the gain must be adjusted to 
provide proper transient performance. When steady-state errors must 
be controlled, the gain must also be adjusted. Finally, if compensation 
is required to meet steady-state and transient specifications, the gain of 
the compensated system must be adjusted. 

Steady-state errors cannot be checked from the polar plot or from the 
decibel vs. phase-angle plot. Thus, gain adjustments on these plots are 
entirely a matter of adjusting transient performance. If the steady-state 
error must be checked, this is done from the transfer-function equation 
or by setting up the decibel vs. log w plot. 

On the decibel vs. log « plot the steady-state error is readily checked. 
The transient performance can be estimated, but and cor are not avail¬ 
able. Thus, for an accurate check on the resonance peak and the reso¬ 
nant frequency, it is necessary to plot either a polar locus or a decibel vs. 
phase-angle curve. 

If the gain is to be adjusted only to obtain the desired transient per¬ 
formance, a single plot—either polar or decibel vs. phase angle—is suf¬ 
ficient. Likewise, only a single plot of decibel vs. log w is required when 
the steady-state performance is the determining factor. If both the 
steady-state and the transient performances are to be considered in the 
gain adjustment, two plots must be used. The decibel vs. log co plot 
would probably be used first, because the steady-state performance is 
given directly, and the transient performance can be estimated from the 
phase margin. Transient performance can then be checked more accu¬ 
rately from a polar plot or a decibel vs. phase-angle plot. 

8-2. Gain Adjustment with the Polax* Plot. In the following discus¬ 
sion it is assumed that the steady-state performance of the servomecha- 

134 
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nism either need not be considered or is being checked by additional 
computations. The only point considered is the adjustment of the sys¬ 
tem to obtain a specified value of Mp, 

Figure 8-1 shows the higher-frequency portion of the KG locus for a 
type 1 system; however, the method of gain adjustment applies equally 



(a) Original locus. (6) After gain adjustment. 


well for a type 0 system, since the difference in the loci is primarily in the 
low-frequency range. Assume that the gain is to be adjusted to obtain a 
resonance peak Mp = 1.3. The fundamental problem is to increase the 
gain of the system until one point on the locus is tangent to the M = 1.3 
circle. This may be done by trial and error. First, the original KG locus 
is drawn. Then a guess is made (from inspection of the curve) as to 
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which frequency will be tangent when the gain is increased. For Fig. 8-1 
the guess is that cos will be tangent. Since an increase in gain increases 
the length of each KO vector but does not shift its phase, a straight line is 
drawn from the origin through cos to the M = 1.3 circle. Then 


Ocos = K.fp’z 
Oco' = 

K^Qf 

= gain-increase factor 


( 8 - 1 ) 

(8-2) 

(8-3) 


As a check, several other points on the locus should be multiplied by this 
factor, and the new locus sketched. If there are no intersections with 
the AT = 1.3 circle, the system gain is adjusted accordingly. 

Trial-and-error methods such as that just described are not very accu¬ 
rate. It is therefore desirable to develop a method which inherently has 
greater accuracy. This may be done, and several methods have been 
proposed. These methods are based on the obvious fact that, instead of 
changing the locus, it is possible to adjust the scale to which the M circles 
are drawn. In order to produce the same desired condition of tangency 
to a given M circle, the factor by which the If-circle scale is changed 
must be the reciprocal of the factor which would be used to change the 
locus. 

A graphical method for obtaining this scale factor is based on the 
following considerations: Fig. 8-2 shows an M circle with a line drawn 



Fio. 8-2. Definition of ^ line. 


tangent to it from the origin. This line, hereafter called the 'V line,^* 
lies at an angle ^ from the negative x axis. From the figure it may be 
seen that this angle is defined by 


^ = 8in . 




Table 8-1 gives a series of values for M and 4>. 


(8-4) 
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TABLE 

8-1 

M 


1.1 

65.2‘ 

1.2 

66.5‘ 

1.3 

60.2' 

1.4 

46.6' 

1.6 

41.8' 

1,8 

33.7' 

2.0 

30® 

2.5 

23.6' 

3.0 

19.6' 

3.5 

16.6' 

4.0 

14.6' 


On Fig. 8-1 it is possible to draw many circles which have their center 
on the negative x axis and which are tangent to the ^ line. Each of 
these would correspond to an M circle having the same M value but 
plotted to a different scale, i. e., the physical distance from the origin 
to the center of each circle varies but the coordinate of the center of 
this circle is the same, since it is defined by the value of M, and this 
corresponds to a change in the scale of 
the plot. 

The graphical method for setting 
the gain utilizes this fact, and the 
method of construction is shown in 
Fig. 8-3. The procedure is as follows: 

1. Derive the transfer function of 
the system, KG; then replace the gain 
constant K with unity, i. e., assume 
unit gain. Plot the 0 locus. 

2. Draw the f line corresponding to 
the desired value of Mp. 

3: By trial and error, draw in a circle 
which is tangent to both the V' line and 
the G locus. 

4. Locate the point, P, at which the circle is tangent to the line. From 
this point, draw a line which is perpendicular to the x axis, thus locating 
point Q, 

5. Read the distance OQ, using the scale to which the 0 locus was 
plotted. 

6. The gain constant which the system must have in order to obtain 
the desired Mp is 



Proof of Eq. (8-5) is left to the student. 



Fig. 8-3. Graphic construction for gain 
setting. 


( 8 - 6 ) 
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For normal type 0 or type 1 systems the preceding method of gain 
adjustment can readily be used to obtain any desired value of Mp. How¬ 
ever, for type 2 systems or for those tjrpe 0 and type 1 systems whose loci 
cross the negative x axis more than once, it is not always possible to 
obtain a specific value of Mp, and other complications arise. Figure 8-4a 
and h show typical plots where such conditions exist. It is apparent that 





Fig. 8-4. Systems for which 
several values of gain produce 
the same Mp, 

(a) Type 2 system. 

(h) Type 1 system. 


Fig. 8-6. Effect of gain setting on a Type 
2 system. 

(a) Type 2 system; Mp at high 
frequency. 

(&) Type 2 system; JIfpat intermediate 
frequency. 

(c) T^e 2 system ;Afpatlowfrequency. 


certain M values are not readily used with such systems. For example, 
Af = 1 is impossible with a type 2 system, and it can be obtained with 
the system of Fig. 8-46 only if a very low gain is used. 

For transfer-function loci of the type illustrated in Fig. 8-4, the M 
circle must fit in the loop of the curve. Thus, if the gain is the 
right-hand side of the M circle becomes a tangent to the locus at a high- 
frequency point, and if the gain is reduced, the tangency may move to 
the bottom of the circle or to the left-hand side, but it always occurs at 
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a lower frequency. This is illustrated in Fig. 8-5. The gain for a 
desired M, may be set just as for normal type 0 or type 1 systems, but 
it is necessary to plot enough of the transfer-function locus to be sure 
that some other portion of the locus does not intersect the M circle, i. e., 
it is necessary to make sure that the desired Af, is possible. 

8-3. Gain Adjustment on the Inverse Polar Plot. When the inverse 
transfer fimction is plotted, the gain-setting procedure is as follows: 

1. Draw the ^ line {ylf = sin"* 1/ilf) in the second quadrant, since the 
critical portion of the locus is in the second quadrant when the inverse 
function is used. 

2. With the center on the negative 
X axis, draw a circle which is tangent 
to both the ^ line and the Ioctis. 

3. If the 0 locus has been plotted 
(i. e., K = 1), then the x coordinate 
of the center of the circle, read from 
the scale to which the locus was 
plotted, is the required gain for the 
specified Af,. If some other value of 
gain was used in plotting the locus, 
the coordinate of the center of the 
circle is the number by which this 
gain must be multiplied to obtain the 
required system gain. 

4. The point of tangency between 
the locus and the M circle is the resonant frequency. 

The gain-setting procedure for the inverse-polar locus is shown in 
Fig. 8-6. 

8-4. Gain Adjustment on the Decibel vs. Phase-angle Plot. On the 
decibel vs. phase-angle plot, steady-state performance is not available, 
so that gain adjustment involves only the setting of transient perform¬ 
ance to a specified Afp. To do this, the M contour for the desired Af, 
must be drawn. The G locus is then plotted and its position adjusted 
so as to be tangent to the M contour. 

Figure 8-7 shows a decibel vs. phase-angle plot of a (? locus with M 
contour added. The 0 locus as shown does not intersect the M contour. 
To set the gain, the entire G locus is shifted upward (parallel to the db 
axis) until some point on the locus is tangent to the M contour. The 
magnitude of this shift is then measured at any convenient point. In 
Fig. 8-7 the magnitude of the changes is A db, as shown by the length of 
line OA. Thus the desired M, is attained by adding (or subtracting) a 
number of decibels to the system gain response. This is equivalent to 
multiplying the system transfer function by a gain constant K, where 



Fio. 8-6. Gain adjustment on the in¬ 
verse polar plot. 
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the value of iiC is defined by 

A db = 20 logio K (8-6) 

Transposition of the Q locus is not a very convenient manipulation. 
An easier approach is to make a template and move it. Since individual 
0 loci are not likely to be repeated in different problems, it is advisable 
to make templates of the M contours rather than the locus itself. Tem¬ 
plates of the M contours can be used not only for gain setting, but as an 
easy means of putting the M contours on a plot when the frequency 
response is to be checked or when compensation is to be designed. 




™ adjustment on the Fig. 8 - 8 . Typ® 2 locus on the decibel vs. 

0.601061 VS. phaso-angle plot. phase-angle plot. 

When type 2 systems are encountered, the 0 locus appears on the 
decibel vs. phase-angle plot approximately as shown in Pig. 8-8. As 
may be seen from the location of the M contour, there are at least two 
values of gain which provide the desired Afp. The general remarks made 
in discussing Figs. 8-4 and 8-5 are applicable here also. 

8-6. Gain Adjustment on the Decibel vs. Log u Plot. On the polar 
plot ^d the decibel vs. phase-angle plot, the gain may be adjusted to 
transient specifications but not to steady-state specifications, whereas the 
reverse is true for the decibel vs. log w plot. Actually, when the final 
gain adjustment is made on a system, the decibel vs. log « plot is not 
used, because the final adjustment of gain normally is concerned with 
transient performance. For preliminary gain adjustments, however, as 
an aid to estimating whether steady-state and transient specifications are 
compatible and also as an aid to determining the amount and type of 
compensation to be used, the decibel vs. log « plot can be valuable. 
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Figure 8-9 shows a simplified transfer-function plot on decibel vs. log w 
coordinates. Curve a shows what might be an initial (and stable) plot, 
using asymptotes. The intercept at indicates' the gain constant of 
the system and therefore the velocity-lag error. There is also sufifcient 
phase margin at the intercept x for good transient performance. The 
natural frequency of the system may also be read from the intercept of 
the —12 dh/octave asymptote. Thus the steady-state error, the approxi¬ 
mate transient performance, and the natural frequency are determined at 
a glance. 

When the steady-state error is excessive, the gain is set by using a 
straightedge and moving the —6 db/octave asymptote parallel to itself 



Fio. 8-9. Gain adjustment for steady-state performance. 


until its intercept (extrapolated) indicates satisfactory steady-state per¬ 
formance. The change in gain is then determined readily from the num¬ 
ber of decibels through which the asymptote has been shifted. If such a 
gain adjustment results in a location such as ctirve b, the steady-state 
performance is indicated by «&, and the transient performance may be 
checked by adding the higher-frequency asymptotes and checking the 
phase margin and natural frequency. 

In the case of curve b in Fig. 8-9, the intercept at y indicates a barely 
stable system with negligible phase margin. To provide satisfactory 
transient performance, some compensation would be necessary. It is 
obvious, however, that a reasonable amount of phase lead at the fre¬ 
quency of the gain and phase crossovers can readily supply adequate 
phase margin. Thus, adjusting the gain on the decibel vs. log w plot 
not only indicates the approximatie gain for satisfactory steady-state 
performance but also indicates the type of compensation required, the 
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frequency range where such compensation will be most effective, and the 
approximate magnitude of the phase shift needed. 

Curve c in Fig. 8-9 shows a possible location of the asymptotes for a 
system in which the steady-state error must be kept quite small. From 
the intercept of the —12 db/octave asymptote at point Z, it is seen 
that the system is unstable, and has a large negative phase margin. In 
such a case, it is obvious that compensation is required. There may be 
some doubt, however, as to the type of compensation to use. The mag¬ 
nitude of the phase margin indicates that appreciable phase shift would 
be required if phase-lead compensation is used, so that it may be prefer¬ 
able to use phase-lag compensation. 

8-6. Summary. The gain of a servomechanism may be readily 
adjusted on any of the three transfer-function plots. The polar plot and 
the decibel vs. phase-angle plot are used to set the system gain which is 
required for a specified value of Mp. The decibel vs. log c*j plot may be 
used to set the gain for a specified steady-state error and, after such 
adjustment, indicates the stability and approximate transient perform¬ 
ance of the system. It also indicates the need for compensation and 
may be used in selecting the type of compensation. 

PROBLEMS 

8-1. a. Using polar methods, adjust the gain of the system of Prob. 3-;j to obtain 
a resonance peak for the frequency response of Mp » 1.5. (See Prob. 5-6.) What 
is the resonant frequency? 

5. Read of! the phase margin, and compute the gain margin in decibels. 

c. Plot the frequency-response curve. 

8-2. Repeat Prob. 8-1 on Af-V-contour paper. ((See Prob. 6-8.) 

8-8. a. For the system of Prob. 3-4, adjust the gain to obtain a resonance peak (for 
the frequency response) of Mp 2.0. (See Prob. 5-9.) 

6. Read off the phase margin and the resonant frequency. Compute the gain 
margin in decibels. 

c. Plot the frequency-response curve. 

8-4. a. What gain is required for the system of Prob. 3-6 if Mp -• 1.3 is desired? 
(See Prob. 5-10.) 

h. What are the resonant frequency, phase margin, and gain margin? 

c. What is the steady-state velocity-lag error if the system is to operate at 15 rpni? 

8-5. a. For the system of Prob. 3-7, what gain is required for Mp -• 2.0? (See 
Prob. 5-12.) 

6. What are the resonant frequency, phase margin, and gain margin? 

8-6. o. What gain is required for the system of Prob. 3-8 if the steady-state velocity- 
lag error is to be 0.3® when the system operates at 5 rpm? (Sec Prob. 6-13.) 

6. Is the system stable under these conditions? If so, what are Af„, the resonant 
frequency, the phase margin, and the gain margin? 

c. If the gain is adjusted to give Mp - 1.3, what is the velocity-lag error for 5-rpm 
operation? 

8-7. a. For the system of Prob. 3-9, what gain is required to obtain an Mp of 1.4? 
(See Prob. 6-14.) 
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b. What are the resonant frequency, the phase margin, and the margin? 

c. What is the velocity-lag error if the system is operated at 3 rpm? 

d. What gain is required to reduce this vdiocity lag to one-fourth of its value? Is 
the system stable for such a gain? What is Mp? 

8-8. o. The system of Prob. 3-12 is to operate at a constant velocity of 6 rpm. 
The maximum permissible velocity-lag error is 0.5°. What gain is required? (See 
Prob. 5-15.) 

h. Is the system stable for this gain? If so, what is Mpl 

c. What gain is required if is to be 2.0? For this gain, what is the velocity-lag 
error when operating at 6 rpm? 

8-9. What gain is required to produce an Mp of 1.5 for the system of Prob. 3-13? 
(See Prob. 6-16.) What are the resonant frequency, gain margin, and phase margin? 
8-10. Repeat Prob. 8-9, including the system modification indicated in Prob. 3-14. 
8-11. Consider the transfer function of Prob. 5-1, part g. What value of gain will 
stabilize the system? Is Mp - 3.0 possible? Compute two values of gain which wiU 
give Mp * 4.0. Which of these values is preferable? Why? 

8-12. Repeat Prob. 8-11 for the transfer function of Prob. 6-2, part g. 

8-13. Compute the gain required for Mp » 2.0 for the transfer function of Prob. 
6-2, part d. 

8-14. Compute the gain required for a velocity-lag error of 0.5° at 10 rpm for the 
transfer function of Prob. 6-2, part h. Is the system stable? If so, what is Afp? 
What gain is required for Mp ^ 1.5? What is the velocity-lag error at 10 rpm for this 
gain? 



CHAPTER 9 


SERIES COMPENSATION OF SERVOMECHANISMS 


9-1. Introduction. As discussed in this chapter, series compensation 
means the addition of components in cascade with the main amplificar* 
tion channel of a servomechanism. The illustrations and discussions are 
restricted to electric filter networks, but theoretically any device which 
has the proper transfer-function characteristics may be used. In prac¬ 
tice, if an electronic amplifier is employed, compensation with electric 
networks is usually the simplest and most economical solution to the 
compensation problem. For certain types of electric systems, electric 
networks are not ideal; for example, they do not always provide adequate 
compensation when a two-phase induction motor is used for a drive 
(carrier-frequency servomechanisms), and they may be replaced by other 
devices. 

In systems which are primarily mechanical, pneumatic, or hydraulic, 
electrical compensation would obviously add undesirable complications. 
In such cases, nonelectric devices are used. The design of nonelectric 
compensators is considerably more complicated than the design of elec¬ 
tric filters, and frequently it is more economical and more effective to 
use such a device in a feedback path rather than in series. Economy 
and simplicity also dictate the use of feedback compensation for purely 
electrical servos in many cases. Feedback compensation is discussed in 
Chap. 10. 

9-2. Situations Requiring Compensation. The general purpose of 
compensation is, of course, to permit simultaneous satisfaction of st( 5 ady- 
state and transient specifications. An implication of this general pur¬ 
pose is that gain adjustment is almost invariably required in conjunction 
with compensation. Thus, while gain adjustment is not stressed in this 
chapter, its use is implied at all times. 

There are, in general, two situations in which compensation is required. 
The first is the case where the system is inherently unstable, and com¬ 
pensation is required to stabilize it. The second is the more general case 
in which the system is stable but compensation is required to obtain the 
desired performance. This second case has many variations, some of 
which are discussed in this chapter. 

144 
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Systems which are type 2 or higher are usually inherently unstable, 
i. e., no value of gain will stabilize them. Tor such systems the need of 
a compensating device for stabilization is obvious. Figure 9-1 shows a 
type 2 polar locus and the effect of compensation used to stabilize it. 
It will be noted that phase-lead compensation must be used. If speci¬ 
fications require a definite value of M^, this affects the specific design of 
the compensator, but not the general principle. 

Type 0 and type 1 systems are inherently stable in the sense that stable 
operation may always be obtained if the gain is sufficiently reduced. 
Type 1 systems inherently have no static-position error, so that when 
such a system is used for positioning, compensation theoretically is not 
required. However, high gain is usually required to provide stiffness in 
opposition to load disturbances, and 
thus compensation may be neces¬ 
sary to control transient oscillations. 

A phase-lead device is normally used. 

"When a type 0 system is used, or 
when a type 1 system is used as a 
velocity control, steady-state error 
is inherent, and the gain used is con¬ 
trolled by the permissible error. 

Compensation is generally required 
to control the transient performance, 
but the choice of phase lead or phase lag depends on the specific problem. 

In the following paragraphs the detailed ^cussion of series (or cascade) 
compensation is begun by considering a type 2 system. This is done 
because the compensation requirements for a type 2 system are simple 
and clear-cut, i. e., there is no need to choose between phase lead and 
phase lag; a phase-lead compensator must be used. Thus it is possible 
to concentrate on the required characteristics of the compensator itself. 
Once the problem has been solved for a type 2 system, the additional 
problems which arise for type 1 and type 0 systems can be approached 
with less difficulty. 

9-3. An Idealized Type 2 System. A possible'application for a type 2 
system is the case of a servomechanism which is to control the position 
of a load when the load is moving at constant velocity, and for which 
no steady-state velocity-lag error is permissible. There will, of course, 
be position errors during the transient period; no servomechanism as yet 
designed can eliminate transient position errors for rapidly varying inputs. 
For steady-state requirements of no velocity-lag error, a type 1 system 
cannot be used because inherently it must have some velocity-lag error, 
but a type 2 S 3 ^tem is theoretically satisfactory in steady state. It 
should be pointed out, however, that in practice the type 2 syrstem prob- 



Pia. 9-1. Stabilization of a type 2 sys¬ 
tem by compensation. 
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ably would not give perfect performance because of noise and other 
extraneous signals in the amplification process, and a properly designed 
tsrpe 1 S 3 i^tem can be made to operate at very small velocity-lag errors, 
so that the choice between type 2 and t 3 rpe 1 is not as clear-cut as might 
be expected. 

Figure 9-2a shows the schematic dia^am of a system that might be 
used to obtain zero velocity-lag error. The block diagram of the system 




( 6 ) 

Fig. 9-2. Type 2 servomechiuiisia. (a) Schematic diagram. (6) Block diagram. 


is shown in Fig. 9-22>. Derivation of the transfer functions shown in the 
blocks is left to the student as an exercise. The direct transfer function 
of the system is 


KO 



0'«)*0'«r, -t- l)(jo>T, + 1)0'‘>>T„ -H 1) 


(9-1) 


where K,\ = synchro sensitivity, volts/rad 

Ko = gain of control motor, rad/sec/volt 
K,i = potentiometer sensitivity, volts/rad 
Ki = gain of second amplifier 
Ki = gain of first amplifier 
Kg — gain of generator, volts/amp 
K„ - gain of drive motor, rad/sec/volt 
Te = time constant of control motor 
r, = time constant of generator field 
Tm = time constant of drive motor and load 
From a physical point of view, the operation of the system may be 
explained as follows: The control motor at the input of the system is a 
positioning device which merely sets the magnitude and the polarity of 
the voltage applied to the generator field. When the potential divider 
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supplying this voltage is set at some specific point, the generator field 
current is constant and therefore the speed of the output motor is con¬ 
stant. The synchro error detector compares the instantaneous position 
of the load with a reference position on the input. If position corre¬ 
spondence does not exist (even though input and output velocities are 
equal), an error signal is fed to the input amplifier, and the control motor 
changes the position of the potentiometer tap. This changes the out¬ 
put velocity, allowing position correspondence to be reestablished. The 
system, as shown in Fig. 9-2, is unstable, and the problem of compensation 
will be discussed. 

It should be noted that with the S 3 nichro error detector shown it is 
possible that a rapid acceleration of the input would cause one or more 
complete rotations before the output could respond. This would destroy 
the original position correspondence, since the synchros would indicate 
zero error at their nearest alignment point. Such difficulties can be 
taken care of by a somewhat more complicated synchro system known 
as a 'Hwo-speed'^ system. This is not discussed here. 

In order to discuss the compensation in concrete terminology, it is 
desirable to use numbers with Eq. (9-1). Therefore the following 
assumptions are made: 

1. The system gain, which is the numerator of Eq. (9-1), is arbitrarily 
set at unity, since gain adjustment will be necessary in any event. 

2. The control motor would normally be small because it has essentially 
no load to drive, and thus it is likely to have a small time constant. 
Therefore assume tc = 0.05. 

3. The generator and drive motors must have about the same ratings, 
and will be larger machines than the control motor. Their time con¬ 
stants will therefore be larger, but not necessarily equal to each other. 
It is therefore assumed that rg ~ 0.08 and Tm. — 0.1. 

With these numerical values, the transfer function of the system is 

“ (i<u)*(0.05j« + l)(0.08jco + IXO.iyo) + 1) 

9-4. Designing Phase-lead Compensation for the Type 2 System from 
a Decibel vs. Log to Plot. The decibel vs. log « plot generally gives more 
qualitative information about performance than the polar plot or the 
decibel vs. phase-angle plot, and therefore the preliminary investigations 
of compensation requirements wiU be made on the decibel vs. log w plot. 
From this investigation the desired gain may be set approximately, the 
range of frequencies needing compensation is determined, and the approx¬ 
imate magnitude of the required phase shift is noted. Selection of the 
compensating device is then undertaken, and the changes caused in the 
lod are added to the decibel vs. log <a plot. If the result is onaUtatively 
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satisfactory, final adjustments for transient response may be made on 
the polar plot or on the decibel vs. phase-angle plot. 

Figure 9-3 shows an asymptotic plot of the magnitude curve and a 
calculated plot of the phase-angle curve. It is noted that the magnitude 
intercept is at a higher frequency than the phase intercept, and therefore 
the system is unstable. Furthermore, reduction in gain will not inter¬ 
change the intercepts, and so compensation must be used. The initial 
slope is -12 db/octave; thus there is no steady-state velocity-lag error. 



The intercept of the —12 db/octave slope with the 0-db axis gives the 
approximate natural frequency, however; this is seen to be 1 rad/sec. 
This is rather low, and to make the system stiffer a higher natural fre¬ 
quency might be desirable. The problem of stabilizing the original sys¬ 
tem is discussed first; then the natural frequency will be raised, and the 
additional problems thus encountered will be discussed. 

In Fig. 9-3 the phase margin at the gain crossover is approximately 
-8®. Thus only a small positive phase shift is required to stabilize the 
system. If it is further required that the resonance peak should be less 
than Mf = 2.0, a positive phase margin greater than 30® must be estab¬ 
lished. For this, the phase-lead compensator must produce a positive 
phase shift of at least 38® at the frequency of the gain crossover, assum¬ 
ing that the introduction of the compensator causes no shift in this cross- 
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over point. If the gain-crossover point is changed by the compensator, 
the phase shift required at the new crossover must be computed and the 
compensator designed accordingly. 

A t 3 rpical phase-lead compensator is the electric filter network shown 
in Pig. 4-3 in Chap. 4. A single section might be incorporated in the 
amplifier of the servo system and can produce adequate phase shift if. 
the component values are properly selected. The transfer function of 
the compensator is given in Eq. (4-28) and is 


6o Jtiyr 1 

— a -T-j-^ 

Sj juar -H 1 


(4-28) 


where a = Ri/(,R -f- Ri) and r = RC. 

The amount of phase shift produced by this network depends only on 
the value of a. Curves showing the effect of a on the maximum phase 



Fia. 9-4. Relationship bettreen a and the maximum phase shift obtainable with the 
phase-lead circuit shown. 

shift produced are given in Pig. 9-4. The frequency range over which 
the phase shift is effective depends primarily on the value of t. Plots of 
the logarithmic transfer characteristics of this network are shown in. Pig. 
9-5 for a = 0.1 and for several values of t. Note that the filter attenu¬ 
ates the low frequencies. This attenuation is normally compensated for 
by increasing the system gain. In order to minimize manipulation and 
focus attention on the compensation procedure, it is assumed in this text 
that the system gain is increased by a factor 1/a. This may be done in 
practice, though it is not a necessary manipulation. The net result of 
such a procedure is to keep the original system asymptotes (low-fre¬ 
quency) in their original location, and permits direct addition of the 
compensator asymptotes. 

The effect of cascading such a filter with the servo system is readily 
seen from Pig. 9-5. Pirst of all, the magnitude asymptote has a dope of 
-1-6 db/octave. When the compensator is introduced, its transfer func- 
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tion multiplies the servo transfer function, and thus the asymptote is 
added to the system asymptotes shown in Fig. 9-3. Since this must 
occur in the region of the gain crossover in order to stabilize the system, 
and since the system asymptote in this region has a slope of —12 db/ 
octave, the net effect is to change the slope to —6 db/octave. If the 
.lower corner frequency of the compensator is set at some frequency below 
that of the system gain crossover, then the compensator moves the gain 
crossover to a higher frequency. Since the phase margin of the uncom¬ 
pensated system is more negative at higher frequencies, the phase shift 
required of the compensator becomes greater. On the other hand, if the 




Pig. 9-5. Logaritlunic curves for the phase-lead circuit, (a) Asymptotic plot of the 
magnitude of the transfer characteristic of a simple phase-lead filter for a - 0.1. (5) 
Phase-angle characteristic of a simple phase-lead filter for a » 0.1. 

lower corner frequency of the compensator is set at a frequency very 
near the original gain crossover, little or no change is made in the gain 
crossover, but the maximum available phase shift is not utilized. The 
design of the compensator is thus a trial-and-error procedure, and a real¬ 
istic approach is to estimate the required phase shift, select a compensator 
which produces somewhat more than the necessary amount, and try 
several locations of the lower comer frequency until the desired phase 
margin is obtained. 

A first trial of this procedure is added to Fig. 9-3. One section of 
phase-lead network is assumed with a = 0.1, so that the compensator 
characteristics are identical with those shown in Fig. 9-5. The lower 
comer frequency is arbitrarily selected as w - 0.6 in Fig. 9-3. The 
asymptotes are then added to obtain the compensated magnitude curve, 
and the phase angles are added to obtain the compensated phase-angle 
curve. The addition of the compensator moves the gain crossover from 
CO = 1.0 to CO — 1.65. At this frequency the net phase margin is positive 
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and is about 43°. This seems to be adequate. A better solution (more 
phase margin) might be obtained by further trials. This is left to the 
student as an exercise. 

9-6. Designing the Compensation by Polar Methods. Figure 9-6 
shows a polar plot of the transfer function of an uncompensated type 2 
system. It is readily seen that the system is unstable, that phase-lead 
compensation is required, and that the system may be stabilized with 
very little compensation. When a magnitude circle for M == 2.0 is 
added, however, it is apparent that appreciable phase shift is required 
if the resonance peak is to be made less than 2.0. 



In order to design the compensation, it is necessary to estimate the 
amount of phase shift required and the frequency at which this phase 
shift must be produced. Such an estimate can be made by inspecition 
of the polar locus, provided the basic effects of phase-lead compensators 
are understood. One basic characteristic of phase-lead compensators is 
that they attenuate low frequencies more than high frequencies, and the 
phase shift produced is greatest over a range of intermediate frequencies. 
(The terms ''high,” "low,” and "intermediate” as used here are relative, 
and should not be associated with fixed numerical values.) Since attenu¬ 
ation at low frequencies is usually undesirable, it is normal practice to 
increase the system gain so that the low-frequency gain after compensa¬ 
tion is essentially the same as it was before compensation, though there 
are exceptions to this. However, if the gain is so increased, the net 
effect on the polar vectors is this: The vectors that are phase-shifted 
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usually increase in length, and the hi^er the frequency the greater this 
increase. 

In terms of the polar locus of Fig. 9-6, the estimate of the required 
phase shift and its frequency might be based on reasoning such as the 
following: 

1. Since an M of 2.0 or less is required, all frequencies lying within the 
M circle must be phase-shifted sufficiently to move them outside the 
circle. Thios values of « of 0.8 and 1.0 must receive appreciable phase 
shift. 

2. The higher-frequency vectors will be increased in length. Thus 
vectors for values of « in the range from 1.0 to about 10.0 must be 
phase-shifted also, or the increase in length will move the tips of some 
of these vectors into the M circle. 

3. In order to make a specific guess, a definite compensator is required, 
and so one must be selected at this point. If it proves unsatisfactory, 
another may be tried. For this problem, the phase-load network of Fig. ■ 
4-3 will be tried. With this compensator in mind, it is noted that the 
angle between the vector to w = 2.0 and the radial line tangent to the 
bottom of the M circle is about 60®. Thus, if maximum phase shift is 
required for this frequency, the compensator must have a = 0.1. 

4. If maximum phase shift is obtained at w = 2.0, the compensated 
vector at this frequency will have a net phase angle of about —146®, 
and no matter how much the vector length increases, the tip of the 
vector cannot fall inside the Jlf = 2.0 circle. Vectors at higher fre¬ 
quencies have less phase shift and are increased in length by a greater 
factor, and their tips may fall inside the M = 2.0 circle. The frequency 
selected for maximum phase shift must be chosen so that this does not 
happen. However, any such selection is a guess, based partly on 
experience. 

5. Conclusion: Try the network of Fig. 4-3, use a = 0.1, and set 
maximum phase shift at about w = 2.0. 

In order to write the transfer function of the compensator, the value 
of T must be determined. For this filter, maximmn phase shift occurs 
at the geometric mean of the two corner frequencies, which arc 1/t and 
l/oer, and which are defined graphically by the logarithmic asymptotes 
of Fig. 9-5. The value of t is then determined from 
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It may be noted, however, that 1/r = 0.626, and in Sec. 9-4, working 
with logarithmic methods, 1/r = 0.60. Since there is little difference 
between these numbers, it is readily seen that the result of compensation 
design from the polar plot is essentially the same as from the decibel vs. 
log CO plot. Further to verify this point, the polar loci for both compen¬ 
sators are plotted on Fig. 9-6, and it is seen that the results are nearly 
identical. In both cases the resonance peak has been kept below 2.0. 
If desired, the gain could be increased slightly without exceeding this 
limit. 

It may be concluded that phase-lead compensation can be designed 
for the type 2 system from the polar plot or the decibel vs. log co plot 
with about the same accuracy. However, the choice of numerical values 
is more readily determined from the decibel vs. log co plot. 

9-6. The Type 2 System with Increased Gain. The type 2 system 
studied in the preceding sections has a relatively low gain. In many 



Fig. 9-7. Calculated curves—compensation of a type 2 system. 


applications a higher gain might be required. If the gain is increased 
appreciably, the compensation problem becomes considerably more diffi¬ 
cult. In Fig. 9-7 the original asymptotes are shown, and also a new set 
of uncompensated asymptotes with gain crossover at 3 rad/sec. These 
new asymptotes correspond to a gain increase of 19 db, which results in a 
K of 8.9. The phase-angle curve remains unchanged by the gain increase. 
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Once more, to stabilize the system, the phase must be shifted so that 
the phase crossover occurs at a higher frequency than the gain crossover. 
Furthermore, if transient performance is important, sufficient phase 
margin must be provided at the gain crossover. Let it be assumed that 
Mf must uot exceed 2.0; then a positive phase margin of 45“ should be 
sufficient to meet the transient requirements. Inspection of Fig. 9-7 
shows that the existing phase margin (length A) is — 36“. The desired 
phase margin (length B) is plus 46“. Therefore a total phase shift of 
81“ seems necessary at a frequency of 3 rad/sec. 

It is readily seen from Fig. 9-7 that the compensator used for the low- 
gain system will not work here. It might be used to stabilize the sys¬ 
tem but it could never provide the phase margin needed for an M of 2.0. 
Obvioudy, the compensator to be used must be capable of producing 
fairly large phase shifts. If the gain crossover is not changed by the 
compensator, the phase shift required to satisfy specifications is about 
81“ at 3 rad/sec, which might be obtained by using two sections of filter 
in cascade, isolated from each other by an amplifier. If this scheme is 
used, the net transfer function of the compensator is 

fo _ -f- 1)^ 

e< “ (jW -1- D* 

where a and t are as defined in Eq. (4-28). 

In order to compensate the system, the quantities Ka, a, and t in 
Eq. (9-3) must be properly chosen. The choice of a depends on the 
maximum phase shift required. The effect of varying a on the avail¬ 
able phase shift of a single section of the filter has been indicated in 
Fig. 9-5, and large phase shifts may be obtained only if « is am all For 
the problem at hand, let a = 0.1. Then the over-all attenuation of the 
compensator is a* = 0.01. If the initial —12 db/octave slope is to be 
kept at a fixed location, then the gain of the amplifier should counteract 
the attenuation. Therefore Ka = 100 is selected. Figure 9-8 shows the 
decibd vs. log u and phase-angle vs. log u plots. 

Before manipulation of Fig. 9-7 is undertaken, considerable help can 
be obtained by studsdng the compensator curves of Fig. 9-8. Note that 
the as 3 rmptote from the lower comer frequency has a slope of -|-12 db/ 
octave. When this asymptote is added to the —12 db/octave asymp¬ 
tote of the system, the resulting curve is a horizontal line with 0 db /octave 
slope. Thus, if the lower corner frequency is placed at a frequency below 
the gain crossover (below 3 rad/sec, in this case), the new magnitude 
curve will be located above the 0-db axis, and the gain crossover will be 
shifted to a much hi^er frequency. This mi^t not be objectionable 
for some systems, but in this case the phase angle of the uncompensated 
system is changing very rapidly, and any shift of the gain crossover to a 
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higher frequency means that additional phase lead is required of the 
compensator. If the specified compensator has its lower corner fre¬ 
quency below 3 rad/sec, it cannot even stabilize the system. 

Thus, if the compensator of Fig. 9-8 is to be used, its lower corner 
frequency must be above 3 rad/sec. More information can be obtained 
by consulting the compensator phase-shift curves in Fig. 9-86. Here it 
is seen that maximum phase shift is obtained at some frequency between 
the two corner frequencies (actually at their geometric mean); the phase 



w—^ rod/sec 

Pig. 9-8. Compensator characteristics, (o) Asymptotic plot of magnitude of transfer 
funcition of two pliase-l(iad sections cascaded with an isolating amplifier. Amplifier 
gain = 1.0. (h) Phaso-Hhift characteristics. 

shift obtainable at the corner frequencies is about two-thirds of the maxi¬ 
mum phase shift, and below the lower corner frequency the available 
phase shift decreases rapidly. 

Since the compensator must be designed with lower corner frequency 
above the system-gain crossover frequency, and since it is at the gain- 
crossover frequency that maximum phase lead is desired, it seems logical 
to place the lower corner frequency of the compensator only slightly 
above 3 rad/sec. This is done in Fig. 9-7, using 3.5 rad/sec as the lower 
corner frequency for the compensator. The asymptotes and phase-angle 
curve for the compensated system are shown. It is seen that the com¬ 
pensation provides a phase margin of 40° instead of the desired 45°. This 
is not serious, since the relationship between Mp and the phase margin is 
not definite. It should also be noted that the gain margin at the new 
phase crossover is quite small, appearing to be about 4 db from the 
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asymptotic plot. This is not very desirable, since a slight increase in 
system gain would make the system unstable. If gain increases are very 
unlikely, the compensator could be used, provided the actual value of 
ilfp is acceptable. Therefore the next step is to check the value of Mp] 
this is done most easily by replotting the data of Fig. 9-7 on an ikf-contour 
chart, as shown in Fig. 9-9. The peculiar shape of this curve is due to 
the fact that the decibel values of the points plotted were obtained 
directly from the asymptotes of Fig. 9-7. A smoother and more accu¬ 
rate curve may be obtained by com¬ 
puting the exact magnitude curve. 
This is left to the student as an 
exercise. 

In Fig. 9-9, note that the M con¬ 
tours are scaled in decibels. The 
important contour for this problem 
is the 6.0-db contour, since 6 db cor¬ 
responds to a numeric ratio of 2,0. 
It is seen that the compensated locus 
crosses this contour, but only at a few 
frequencies near co = 10. For accu¬ 
rate results, the true magnitude curve 
should be calculated for these frequen¬ 
cies and plotted. Without performing 
these calculations, inspection of Fig. 
9-7 indicates that the true magnitude 
curve lies below the asymptotes for 
the frequencies specified. Therefore it may be safely estimated that the 
resonance peak is less than 2.0, and the specifications have been met. 

It may be concluded that two sections of phase-lead compensation as 
computed, together with an isolating amplifier gain of 100, will stabilize 
the high-gain type 2 system and will keep the resonance peak below 2.0. 
It should not be concluded that this compensator is optimum, since no 
other possibilities have been investigated, nor should it be concluded 
that the specified compensator is completely satisfactory, since the gain 
margin is rather small and instability might result if the system gain is 
subject to fluctuations. 

9-7. Summary and Comments. The calculations and comments in 
Secs. 9-4, 9-5, and 9-6 have shown: 

1. A type 2 system may be stabilized and its resonance peak limited 
to a specified value by means of a phase-lead compensator. 

2. The compensator may be designed by logarithmic or polar methods. 
Essentially the same difficulties are encountered with either method, but 
the logarithmic approach seems simpler and less laborious. 



plot of the compensated locus of 
Fig. 9-7. 



SERIES COMPENSATION OF SERVOMECHANISMS 157 

3. The compensation design was considerably more difficult for the 
system with a hi^ gain. 

While not stated previously, it should be noted that it is not the high 
gain which causes difficulties, but the amount of negative phase shift 
which must be overcome. For the system studied in Sec. 9-6, the increase 
in gain caused a large increase in negative phase margin. This made it 
necessary to use two sections of filter, and the attenuation characteristic 
of the filter caused an undesirably small gain margin. Other systems, 
having different phase-shift characteristics, might be operable at con¬ 
siderably higher gains without being difficult to compensate. 

9-8. A Type 1 System for Static Positioning. Type 1 systems arc 
commonly used for positioning during motion (as with gun directors). 




(ft) 

Fia. 9-10. Typo 1 static-positioning system, (a) Sohematio diagram, (ft) Block 
diagram. 

or for static positioning. Figure 9-lOa is a schematic diagram of a sim¬ 
ple type 1 system which might be used for static positioning. The Block 
Hiagram of the system is shown in Fig. 9-lO.b. The transfer fimction is 


KG 


Be _ KJKK„ 

B juijuTm + l) 


(9-4) 


Derivation of the transfer function is left to the student. 

When a type 1 system is used for static positioning, the steady-state 
error is inherently zero, so that the gain is set to provide sufficient stiff¬ 
ness against load disturbances and to provide reasonable response speed 
when a change in position is made. Under such conditions, it is some¬ 
times necessary to compensate the system to prevent undesirable tran¬ 
sient overshoots. Phase-lead compensation would be used, partly because 
it is the high-frequency part of the locus which must be. reshaped, and 
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partly because the resonant frequency of the system must be maintained 
at a hi^ value to obtfun a fast response. For the system of Fig. 9-10, 
assume that the over-all gain is set at 10 for purposes of stiffness, t*, = 0.6, 
and the resonance peak is to be kept at Mp = 1.6 or less. The transfer- 
function equation of the system is then 


KQ 


^ = 10 
E j<a(fi.5jc» -t- 1) 


(9-6) 


9-9. Compensation of a Type 1 Static-positioning System with Decibel 
vs. Log (0 Plot. The decibel vs. log w and phase-angle vs. log « plots of 
Eq. (9-6) are shown in Fig. 9-11. It is seen that the system can never be 
unstable, because the phase shift is never more negative than —180“. 



However, the phase margin at the gain crossover is only 20®, which indi¬ 
cates a badly underdamped system. A phase margin of about 45“ is 
needed if Afp = 1.5 is required, and thus a phase lead of approximately 
26“ should be added as compensation. 

A phase lead of 25“ is readily obtained with a sin^e section of the 
filter of Fig. 4-3, and so this network is selected. For a maximum phase 
shift of 25°, choose a = 0.4. To compensate for this attenuation at the 
lower frequencies, the gain is raised by a factor 1/a = 2.6. The transfer 
function of the compensator, including the factor for the gain increase, is 


h — rr + 1 ^ jW + 1 
e< jciOT -f- 1 0.4 /«t -b 1 


(9-6) 


To complete the compensation design, a suitable value of t must be 
determined. The first step in determining t is to inspect the uncompen¬ 
sated loci and estimate the effect of the compensator loci: 

1. If the lower comer frequency of the compensator is set at less than 
4.5 rad/sec, the gain crossover is changed to a higher frequency. 
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2. The phase angle of the uncompensated system changes slowly over 
the range of frequencies near the gain crossover, and a reasonably small 
change in the location of the gain crossover has no objectionable effects. 

3. Therefore it seems advisable to utilize the maximum phase shift of 
the compensator. This means that the lower corner frequency of the 
compensator should be located below 4.5 rad/sec, which will change the 
gain crossover. The new gain crossover should be located at a frequency 
for which the compensator gives approximately maximum phase shift. 

For the compensator selected, the low and high comer frequencies are 
1/r and 1/0.4t, resjpectively. The maximum phase shift is obtained at 
the geometric mean of these frequencies. Inspection of the asymptotic 
plot of Fig. 9-^ shows that this geometric-mean frequency is located 
slightly below the geometric center of the asymptote. Thus, if the lower 
corner frequency is located arbitrarily on Fig. 9-11 and the asymptotes 
drawn, and if the new gain crossover is then located at about the center 
of the compensator asymptote, the compensation should be satisfactory. 

The result of following this procedure is shown in Fig. 9-11. The lower 
corner frcqiieucy was arbitrarily set at 3.5 rad/sec and the asymptotes 
added. The phase-angle curve was computed, and the phase margin at 
the new gain crossover is about 45®. The compensated asymptotes in 
Fig. 9-11 represent a first trial. It may be noted that the new gain 
crossover is not at the geometric mean of the compensator comer fre¬ 
quencies, and a larger phase margin might be obtained by changing the 
corner frequency. This is left to the student as an exercise. 

9-10. Checking the Type 1 Static-positioning System with the Decibel 
vs. Phase-angle Plot. To check the resonance peak and the resonant 
freqiiency of the system as compensated in Fig. 9-11, the locus has been 
replotted on decibel vs. phase-angle coordinates in Fig. 9-12. It is seen 
that the locus falls outside the ilf = 1.5 contour so that the resonance 
peak will bo less than 1.6. If desired, the gain might be raised by 4.0 db. 
This would provide a still stiffer system, with a resonance peak of 1.5 
and a resonant frequency Wr ^ 7. 

9-11. Designing Phase-lead Compensation for the Type 1 Static- 
positioniog System on the Polar Plot. Since the type 1 system of Fig. 9-10 
is to be used for static positioning and the steady-state error is inherently 
zero, the transient performance may be set directly from the polar plot. 
In this case, a minimum gain of 10 has been set, and the maximum Mp is 
to be 1.5. Therefore the uncompensated locus will be plotted first, using 
the full gain of 10. This is shown in Fig. 9-13. The M = 1.5 circle is 
added, and it is seen that the locus enters the circle. The problem is to 
reshape the locus, using a phase-lead device, so that it does not enter the 
circle; at the same time, the low-frequency gain must be maintained to 
preserve stiffness and speed of response. 
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In order to select the compensator, the plot of Fig. 9-13 must be 
inspected and certain facts obtained from it., Frequency points from 
about oj = 2.8 to CO = 5.5 lie inside the M circle. These must be shifted 
counterclockwise, and therefore a phase-lead device which produces some 
phase shift at frequencies as low as 3 rad/sec is needed. But phase-lead 
devices normally attenuate the low frequencies, so that the gain must be 
increased to counteract this attenuation. Thus phase shift must be 



Fig. 9-12. Decibel vs. phase-angle curves for type 1 system. 

obtained above 5.5 rad/sec or the increased gain will move these fre¬ 
quencies inside the circle. The KG vectors at high frequencies will be 
lengthened by almost the entire gain increase, and therefore maximum 
phase shift should be set at some frequency such as co = 6. 

A phase-lead device of the type shown in Fig. 4-3 is suitable and will 
be used. To set the value of a, the required maximum phase shift must 
be known. This is determined by assuming that co = 6 (for which maxi¬ 
mum phase shift is required) will be the point of tangency on the compen¬ 
sated locus, and that it will be tangent to the M circle at some arbitrary 
point, as shown in Fig. 9-13. The vectors from this point to the origin 
and from the original co = 6 point to the origin are drawn and the phase 
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angle between them determined. From Fig. 9-13 this maximum phase 
shift, #max, is seen to be 24°. Therefore a = 0.4 is a suitable value. 

To compensate for the attenuation at low frequencies, the gain must be 
increased by the reciprocal of a, i. e., Ka = 2.5. The equation for the 
compensator is then 

!£ = 1 (-9-7) 

a OAjo^r+l ^ 

This is seen to be the same equation that was obtained from the decibel 
vs. log CO analysis. To determine r, it may be noted that the phase shift 
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Fig. 9-13. Polar plot for type 1 system. 


required at co == 6 is about 25°. Therefore, 

25° = tan-i 6t - tan-^ 2.4r (9-8) 

which is the difference in phase between the numerator and denominator 
of Eq. (9-7) at frequency w = 6. Furthermore, the value of r depends 
on the low-frequency end of the band which is to be phase-shifted, and 
so the approximate value of t is known. Thus Eq. (9-8) may be solved 
for T by trial and error. Assuming that r — 

tan-‘ 2 - tan-i 0.8 = 63.4° - 38.6° = 24.8° 

which is close enough, and the desired value is t = 
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The equation of the compensated system thus becomes 

^ ^ _ 10(0.333ico + 1) 

B "" jco(0.1333> + 1)(0.5> + 1) 


(9-9) 


The locus of the compensated system may then be computed and added 
to Fig. 9-13, as shown. It is seen that the purpose of the compensation 
has been accomplished, and the system gain can be increased slightly 
without exceeding a resonance peak of 1.5. 

The procedure of computing the compensated locus from the equation 
of the compensated system is not always satisfactory. The same result 
can be obtained by graphical methods, which have certain advantages. 
The first step in Ihe graphical method is to plot the locus of the com¬ 
pensator (filter equation times added system gain) on the polar plot. 
It is readily shown that this is a semicircle in the first quadrant, with 
the diameter on the positive real axis. The intercepts are Co/e* = 1 at 
CO = 0, and Qohi = 2.6 at CO = oo. Thus the center is at 1.76 and the 
radius is 0.75. Specific points (frequencies) must then be located on this 
locus. Only those in the important band of frequencies need be com¬ 
puted from Eq. (9-7). Once the compensator locus has been determined, 
the locus of the compensated system is obtained as follows: 

1. Select a frequency. 

2. Draw vectors from the origin to the points representing this fre¬ 
quency on both the uncompensated-system locus and the compensator 
locus. 

3. Measure the lengths of these vectors to the scale of the plot, and 
multiply them. 

4. Measure the phase angles of the vectors, and add. 

5. Plot the results of steps 3 and 4 as a point on the compensated locus. 

6. Repeat for other frequencies. 

Such a graphical method is convenient if the uncompensated locus has 
been obtained experimentally, so that the system equation is not spe¬ 
cifically known. When the system equations are known, the graphical 
method of computation is not needed, but the addition of the compen¬ 
sator locus to the plot may be helpful. Specifically, if the original esti¬ 
mates on the compensator were not good enough, so that the desired 
result is not obtained, the plot of the compensator locus is helpful in 
deciding what changes are required. Inspection of the plots shows the 
maximum phase shift available from the compensator; if this is deemed 
inadequate, the value of a must be reduced. If the maximum available 
phase shift is suflicient but is not obtained at the proper frequency, 
inspection of the compensator locus shows the direction in which the 
frequency points must be shifted, and this leads to a better selection of 
the values of r. 



SERIES COMPENSATION OF SERVOMECHANISMS 163 

9-12. A Type 1 S 3 rstem for Dynamic Positioning. A common servo¬ 
mechanism application is the control of an output position during periods 
when the position is continuously changing. Perhaps the best-known 
application of this type is the gun-director servo, which must move the 
load continuoudy but must keep the output position closely aligned with 
the command signal. A type 1 servomechanism may be used for such 
control applications, because the velocity-lag error may be kept within 
reasonably small limits, and the stability is usually better than that of 
a type 2 system. 


Gears 




( 6 ) 

Pro. 9-14. Type 1 dynamic-positioning system, (a) Schematic diagram. (6) Block 
diagram. 


Figure 9-14a shows a possible schematic diagram for such a system, 
and Fig. 9-146 shows the block diagram. The actual load is represented 
schematically by its inertia and friction. The transfer-function equation 
of the system is 


KG 


do _ KJCiKJK, 

W juijwTm -|- l){j(OTg -|- 1) 


(9-10) 


The performance specifications for such a system depend on the pur¬ 
pose for which it is intended. If the problem is to track slowly moving 
targets, the normal load velocity will be small and the gain need not be 
hi^ in order to obtain a small velocity-lag error. On the other hand, 
in an application like antiaircraft fire control, the target velocity is high 
and thus the normal load velocity is high. To obtain high velocities 
with reasonable lag error requires a high-gain system. For a lower-gain 
system, whatever compensation is needed can probably be obtained with 
a phase-lead device, but when the gain is high, use of a phase-lag device 
may be necessary. Both of these problems are considered in the follow¬ 
ing sections. 
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To loake the phase-lead and phase-lag requirements more obvious, it is 
assumed that the same basic system may be used for both applications. 
The motor time constant is arbitrarily chosen as t™ = 0.6, and the gener¬ 
ator time constant is chosen as rg = 0.2. The gain will be set separately 
for each problem. The transfer-function equation thus becomes 


i«(0.5y« -h 5(0.2y« H- 1) 

9-13. A Type 1 System at Low Velocities. Compiaing Gain. For 
slowly moving targets the required output velocity may be specified in 
this case as 2 rpm, or v/15 rad/sec. The permissible velocity-lag error 
at this vdocity may be 2**, and the gain may be computed from 


juda _ output velocity _ ^ 
E ~ error 


K = 


t/15 

2/SLS 


= 6 


The transfer-function equation thus becomes 


do _ 6 

E i«(o.5i« + i)(o.2y« -I-1) 


(W2) 

(9-13) 

(9-14) 


Use of the Decibel vs. Log u Plot. The asymptotes of Eq. (9-14) may 
be sketched rapidly on the dedbd vs. log w plot by noting that the gain, 
6, is numerically equal to the frequency of the 0-db intercept of the 
—6 db/octave slope. This fixes the initial asymptote. The —12 db/ 
octave slope starts at the first corner frequency, which is 


a 


— = 2 rad/sec 
r« 


and the —18 db/octave slope starts at the second corner frequency, 
which is w = l/r, = 5 rad/sec. The asymptotes are shown in Fig. 9-16. 
The phase angles must then be computed and the phase-angle curve 
added. This also is shown in Fig. 9-16. 

Inspection of Fig. 9-15 shows that the system is slightly unstable. 
There is a negative phase margin of about 6° at the asymptote crossover. 
If the true magnitude curve were plotted, the phase margin would be 
approximately zero. To stabilize the system and keep Mg at a reason¬ 
able magnitude, the phase margin should be about 40°. This can be 
accomplished with a single phase-lead network of the type used in pre¬ 
vious examples. Let « = 0.2; then the gain increase must bo Ka 6. 

The asymptotes of the phase-lead compensator are added, choosing the 
lower corner frequency at co = 2.6. This fixes the time constant of the 
compensator at r = 0.4. The transfer function of the compensator thus 
becomes 
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^ + 1 

6i O.OSjo) -f- 1 


(9-15) 


The phase angles due to the compensator must then be computed and 
added to Fig. 9-15. Inspection of Fig. 9-15 shows that the compensatoi' 
moves the asymptote crossover to w = 5 and provides a phase margin of 
about 25° at this point. The crossover of the true magnitude curve 




Fig. 9-16. Decibel vs. phase-angle curves for type 1 dynamic system. 

would be at a lower frequency, so that a true phase margin of about 
30° is expected. This is a rather small phase margin, and it might be 
desirable to recompute the compensation for a smaller value of a, or for 
a different lower corner frequency. This is left to the student as an 
exercise. 

Checking Mp on the Decibel vs. Phase-angle Plot To find the actual 
resonance peak of the compensated system as adjusted in Fig. 9-15, the 
locus may be replotted on decibel vs. phase-angle coordinates and checked 
against the M contours. An M contour for M = 1.5 is selected for this 
purpose. The resultant plot is shown in Fig. 9-16. It may be seen from 
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the figure that the resonance peak is considerably greater than M = 1.5. 
To reduce the resonance peak to Mp = 1.5, the gain might be reduced by 
3 db. If this is not permissible, the compensation should be redesigned. 

Checking Mp and cor on the Polar Plot. Compensation for the system 
may be designed on the polar plot, if desired. First, the required gain 
must be computed as indicated previously. The rest of the design pro¬ 
cedure is the same as for the static-positioning system, and will not be 
repeated here. Figure 9-17 shows the polar plot of the compensated 
system as computed in the preceding sections. Several M circles have 
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Fig. 9-17. Polar locus for type 1 dynamic system. 


been added. It may be seen that the resonance peak is slightly greater 
than 2.0, and the resonant frequency is cor = 4. 

9-14. A Type 1 System at High Velocities. Computing the Gain. For 
a target which moves at high speed, such as an aircraft, a servomechanism 
might be required to operate at an output velocity of 15 rpm (or higher), 
which is equivalent to 7r/2 rad/sec. The velocity-lag error would have 
to be reduced, and might be 3^^°. Thus the required system gain is 


output velocity 


0.5/57.3 


= 180 


(9-16) 


The transfer-function equation then becomes 


rrn 



SERIES COMPENSATION OF SERVOMECHANISMS 167 


Use of the Decibel vs. Log oj Plot. The asymptotes for Eq. (9-17) may 
be drawn on the decibel vs. log o) plot, using the methods previously 
described. The phase-angle curve must be computed and added. These 
curves are shown in Fig. 9-18. It is readily seen that the high gain makes 
the system unstable, and the phase margin at the gain crossover is 
roughly —57°. 

It might be possible to stabilize the system with phase-lead compen¬ 
sation, though the phase shift required would be about 100°. tiowever, 
the phase shift would have to be most effective at frequencies above the 



Pig. 9-18. Calculated curves—type 1 dynamic system with phase-lag compensation. 


gain crossover. This is not necessarily objectionable, but it might result 
in negative phase margins at lower frequencies and thus a conditionally 
stable system. (A conditionally stable system is one that may be made 
unstable by either a gain increase or a gain decrease.) In any event, 
phase-lag compensation seems more suitable and will be used here to 
illustrate the manipulations involved. 

A network suitable for phase-lag compensation is shown in Fig. 9-19a. 
Its asymptotic gain characteristics are shown in Fig. 9-196, and its phase- 
angle characteristics in Fig. 9-19c. The transfer function of the net¬ 
work is 


^ _ jcori + 1 

jo3T2 4 “ 1 


(9-18) 


where ri = RiCi and t 2 = (Ri + Ri)Ci. 



Phase angle, degrees Mognifude of KQ^ decibels 
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In using such a network for compensation, the general objective is to 
utilize the attenuation characteristic, i. e., the •—6 db/octave slope, to 
move the gain crossover to some frequency lower than the phase cross¬ 
over. To do this, the first corner frequency must be located at a rather 
low frequency. Furthermore, it is generally desired to leave the phase 
crossover at essentially its original location, and thus the second corner 
frequency should occur at a frequency several octaves below the phase- 
crossover frequency. Both of these conditions indicate that the phase- 
lag network should be designed for frequencies far below the phase-cross- 
over frequency, but do not indicate any limit. A qualitative limitation 




(&) 


Fig. 9-19. Asymptotic characteristics of phase-lag network, (a) Asymptotic magni¬ 
tude curve. (6) Phase-angle curve. 

exists, owing to the fact that the use of a phase-lag device will move the 
— 12 db/octave slope to a lower frequency, reducing con, and thus make 
the system sluggish. It is desirable, therefore, to design the phase-lag 
network for operation at as high a frequency as is consistent with the 
previously stated general objectives. If such a design does not provide 
satisfactory transient performance, a phase-lead network may be added 
to raise the resonant frequency and thus increase the response speed. 
Such double compensation is not considered in this text. 

The first step in designing the compensation is to determine the amount 
of attenuation which the compensator must produce. This is done by 
selecting the desired location for the new gain crossover. The compen¬ 
sator must reduce the gain to 0 db at this frequency, and therefore the 
required attenuation in decibels is simply the decibel gain of the uncoro- 
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pensated system at the frequency selected for the gain crossover. Selec¬ 
tion of the gain-crossover point is based on the phase-angle characteristic 
and the desired phase margin. In this case, assume that 45“ phase margin 
is desired. If no phase shift were produced by the compensator, this 
phase margin could be obtained at 1.3 rad/sec; but some negative phase 
shift win be introduced by the compensator, and a more logical gain cross¬ 
over is therefore at an « of 1.0. The gain at this frequency is 45 db, 
and therefore the compensator must attenuate that amount at « = 1.0. 
Since the chosen compensator attenuates at 6 db/octave, the comer fre¬ 
quencies of the compensator must be separated by at least = 7.5 
octaves in order to produce the required attenuation. 

The ratio of the two comer frequencies of the compensator must be 
2^-* = 181. This is a very high ratio, and would not be used in practice* 
because of limitations in the physical equipment. However, it will be 
used in this illustration to show the principles involved. 

Having determined the ratio of the comer frequencies, it is only neces¬ 
sary to select one of them to complete the compensation design. The 
second is immediately determined and the result checked on the plot. 
The higher comer frequency is the one selected, because it must be located 
far enough below the uncompensated phase crossover to assure that the 
phase crossover is not appreciably changed by the compensation. For 
the network chosen, a reasonable assumption is that the higher comer 
frequency should be 4 octaves below the phase-crossover frequency. The 
phase-crossover frequency is 3.4 rad/sec, and so the desired comer fre¬ 
quency is 3.4/2* s= 0.212 rad/sec, which is rounded off to 0.22 rad/sec 
for convenience. The time constant is then ri = 1/0.22 = 4.65 and the 
larger time constant is 4.55 X 2^-' = 4.55 X 181 = 824 = tj. 

The transfer function of the compensator becomes 


^ _ 4.55jci> 1 

6i _ 824JW -f-1 

and the transfer function of the system is 

rrr-^o - 180(4.55j« 4-1) 

~ E ~ i«(824?« + l)(0.5i« + l)(0.2j« + 1) 


(9-19) 

(9-20) 


The asymptotes and phase-angle curve of the compensated system are 
shown in Fig. 9-18. From these curves it is seen that the phase shift 
introduced at the original phase crossover is about 5“, which is satis¬ 
factory. The desired phase margin of 45“ was not obtained, the actual 
phase margin being about 40“. This is reasonably close, and it is 
advisable to check Mp and ur to determine whether the compensation is 
satisfactory. 

• Soo Brown, G. S., and D. P. Campbell, “Principles of Servomeohanisma,” p. 216, 
John Wiley & Sons, Inc., New York, 1948. 
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Checking Transient Performance on the Decibel vs. Phase-angle Plot. In 
the case of phase-lag compensation, it is particularly important to check 
the Mp and o^r of the system. The value of Mp has no more significance 
than for phase-lead compensation, but cor is quite important, because 
phase-lag compensation tends to reduce cor and make the system sluggish. 
Thus a check on the speed of response by determining 03r is desirable. 

Mp and oor may be found either by the decibel vs. phase-angle method 
or by a polar plot. The former is used here for convenience, and the 

curve is shown in Fig. 9-20. It is 
seen that the compensated locus is 
tangent to the M = 3.2 db contour 
somewhere between a? = 1.0 and 
CO = 1.5. Thus the resonance peak is 
less than Mp = 1.5, and the resonant 
frequency is approximately 1.2 rad/sec. 
The value of Mp is apparently satis¬ 
factory, and unless cor is too low, the 
compensator has accomplished its 
purpose. 

Designing Phase-lag Compensation 
on the Polar Plot. The problem of de¬ 
signing phase-lag compensation on the 
polar plot is somewhat different from 
that of designing phase-lead compen¬ 
sation, owing to the fact that the at¬ 
tenuation at high frequencies is the 
important feature of the compensa- 

^ ^ 1 , tion, and the phase shift is something 

Fig. 9-20. Decibel vs. phase-angle plot ^ , t i 

for compensated system. that the system must accept. In de- 

signing phase-lead compensation, the 
procedure used previously was to plot the polar locus for the full gain 
required by steady-state conditions, then select the compensator, and 
determine its constants by inspecting the plot. With phase-lag com¬ 
pensation, this usually is not a desirable procedure, because the high 
gains encountered require a compressed scale, and interpretation of the 
plot is difficult. 

A procedure which is satisfactory for many phase-lag compensator 
designs is as follows: 

1. Plot the uncompensated locus for an assumed gain of unity (A = 1). 

2. Construct an M circle for M equal to or less than the desired reso¬ 
nance peak, using the construction method usually applied to gain 
adjustment. 

3. Determine the resonant frequency, cor, and note that the phase lag 
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introduced at this frequency should be 5^ or less. Also compute the 
gain which would produce this resonant frequency. 

4. From the gain computed in step 3 and the gain required for steady- 
state performance, compute the factor by which the gain setting of step 3 
must be increased. 

The information thus obtained permits the choice of the time constants 
in the compensating device. The methods used to interpret the inf 
mation depend largely on the type of phase-lag device selected. In t 



Fki. 9-21, Polar plot for compensated system. 

illustration, the phase-lag compensator chosen is the simple circuit of 
Fig, 9-19. 

The polar plot of the transfer function is shown in Fig. 9-21, and an 
M cirede for M = 1.5 has been constructed. The gain required for this 
resonance peak is 

K = 1/0.67 = 1.75 

and the resonant frequency at this gain is cor — 1.5. Since the gain 
necessary to meet the steady-state error requirement is 180, this system 
gain must be iinu'cased by a factor of 103. It is apparent, however, that 
the vectors at frequencies above 1.5 rad/sec cannot be multiplied by any 
factor greater than unity, or the resonance peak will be excessive. Thus, 
while the low frequencies must be multiplied by a factor of 103, there 
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must be a compensator which attenuates, or nullifies, this entire gain 
for the higher frequencies. 

The ratio of the time constants in the chosen compensator may be 
computed from this information, i. e., since the compensator must 
attenuate by a factor of Hos at « = 1.5, it follows that 


j1.5ti+1 _ 1 
jl.5ri + 1 103 


(9-21) 


It is also known that the phase shift at w = 1.5 should be 5° or less, 
and thus the higher corner frequency should be about 3 octaves bdow 
« = 1.5. This evaluates ri as 


ri - ^ = 6.0 (9-22) 

Combining Eqs. (9-21) and (9-22), the second time constant is r* = 619. 
Then the system transfer function is 


_ 180(5jci) + 1) 

E M519jw + l)(0.5j« -I- l)(0.2j« -I- 1) 


(9-23) 


The compensated curve is shown in Fig. 9-21. It is readily seen that 
a resonance peak of 1.5 was not attained by the compensation. The 



Fig. 9-22. Type 0 system—a voltage-regulated generator. 


diflOiculty lies in the negative phase shift produced by the compensator. 
To correct this deficiency, a redesign of the compensator would be 
required. This is left to the student as an exercise. 

9-16. A Simple T3rpe 0 System. Figure 9-22 shows a voltage-regu¬ 
lated generator excited by a smaller generator. The input to the sys¬ 
tem, es, is a reference voltage derived from some d-c source. This is 
compared with the output voltage, eo, by the potentiometer arrangement. 
The difference between the input and output voltages, E ea — ea, ia 
fed into the amplifier. The system is connected so as to reduce t.bia error 
fco zero. It is obvious from physical reasoning that the output voltage 
can never exactly equal the input voltage because, if this happened, there 
would be no signal fed into the amplifier, no exciter voltage, and, theris- 
fore, no output voltage. 
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The transfer function of the system is 


ec ^_ K _ 

E (j<oT„ + l){jarra + 1) 


(9-24) 


where t„ = Li/Rz and t* = Li/Ri. The student should verify this by 
deriving the transfer function of the system. 

Inspection of Eq. (9-24) shows that the system is type 0. Further¬ 
more, the phase angle of the system approaches —180° as w approaches 
infinity and therefore the system can never be unstable. Any problem 
of compensation must arise as a compromise between steady-state error 
and transient performance. If the steady-state error is to be small, the 
system gain must be high and the transient performance of the regulator 
may have an undesirable resonance peak. \^ether phase-lead or phase- 
lag compensation is required depends on the magnitude of the gain used, 
i. e., on the permissible steady-state error. It should be noted, however, 
that the transfer function of Bq. (9-24) does not include the effect of any 
load; it is a relationship involving only the open-circuit voltage. Thus 
the following illustrations express only the variations in the open-circuit 
voltage when the input, es, is changed. A discussion of the effect of load 
variations is beyond the scope of this text. 

To permit the computation of a numerical illustration, the following 
values are assumed arbitrarily: 


Tv = 0.5 r. = 0.25 K 


6a 

E 


= 100 
• -0 


ea “ 100 volts JSf = 1.0 volt (specified for steady state) 
The transfer function of the system thus becomes 


6a _ 100 

E ~ (0.5/0. -f l)(0.26j« + 1) 


Us6 of the Decibel vs. Log w Plot. Equation (9-25) may be plotted on 
decibel vs. log a coordinates, as shown in Fig. 9-23. It is seen that the 
phase margin at the gain crossover is only 12°, and the resonance peak is 
likely to be excessive. The use of phase-lead compensation seems an 
obvious choice, since a reasonable amount of phase lead should produce 
ample phase margin not only at the gain crossover but at all lower 
frequencies. 

A single section of the phase-lead network of Fig. 4-3 should be satis¬ 
factory. If an additional 30° phase lead is sufficient, « = 0.3 is a reason¬ 
able value. The gain of the system must then be increased by a factor of 
3.33 to counteract the attenuation. The choice of the compensator time 
constant is made so that the maximum phase lead of the compensator is 
obtained at the new gain crossover. This is done graphically in Fig. 9-23 
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Fig. 9-24. Decibel vs. phase-angle curves for type 0 system. 
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by drawing the compensator asymptote so that it crosses the 0-db axis at 
about the middle of its geometric length. 

From Fig. 9-23, the equation of the compensator is 

jcoTi H~ 1 _ 0.05j<a -f- 1 


Bi jcoari + 1 


oroisjco + 1 

It is seen that the phase-lead compensation has moved the gain cross¬ 
over from w = 27 to w = 36 but has provided a phase margin of 42° at 
the asymptotic gain crossover. 

Checking Mp and cor on the Decibel vs. Phase-angle Plot The height of 
the resonance peak and the resonant frequency may be checked by an 



Fio. 9-25. Polar loci for type 0 system. 


Af-contour study on the decibel vs. phase-angle plane. The required 
curves are shown in Fig. 9-24. It is seen from the figure that Mp is 
about 3.2 db, which corresponds to a ratio of less than 1.5, and cor is 
about 28 rad/sec. The high value of Wr indicates that the speed of 
response will be quite high. 

Designing Compensation from the Polar Plot. The design of phase-lead 
compensation for a type 0 system requires essentially the same operations 
on the polar plot as were used with the type 1 static-positioning system in 
Sec. 9-11. Therefore the manipulations are not repeated here. Figure 
9-25 shows the polar plot of the uncompensated system and also the 
compensated plot using the compensation determined by logarithmic 
methods. M circles have been added to check the transient performance. 

It is seen from Fig. 9-25 that the resonance peak is somewhere between 
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M = 1.5 and M = 1.6. The resonant frequency is approxunately 
wr = 32. These results agree with the JIf-contour analysis of Fig. 9-25, 
as they should. It is perhaps easier to see from Fig. 9-25 that the reso¬ 
nance peak could be stUl further reduced. 

9-16. Phase-lag Compensation of a Type 0 System. In some cases, a 
type 0 system is to be used, but the steady-state error is to be kept 
very small. Eather high gains must be used in such cases, and it is 
likely that the system will contain more time constants than are shown 
in Eq. (9-25). The additional time constants would make the possible 
phase shift greater than 180°, and this fact combined with the high gain 
may make the system unstable. 

Whether the additional time constants are present or not, it is usually 
possible to control the transient performance with phase-lead compen¬ 
sation. However, if phase-lead compensation is used, the attenuation 
at low frequencies must be overcome by additional gain increases, aqd 
such very high gain systems are generally undesirable from an economic 
point of view and because of the possibility of parasitic oscillations, etc. 
Thus, it is usually desirable to compensate such a system with a phase- 
lag device. 

To illustrate the procedures involved in designing the compensator, 
a type 0 system as in Fig. 9-22 is assumed, but the output voltage and 
error requirements are changed. Assume 

\ec\ = 1,000 v6lts l.B| = 0.5 volt X = ^ = 2,000 

The transfer function is then 


Co 2,000 

J ~ (0.5j« 4- l)(0.25y« -I- 1) 


(9-27) 


9-17. Designing Phase-lag Compensation for the Type 0 System on 
the Decibel vs. Log Plot. The asymptotes and phase-angle curve for 
Eq. (9-27) are shown in Fig. 9-26. It is seen that the gain crossover is 
at a frequency of 122 rad/sec, and there is a positive phase margin of 
about 5°. Thus the system is stable, but transient oscillations will have 
appreciable amplitude and duration. The problem is to improve this 
transient performance without altering the steady-state accuracy. A 
resonance peak of about 1.5 should obtain with a phase margin of 40° 
to 45°. While this phase margin can undoubtedly be obtained with a 
phase-lead device, it is assumed that a phase-lag compensator is more 
suitable. 

The basic principle in designing a phase-lag compensator is to utilize its 
attenuation characteristic to shift the gain crossover, but at the same 
time the phase shift produced by the compensator must not appreciably 
change the phase angle at the new gain crossover. Inspection of Fig. 
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9-36 shows that a phase margin of 49° would be obtained by shifting the 
gain crossover to a frequency of 6.0 rad/sec. This seems reasonable, 
since the phase shift of the compensator will probably reduce this phase 
margin by 5° or 6°, thus leaving a net phase margin within the estimated 
limits of 40° to 45°. 

To obtain a gain crossover at 6.0 rad/sec, the system gain must be 
attenuated 52 db, and this, of course, is the job of the compensator. If 
a single phase-lag section is used, attenuating at 6 db/octave, the attenu¬ 
ation requires nearly 9 octaves, which is excessive. It is therefore decided 



Fig. 9-26. Calculated curves—type 0 system with phase-lag compensation. 

to attenuate at 12 db/o(*,tave by using two phase-lag se(*,tions (see Fig. 
9-19) in cascade, but separated by an isolating amplifier of unity gain. 
The transfer function of the combination is 


?£ = + 1 )^ 
a + 1)2 


(9-28) 


The smaller of these time constants is ti, which determines the higher 
corner frequen(‘.y on the asymptotic plot. It is estimated that the higher 
corner freciuency should be 4.0 o(itaves below the new gain crossover to 
keep the phase shift reasonable. This makes 


6.0 6.0 

0^1 - = 0.375 rad/sec 


1 ^ 1 
CO I 0.375 


2.67 


and 
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The asymptotes in Fig. 9-26 are altered in accordance with these com¬ 
putations, and the new phase-angle curve is plotted (the corner at 1 /t 2 is 
not shown). The resulting phase margin is 45° and should be adequate. 
Therefore t 2 is calculated to complete the compensator design. 

032 = = 4.333 octaves below 

^ 0-01865 rad/sec 

r2 = 1- = 53.6 

C02 

Then the compensator equation is 


6o _ (2.67ia^ + ly 
a (53.6JO; + ly 


(9-29) 


Checking Results on the Decibel vs. Phase-angle Plot To check Mp and 
03r, the compensated loci of Fig. 9-26 are used to obtain a decibel vs. 
phase-angle plot, as shown in Fig. 9-27. The locus is tangent to the 



degrees 


Fig. 9-27. Decibel vs. phase-angle plot for compensated system. 


contour for M = 2.4 db, and this corresponds to a magnitude ratio of 
less than 1.4. Thus the compensator has obtained the desired value of M. 
By inspection of Fig. 9-27, the resonant frequency is 6 rad/sec. 

Use of the Polar Plot. Checking the Mp and Wr of the compensated 
system with a polar plot and M circles is a relatively simple task, and 
will not be attempted here. Instead, the procedures involved in design¬ 
ing phase-lag compensation from the polar plot will be illustrated. 

The gain required for the desired steady-state performance is known 
to be 2,000. As a first step, the locus for the uncompensated system 
with full required gain is plotted on Fig. 9-28 as curve A. (No M cir- 



SERIES COMPENSATION OF SERVOMECHANISMS 179 

cles are shown because the scale used does not permit a clear picture.) 
Inspection shows that the use of phase-lead compensation is a possibility 
requiring a phase shift of perhaps 50° over a frequency band located 
somewhere near co = 100 (estimated). The attenuation normal to such 
a phase-shift compensator is appreciable, so that considerable additional 
gain would be required. Also, the resonant frequency would obviously 
be quite high. Neither of these conditions is particularly desirable, and 
so the possibility of using phase-lag compensation is investigated. 



Phase-lag compensation affects primarily the low-frequency portion of 
the locus, and it is desirable to have most of the low-frequency range on 
the plot for preliminary investigations. Therefore, curve B is added to 
Fig. 9-28, using a different scale, and showing the polar locus for unity 
gain. From curve B it is seen that if the system were operated with 
unity gain, it would be badly overdamped and very sluggish. Assuming 
that Mp = 1.5 is desired, the gain which will produce such a resonance 
peak may be determined by the usual gain-adjustment procedure, as 
shown in Fig. 9-28. The gain required is K = 1/0.12 = 8.34, 

If the desired steady-state performance is to be obtained, the low fre¬ 
quencies must be amplified much more than this; by another factor 
if' == 2,000/8.34 — 240. The high frequencies, that is, the range of 
frequencies near and above the point of tangency with the M circle, 
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must not be multiplied by this additional gain or the locus at these fre¬ 
quencies -vnll enter the M circle and increase Mp. Thus the attenuation 
of the phase-lag network must approach a value of ^^40 at a frequency 
of perhaps « = 6 in order to counteract the additional gain. Also, any 
appreciable phase lag at frequencies above w = 6 would rotate the locus 
into the M circle. Thus the characteristics required of the phase-lag 
device are determined roughly. 

Assuming that the phase-lag network of Fig. 9-19 is to be used, the 
preceding information may be applied as follows: 

1. The attenuation of the phase-lag network at w == g lias been deter¬ 
mined, and therefore 

jWi -|- 1 ^ j&Ti -H 1 ^ 1 

j'wTj -t- 1 j 6 t 2 -)- 1 240 

This, however, results in a value of ts/ti, which is impractical, and it is 
decided to use two cascaded filter sections, with a unity-gain isolating 
amplifier between them. 

2 . For the cascaded filter, 

U^i + iy _ 1 

OWj + 1)» (j 6 r* + D* 240 

3. The value of ri must be selected so that there is little phase shift 
produced at« = 6 , and for this reason wi = 1/ti = 6 / 2 ^ == % 6 i i- ®-» 
comer frequency is set at 4 octaves below w = 6 . 

4. From this, n = = 2.67, and the relationship for t 2 becomes 

I(j6r2 + iy\ = 240l[i6(2.67) + 1]*1 
which may be solved for 

r 2 = 41.3 

5. The transfer function of the compensator is 

e. _ (2.67i« + 1)* 
e.- “ (41.3i« + ly 

6 . The direct transfer function of the compensated system becomes 

eo 2,000(2.67i« -|- 1)» 

E (41.3i« + iy(Q.5ju -1- l)(0.25i« -f 1) 

The locus for the compensated system is plotted in Fig. 9-29. An M 
circle for M = 1.5 has been added. It is seen that the compensation 
has accomplished its purpose; M is slightly less than 1.5, and the reso¬ 
nant frequency is about 8.3 rad/sec. 

9-18. General Comments. This chapter has presented in some detail 
the manipulations involved in adjusting s 3 rBtem performance by series 
compensation. Both phase-lead and phase-lag compensation have been 
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investigated. The choice between phase lead and phase lag is seen to be 
perfectly obvious in some cases, but in other cases either might have been 
used. It should also be noted that only one phase-lead network or one 
phase-lag network was used. Many other suitable networks are avail¬ 
able, and the problem of which one to choose is beyond the scope of this 
text. It may be noted in general that phase-lead compensation raises 
the resonant frequency and increases the speed of response while the 
reverse is true of phase-lag compensation. 



The decibel vs. log oj plot is by far the easiest to use for preliminary 
design, especially if asymptotic approximations are utilized for the gain 
curve. The results of such preliminary design should usually be checked, 
however. The decibel vs. phase-angle plot was used mostly to check the 
results of the decibel vs. log co design. The design possibilities of the 
decibel vs. phase-angle plot were not investigated to any appreciable 
extent. 

The polar plot is a convenient way to represent the transfer-function 
data. In particular, it is quite convenient for checking transient per¬ 
formance, since the M circles are easily added. Design of compensation 
on the polar plot is not as convenient as with the logarithmic plots, but 
may be carried out without excessive labor. 
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It should be noted that the methods used for the design of compen¬ 
sation were adapted to the rather simple specifications stated. In many 
cases the specifications are more complicated and more severe. Methods 
for adjusting or compensating a given system to given specifications usu¬ 
ally have to be adapted to the problem at hand. The preceding illus¬ 
trations should serve as a reasonable background which can be expanded 
and modified by experience. 


PROBLEMS 

9-1. The transfer function of an ideali 2 ed system is 


KQ 


10 

0«)* 


а. Using the polar plot, design a d-o phase-lead compensator to stabilize the system. 

б. Determine Mj, and the resonant frequency for the stabilized system. 

9-2. a. Repeat Prob. 9-1, using asymptotic plots. Allow enough phase margin to 
obtain Mp - 2.0 (approximate). 

6. Check the results of part a with M contours. 

9-8. A type 1 system used for static positioning has a transfer function 


KO 


_ 10 _ 

H- l)(0.Zj(a H- 1) 


a. Plot the polar locus. Determine Mp and «r. 

h. What gain must be used if the resonance peak is limited to Mp >-> 1.3? 
c. What gain may be used if a series phase-lead compensator is added, for which 




+1 

0.04^0) H-1 


9-4. A type 1 dynamic-positioning system has a transfer function 


+ l)(0.6i« + l)(0.Uo) -f 1) 

If the permissible velocity-lag error is 6° for a steady-state velocity of 3 rpm, 

а. Determine the required gain, Kj from the decibel vs. log os plot. 

б. If the system is to be critically damped (Mp — 1.0 approximate), must it be 
compensated? 

c. If compensation is necessary, select the required type (phase lead or phase lag) 
and design it approximately on the decibel vs. log w plot. 

d. Check the compensator design with M contours. 

9-5. A type 0 system has a transfer function 


(0.817CO + l)(0.3j« + l)(0.0fii/a) + 1) 

A single phase-lead section of the type shown in Fig. 9P-1 is placed in series to com¬ 
pensate the system. If a = 0.2, and the gain is raised to compensate for the attenu¬ 
ation at low frequencies, 

a. Write the transfer function of the compensated system (in terms of r, the time 
constant of the compensator). 
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&. Study the effect of the phase lead by means of a decibel vs. log a> and phase- 
angle vs. log 0 ) plot. Use at least five values for r. 

c. Select a plot from part b for which you would expect the resonance peak to be 
Mp >-1.5 and check the value by means of both decibel vs. phase-angle and polar 
plots. 



Fig. 9P-1. 


9-6. In the system of Prob. 9-5 the gain must be raised from 30 to 100 to obtain the 
desired steady-state performance; to permit the gain increase, a single phase-lag 
section of the type shown in Fig. 9P-2 is placed in series. 



Fig. 9P-2. 

a. Write the transfer function of the compensated system. 

h. Study the effect of the phase-lag compensation on a decibel vs. log to and a phase- 
angle vs. log <0 plot. 

c. Select one plot from part b and check Mp and Wr on both decibel vs. phase-angle 
and polar plots. 

9-7. The system of Prob. 3-3 is to be operated at 10 rpm with a permissible velocity- 
lag error of 1.0^. The resonance peak is to be limited to 1.5, and it is desired that the 
resonant frequency be between 6 and 7 rad/sec. 

а. Determine the type of compensation required. 

б. Design a d-c filter to accomplish the compensation. 

c. Check the transient specifications on the polar plot. 

9-9. The system of Prob, 3-9 is to operate with a stiffness of 0.1 deg/ft-lb, i. e., a 
torque of 1 ft-Ib applied to the load shaft must not cause the output shaft to move 
more than 0.1®. At the same time, the system Mp must not exceed 1.3. 

a. Compute the gain required to obtain the desired stiffness. 

b. Must the system be compensated to obtain the desired Mp'! 

c. If the answer to part 6 is “yes,” design a d-c filter to accomplish the compensation. 

9-9. The system of Prob. 3-12 is to be operated at a velocity of 15 rpm with a 

permissible velocity-lag error of 0.25® and a resonance peak {Mp) of 1.6. 

o. Compute the required system gain. 

b. Design a d-c filter to compensate the system. 

9-10. The system of Prob. 3-13 is to operate with a stiffness of 0.5 deg/ft-lb. (See 
Prob. 9-8 for explanation.) 

a. What gain is required? 

5. Determine Mp and the resonant frequency. 

c. Design a filter, of the type specified in Fig. 4P-3o, to reduce Mp to 2.0. 

d. Design a filter, of the type specified in Fig. 4P-36, to reduce Mp to 2.0. 

9-11. The asymptotes of a transfer function are: 

—6 db/ootave below 1.3 rad/sec 
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—12 db/octave between 1.3 rad/sec and 14 rad/sec 
—18 db/octave above 14 rad/sec 
At « 0.1, the asymptote has a magnitude of +66 db 

Design a compensator to adjust the system to an Afp of 2.0 without changing the 
velocity-lag error characteristics. 

9-12. The asymptotes of a transfer function are: 

—12 db/octave below 0.36 rad/sec 
—6 db/octave between 0.35 and 4.6 rad/sec 
—12 db/octave between 4.6 and 13 rad/sec 
—18 db/octave above 13 rad/sec 

а. Using the Af-contour chart, determine what range of gain values is possible for 
stable operation. 

б. What is the smallest value of Af, possible in the range of stable operation? 
c. Design a d-c filter network to reduce the minimum ATp to 1.3. 
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CHAPTER 10 


FEEDBACK COMPENSATION 
OF SERVOMECHANISMS 


10-1. Introduction. It was shown in Chap. 9 that the net effect of 
compensation devices (when used in series with the main transmission 
path) is to change the phase shift and attenuation of a system over a 
selected frequency range. There is no reason why this effect must be 
accomplished by placing some device in series with the main amplification 
channel. It is possible and practical to obtain a similar, even an identi¬ 
cal, effect by placing a compensator in paralld with one or more of the 
components in the nxain transmission path. Energy may be fed throu^ 
the compensator in either direction (feedback or feed forward), though 
the design of the compensator is determined by the chosen direction. 
Feedback compensation is more common and is the topic chosen for 
discussion here. 

10-2. Desirability of Feedback Compensation. There are many rea^ 
sons why the addition of one or more feedback loops may be a desirable 
method of compensating a servomechanism. Some of these are listed 
below: 

1 . The input to the compensator is at a h^er power levd. than the 
output, and amplification may not be necessary. 

2. Devices which absorb some power may be used, i. e., low-impedance 
networks. 

3. If the system is not electrical in nature, a suitable series device may 
not be available. 

4. Frequently the feedback compensator is more economical. 

5. Feedback compensation often provides greater “stiffness” against 
load disturbances. 

There are other reasons why feedback compensation may be used. 
Some of these are often peculiar to the application and cannot be readily 
classified. Others are concerned with performance features which are 
beyond the scope of this text. It should not be thought, however, that 
feedback compensation is always more desirable than series compensation. 
In many cases series compensation is quite satisfactory and very economi¬ 
cal, especially in smaU instrument-type servos where it may often be 

1.85 
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superior to feedback compensation, at least from an engineering point 
of view. 

Three Ulustrations of possible applications of feedback compensation 
are shown in the schematic diagrams of Fig. 10-1. These are introduced 
at this point to provide a physical picture of feedback-compensation 
arrangements. Each is treated in some detail later m the chapter. 




Fig. 10-1. Systems using feedback compensation, (o) Tachometer (velocity) feed¬ 
back. (&) Feedback loop in voltage regulator system, (c) Feedback loop with high- 
pass filter. 

10-3. Block-diagram Analysis of Feedback Loops. One result of add¬ 
ing a feedback compensator to a system is to change the system transfer- 
function equation and frequency-response equation. The algebraic 
nature of this change is somewhat more complicated than for a series 
compensator. The net effect is that the analytic design of a feedback 
compensator is made more difficult than that of an equivalent series 
device, and graphical computations are made more complex. It is, 
therefore, desirable to investigate these effects rather generally before 
attempting quantitative computations. 
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Figure 10-2a shows a simplified block diagram for an uncompensated 
single-loop servomechanism. The transfer functions of the individual 
blocks are represented by the symbols KG with appropriate subscripts. 
The transfer-function equation of the system is 

^ ( 10 - 1 ) 

If compensation is required and feedback means are to be used, a feed¬ 
back compensator AiFi might be added, as shown in Fig. 10-26. The 



(o) 



( 6 ) 



ic) 

Fig. 10-2, Block diagram to illustrate feedback compensation, (a) Uncompensated 
system. (6) Feedback compensated system, (c) Detail of feedback loop. 

error-detector symbol at the point where the feedback signal is intro¬ 
duced into the main path may mean either an addition or a subtraction, 
and the equation of the error detector must be known. Negative feed¬ 
back (subtraction) is much more common and is the only type of feed¬ 
back considered in this text. 

The equations for the subordinate loop may be set up from Fig. 10-2c, 

§ = ( 10 - 2 ) 
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9a _ KtGt 

B ~ 1 + K^iAiFx 


(105) 

(10-4) 

(105) 


Equations (10-2) and (105) are, respectively, the transfer functions of 
the main-path component and the feedback component. Equation (10-4) 
is the loop transfer function. Equation (105) is the frequency-response 
function of the closed loop. 

The component transfer functions must be known in order to analyze 
performance, and must be known if A-^Fi is to be designed. How¬ 
ever, it is the loop transfer function and tlm frequency-response function 
which must be used directly with the Nyquist criterion to determine 
whether or not the system is stable. For example, if a polar plot of the 
loop transfer function is made, the closed loop wdl be unstable if the locus 
encloses the — 1 -f- jO point, but it will be stable if the —1 + jO point is 
not enclosed. However, the addition of M and N circles to such a plot 
of the loop transfer function does not directly give the relationship 
between the input signal and the output signal of the closed loop. 

It has been shown that the construction of the M and N circles is 
based on the fact that the vector on the polar plot is KO and the M 
circle is a locus of 

^ ~ [i + “ constant (10-6) 


The N circle then gives the phase angle between da and Ob. When there 
is a component in the feedback path, the loop-transfer-function plot has a 
vector length of and therefore the M circle represents a locus of 


C _ |K,(5',4,Fi| 

B |l -I- JCaGjAiFil 


constant 


(10-7) 


which obviously is not the ratio of output to input. It may be noted, 
however, that Eq. (10-7) is multiplied by the reciprocal of the feedback 
transfer function, the frequency-response function is obtained: 


B B’^C AxFxl -b K^^xFx ~ 1 -t- 

This fact is used to advantage in some of the graphical manipulations 
with feedback compensation. 

Thus, if the transfer functions of all components, including the feed¬ 
back component, are known, the performance of the subordinate loop is 
readily calculated. Analysis of the feedback loop itself is, therefore, not 
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particularly difiScult. AnalyBis of the entire system is somewhat more 
complicated, however, and the design of a feedback loop to produce 
specified performance for the whole system is decidedly more difficult, 
as will be shown. 

It must be realized that the entire subordinate loop (set up by the 
addition of a feedback component) is simply a single series component 
as far as the remainder of the system is concerned. This is indicated in 
Fig. 10-2c by enclosing the entire loop in a broken-line box. The transfer 
function of the box is 


Oo _ KjGt _ 

B 1 -j- KiGtAiFi 


(10-5) 


which is the frequency response of the subordinate loop. The system 
transfer function is thus changed to 


E 


= KiGiK^i 


1 -j- JfiTjGjAiFi 


(10-9) 


The system transfer function of Eq. (10-9) is no longer a simple equa¬ 
tion. The vector at a given frequency can no longer be determined by 
just multiplying magnitudes and adding angles. Instead, a vector multi¬ 
plication and a vector addition are required in the denominator alone, 
and then the denominator must be combined with the numerator. In 
terms of system analysis (when all transfer functions are known), this 
simply means additional labor. In terms of designing the feedback net¬ 
work, however, the complications are serious because the feedback trans¬ 
fer function AiFi is not conveniently separated from the rest of the 
equation, and therefore its contribution to the system transfer function 
is not readily distinguished. 

In designing compensation (either series or feedback), a certain amount 
of trial and error is usually unavoidable. It is therefore desirable to use 
methods which clearly show the effects of altering the compensator. 
There are several methods of accomplishing this for feedback compen¬ 
sation. Two of the methods are: 

1. Use the inverse transfer function and polar plots of this function. 
For example, Eq. (10-9) may be rewritten as 


E 

do 


1 + K^tAiFi 


= + AiFi) 


( 10 - 10 ) 


where the superscript — 1 indicates a reciprocal. Equation (10-10) shows 
that the feedback transfer function may be plotted as a separate curve 
which would then be added to and the result multiplied by the 

inverse transfer functions of the elements outside the subordinate loop. 
The manipulation is laborious, but trends may be established and an 
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optimum result obtained. Note that inverse functions are not adaptable 
to logarithmic computations because of the addition. 

2. In problems of compensation design it is generally true that tho 
transfer function of the uncompensated system is known and the results 
to be obtained by compensation is known. Thus, if it is decided to 
compensate by means of a subordinate loop around a given component, 
the frequency response of this subordinate loop can be specified. Tho 
design problem is thus reduced to one of designing a feedback component 
which will produce a given frequency response between two points in tho 
main transmission path. This problem can be solved by either polar or 
logarithmic methods. 




m 



(c) 

Fia. 10-3. Velocity feedback compensation, (o) Positioning system—schematit*. 
(6) Addition of tachometer feedback, (c) Block diagram of compensated system. 

10-4. Velocity Feedback Compensation—^Type 1 System. In order t< 
illustrate and expand the concepts presented in the preceding sectiona 
several numerical examples are worked out and explained in detail 
Figure 10-3a shows a simplified schematic diagram for a positioninj 
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system which is to be operated with an input velocity signal. The 
steady-state error must be kept small, and so the system gain is high. 
It is desired to introduce damping (i. e., phase lead) to reduce the peak 
overshoot, and it is decided to accomplish this by using a tachometer to 
measure the output velocity and feed back a signal proportional to the 
velocity. The addition of the tachometer is shown in Fig. 10-36, and 
the block diagram is shown in Fig. 10-3c. 

The transfer function of the uncompensated system is 


E juijuTm 1) 


( 10 - 11 ) 


Assume that the gain is 15 and the time constant of the motor is 0.5. 
Then 


flc ^ 15 

E j«(0.5jto -t" 1) 


( 10 - 12 ) 


The polar plot of this transfer function is shown in Fig. 10-4 with M 
circles added. It is seen that the resonance peak is nearly M = 3.0 at 
approximately <a — 5.5. If it is desired to reduce the resonance peak to 
about M B 1.3 without reducing the system gain, then phase-lead com¬ 
pensation may be used. The addition of the tachometric feedback loop 
is to reduce Mp to the desired value. 

Upon addition of the tachometer and isolating amplifier, the system 
transfer function becomes 


K K —izifiHL— 

Oc.. •^XjW,n+l) „„ _ 

ju{jcaTm + 1 ) 

This may be manipulated into 
Oo _ 

E “ j«(jW„ -H 1 + KiKJKt) 


The result of adding the tachometer is simply a change in the gain and 
the time constant of the system. Equation (10-14) has the same form as 
Eq. (10-11) so that special methods need not be used. To illustrate the 
basic principles, however, the desired result will be obtained using both 
the direct transfer function and the inverse transfer function. 

The quantities which must be determined are the tachometer gain, Kt, 
which has dimensions of volts per radian per second, and the gain of the 
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additional amplifier, K, The value of Kt may be increased, if necessary, 
by changing the gear ratio, and may be decreased either by placing a 
potential divider across the tachometer output, or by a gear change. The 
amplifier gain is adjustable also, of course. The restrictions on K and 
Kt are as follows: 

1. The values of K and Kt must be such that K' = 15. 

2. The values of K and Kt must make less than by an amount 
sufficient to produce the desired phase lead. 

There are at least two ways to approach the problem on the polar 
plane. One is to guess the amount of phase shift required at a specific 
frequency and evaluate from this guess; then evaluate Kt and K from 
related equations, checking the result by another polar plot. A second 
method is to rewrite Eq. (10-14) in terms of a new variable, plot the 
resulting equation for unity gain, and set the gain for the specified Mp 
by the usual graphical methods. The values of Kt, and K are then 
determined from the proper equations. Both methods are used here to 
illustrate the techniques involved. 

The first method requires a polar plot of the uncompensated-system 
transfer function as a starting point. Inspection of Fig. 10-4 shows that 
a phase lead of about 30° is desirable at« = 5, where the transfer-function 
angle is 158°. Subtracting 90° for the^w term, the phase angle due to the 
time-constant term is 68°. Therefore, at w = 5, 


tan“’^ 2.5 = tan~' Sr., = 68® 

(10-15) 

and it is desired that 

taii“‘ 0.781 = tan~^ 5r^ = 38® 

(10-16) 

Thus 

1+ KiKmKt ~ 

(10-17) 

„ •■5r„-0.781 

” 0.781i£xii:» 

(10-18) 


In order to evaluate Kt and the values of Ki and Km or their 
product must be known. In general, they would be known, but they 
have not yet been specified for this problem except implicitly in the over¬ 
all gain constant. It has been specified by Eq. (10-12) that 

K,KiKm^l5 - (10-19) 

A common value for the synchro sensitivity is 1.0 volt/deg: 

Kt = 57.3 volts/rad (l(V-20) 

Substituting in Eq. (10-19), 

K^K,. = -P = 0.262 

A, 


( 10 - 21 ), 
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Then, from Eq. (10-18), 
and from Eq. (10-17), 


Kt = 8.4 


4 = 0.1562 


(10-22) 

(10-23) 


The remaining quantity to be determined is K, the gain of the amplifier. 
This may be found by equating the numerator of Eq. (10-14) to the 



desired gain of 15. Thus, 


But 

thus 


KKsKiK^ 

1 + K^KrnKt 


15 


KiK.Kn, = 15 


K 

1 -f- KlKmKt 


= 1.0 


from which K = 3.2. 

The transfer function of the compensated system becomes 


(10-24) 

(10-19) 

(10-25) 


do 15 

E jco(0.1562iw -t- 1) 


(10-26) 


The polar locus for this equation has been added to Fig. 10-4. It may 
be seen that the desired resonance peak of 1.3 was not achieved. From 
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the curve, ikfp >1.5. The reason for this error lies in the original esti¬ 
mate (from Fig. 10-4) that a phase lead of 30° at co = 5 would accom¬ 
plish the desired result. To obtain the desired performance, this estimate 
would have to be revised, and the calculations repeated. 

The second method requires development of the algebra up to Eq. 
(10-14). Then a new variable is defined as 

w = a>r; (10-27) 

Upon substitution of this in Eq. (10-14), 

^ ^ nn- 28 'i 

E + 1) ju{ju + 1) 

Setting the numerator of this equation to unity and plotting results in 
Fig. 10-5. The gain is then set for an M of 1.3, and it is found that the 
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From Eq. (10-14), 
Thus 


and 


0.0926 


K, 


Tm 

1 + KiKJC, 

0.5 

1 + 0.262Kt 

(0.5/0.0962) - 1 5.4 -1 

0.262 0.262 


16.8 


(10-31) 


Finally, from Eq. (10-25), 

_^— = 10 

1 + KxK^t 

X = 14- KiK^i = 1 4- (0.262) (16.8) = 5.4 (10-32) 


Thus all the parameters are evaluated directly without the need for 
trial-and-error procedures. 

10-6. Design of Compensation on the Inverse Polar Plot. The inverse 
transfer function of the system may be used instead of the direct trans¬ 
fer function. To obtain the inverse transfer function, Eq. (10-13) is 
inverted, giving 


E _ joiijorrm 4" 1) _i_ 

Ta^ KK.KiK^ KK. 


(10-33) 


Inspection of Eq. (10-33) shows that the inverse transfer function of 
the compensated system is the vector sum of two terms. The first term 
is the reciprocal of the uncompensated transfer function [Eq. (10-11)] 
divided by the gain of the isolating amplifier. The second term is due 
to the tachometer, but is divided by the gain of the isolating amplifier 
and the synchro sensitivity. It is seen that both terms are divided by 
KK„ and inspection of Fig. 10-3c shows that these terms are the transfer 
functions of the elements outside the compensation loop. 

In this case, the system gain is to be maintained at 15; this is accom¬ 
plished by adjusting K, the gain of the isolating amplifier. It is there¬ 
fore desirable to arrange the system equation so that K appears as a 
factor. This is shown in Eq. (10-34): 


E 1 [jb>{j<isrn + 1) _|_ 

To ~ Kl K.KiK„ K. J 

Inserting the known numerical values, this becomes 


(10-34) 


I- = 1 [0.0667i«(0.5y« +1) + 0.0175j<oK,] (10-35) 

oc K. 

There are two independent adjustments in Eq. (10-34), K and Kt. 
These are to be set so that the system gain is 15 and the resonance peak 



196 ELEMENTS OF SERVOMECHANISM THEORY 

is 1.3. The adjustment Kt is part of a frequency dependent term, and 
thus "will reshape the locus, while K merely adjusts the gain. It is true 
that Kt also affects the gain, but this is a secondary effect. The general 
procedure used to obtain the desired results must be trial and error. 
The locus is reshaped by arbitrarily selecting a value for Kt. The gain 
is set by graphical methods to give Mf = 1.3, and the resulting value is 
checked with the equation to see if the system gain of 15 obtains. This 
is repeated mtil the problem is solved, or at least until a system gain of 
more than 15 is obtained. 

The procedure used in this case is detailed below: 

1. Plot the first frequency dependent term of Eq. (10-35), i. e., the 
term representing the uncompensated system. 

2. Add an inverse M circle for M — 1.3, and draw the ^ line. 

3. By inspection of the plot, estimate the desired effect of the tachom¬ 
eter term at some value of a. Use this estimate to select a tentative 
value for Kt. 

4. Plot the tachometer term. 

5. Add the two terms vectorially. 

6. Use the ^ line for M = 1.3, and construct an inverse M circle to 
set the gain. 

7. Read off the value of K from the plot. 

8. Use Eq. (10-14) for the system gain, and the values of K and Kt as 
determined, to see if the gain reqwrement of 15 has been satisfied. 

9. If the result is not satisfactory, the procedure must be repeated, 
starting with a new value for Kt. 

10-6. Design of Compensation on the Inverse Polar Plot (Continued). 
Returning to the problem of designing the compensation, the procedure^ 
of Sec. 10-5 is carried out: 

1. The plot of the first term in Eq. (10-35) is shown in Fig. 10-6. 

2. An circle for Af = 1.3 has been added to Fig. 10-6, as has the 
V* line. 

3. Inspection of the inverse locus of the uncompensated system in 
Fig. 10-6 indicates that the response peak is considerably greater than 
1.3. The locus of the tachometer term is a straight line along the posi¬ 
tive 90° axis, so that when added to the uncompensated locus it tends to 
move the locus out of the M circle. This is in the desired direction, i. e., 
the natiire of the tachometer effect is what is wanted, but the requirotl 
magnitude of such a shift must be estimated. 

If the magnitude of the compensator vector is selected so as just to 
move the locus out of the M circle, it woifid not be possible to increaso 
the gain without exceeding Mf =* 1.3. This would not be satisfactory, 
because the addition of the compensation vector increases the length of 
each KO~^ vector, which corresponds to a decrease in system gain. Thus 
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a system gain of 15 would not be attained. From the gain-adjustment 
procedure previously discussed, it is seen that the center of the M~^ circle 
must be moved to the left to increase the gain. Thus the locus must be 
raised considerably by the compensation. As a first estimate, the point 



Fro. 10-6. Design of tachometer compensation with the inverse polar locus. 

0 ) — Q should be moved above the \p line, and an assumed length for the 
compensation vector is 1.2 at w = 6. Thus, 


0.0175coif* - 0A050Kt = L2 
"" O05 

and the tachometer term in Eq. (10-35) becomes 0.2ja). 

4. The tachometer term is plotted on Fig. 10-6. 

5. The compensated locus is shown on Fig. 10-6. 

6. The constructed circle is shown on Fig. 10-6. 

7. The center of the constructed circle is at 3.0, and therefore K = 3.0. 

8. From Eq. (10-14), the system gain is 

KK^KiKm 
^ ” 1 + KiKmKt 

where K,KiKm == 15 and KiKm ^ 0.262. Substituting the numerical 
values. 


K' = 11.25 








198 ELEMENTS OF SERVOMECHANISM THEORY 

Thus the desired system gain of 16 has not been attained, and another 
trial must be made. A larger value of Kt should be selected. Com¬ 
pletion of the problem is left to the student. 

One basic difference should be noted between the direct-transfer- 
function, approach and the inverse-transfer-function approach, as applied 
to this particular problem. In the first case, the system gain is set 
directly, and the desired value of M is approached by trial and error. 
In the second case, M is set by the gain adjustment, and the system 
gain is approached by trial and error. It should be noted that in this 
simple case the definition of a new variable, u = cn-m, leads to a direct 
solution from either the direct or inverse plot. This has not been empha¬ 
sized because the purpose of the discussion was to illustrate the methods 
needed on the inverse plot. 

10-7. Design of Compensation Using Logarithmic Methods. When 
feedback compensation is used to adjust system performance, the decibel 
vs. phase-angle plot of the loop transfer function of the minor loop is usu¬ 
ally a convenient starting place, and it will be used to design the tachom¬ 
eter loop of the system under discussion. The procedure is basically 
trial and error, but it has some advantage over the polar methods in 
that the performance of the minor loop is more thoroughly investigated, 
and the effects of adjusting K and Kt are perhaps more apparent. In 
the following procedure the steps outlined are intended as a guide; in any 
specific problem, deviations and additions are usually necessary. 

In general, the procedure to be used is: 

1. Consider only the subordinate loop, and write the loop transfer 
function. 

2. Plot the loop transfer function and a number of M and N contours 
on decibel vs. phase-angle coordinates. 

3. Adjust the gain of the loop transfer function, usually to some pre¬ 
selected value of M. 

4. From the intersections of the locus with the M and N contours, 
determine the loop function KOAF/(X H- KQAF). Plot this on decibel 
vs. log CO coordinates. 

5. Obtain the frequency-response curve of the minor loop by multi¬ 
plying the curve of step 4 by 1/AF, using the decibel vs. log co plot. 

6. Combine the curve obtained in step 5 with the transfer-function 
curves of the components external to the minor loop. Plot the result 
on the decibel vs. phase-angle plot. 

7. Set the system gain to obtain some selected Mp. 

8. Check the steady-state performance. 

In applying the above procedure, certain of the manipulations are peculiar 
to the problem. Where this is so, an effort is made to point out the 
reason. 
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1. From Fig. 10-3a, the loop transfer function of the minor loop is 

A 17 iKmKtjcjO K iKmKt K. jj /1 A o \ 

KbrAt = - 7 - 7 -:-j —77 = ^-i —- (10~OD) 

JOi{JO)Tr„ + 1 ) JWTm + 1 + 1 

Since the gain is to be set in a later step, it is convenient to let Kl == 1.0. 
Then 

KGAF = ^ (10-37) 

joyr^ +1 

2. The locus of Eq. (10-37) is plotted on Fig. 10-7. It should be noted 
that the M values are expressed in decibels, i. e., as the log of the magni- 



Fig. 10-7. Tachometer compensation on the decibel vs. phase-angle plot. 

tude of dc/Oji instead of the ratio (M = 1.3, etc.). This is a more con¬ 
venient notation because the values of the intercepts with the contours 
are to be plotted as logarithmic curves in a later step. 

3. In this step the main problem is to select the value of M to which 
the gain is to be set. For this system the phase angle of the loop transfer 
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function is never more negative than — 90“, and thus can never intersect 
any M contour as great as or greater than M = 0 db. This is not a common 
situation. The •main purpose of selecting a value for M for the minor 
loop is to prevent excessive resonances which usually are possible if the 
minor-loop gain is high. Since such resonances are not possible in this 
case, there is no point in selecting a value for M, and some other criterion 
must be determined and used to set the gain of the subordinate loop. 

In general, setting the minor-loop gain sets the product KA of the 
main and feedback component gains, but does not set the individual 
gains K and A. It is then theoretically possible to use any arbitrary 
values for K and A, provided that their product is an acceptable gain 
and provided also that when the loop is closed the resulting frequency 
response is acceptable. Practically, there may be other limitations on 
the gain constants; there may be a maximum or a minimum possible 
gain for a given component; or the gain of a specific component may be 
fixed either by its physical nature or by some performance requirement 
of the systbm or process. 

In this problem the gain K has two factors, Ki and Km. Of these, 
Km is physically not readily variable; Ki could be varied, but since it 
has not been varied in the preceding sections it will be kept constant 
here, and the product K^Km will be defined as m Eq. (10-21): 


KiKm = 0.262 (10-21) 

Thus, in this problem, setting the minor-loop gain is equivalent to 
selecting the gain of the feedback component, i. e., to selecting the 
value of Ki. Ultimately, the selection of iiTt is a guess, but the guess 
may be guided by considering the over-all problem. 

The purpose of the tachometric feedback is to provide damping, i. e., 
to permit high system gain without excessive overshoot. Since the 
uncompensated system is badly imderdamped (see Mg. 10-4), a fairly 
large value of Kt wdl probably be needed; but the term “large” does not 
indicate the order of magnitude. If the effectiveness of the tachometer 
is investigated with the help of the equations, a preliminary choice for 
Kt may be made. The loop transfer fimction is given in Eq. (10-36), 
and the ratio of the feedback signal to the input of the minor loop is 

KOAF KxKmKt 

1 -t- KGAF ~ 3<^m + 1 + KiKmKt 


If Kt 2> 1.0, so that K\KmKt |jWm + Ij, then Eq. (10-38) reduces to 


KGAF 
1 -f KGAF 


= 1.0 


(10-39) 
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The minor-loop frequency response is then 

KG _ 1 ,, KG _ 1 
1 + KGAF ~ AF^ I + KGAF juKt 


(10-40) 


and the system transfer function is 


K.O. 


KK, _ K, 
juKt ju 


(10-41) 


where K* = KK./Kt. 

Equation (10-41) represents a system with a constant phase angle of 
—90°. Therefore, regardless of the value of K», the phase margin would 
be 90°, and the system would always be overdamped. Thus it is seen 
that too high a value for Kt is possible. 

If is not made very large, then all terms in Eq. (10-38) must be 
retained, and the frequency-response function of the minor loop becomes 


KG 1 .. KJCmKt _ KxKm 

i A-KGAF juKt ^ + 1 + KiKmKt jw(jW»-H 1 +-KiJCmlC*) 

(10-42) 

The transfer function of the system is 


K,G. 


_ KK.KiKn. 

+ 1 + KlKmKt) 


(10-43) 


This equation, of course, is the same as Eq. (10-13), but a somewhat 
different analysis is applied here. Note that the phase lag of the system 
transfer function may be controlled (at one frequency) by the selection 
of Kt. Referring again to Fig. 10-4 for the uncompensated locus, it is 
seen that the resonant frequency, uncompensated, is about w = 6.0. 
Since phase-lead compensation increases the resonant frequency, « « 9 
is arbitrarily selected as a desirable value to use in setting the system 
phase angle. Also, since M = 1.3 is desired, the system phase angle at 
« « 9 should be approximately -130°, and therefore at « =■ 9, ., 

, , • /juTm -h 1 + KjKmKt “ 40°' (10-44); 


Inserting numerical values, 


tan 40° 


COTm 

1 -h KiKnJKt 


0.839 


4.5 

1 •+• 0.262IC. 


Kt = 16.65 

In Fig. 10-7, the locus KGAF was plotted for a gain constant 

KxKJKt = 1.0 

sfece it was known that gain adjustment would be reqxxired. Having 
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determined a value of Kt = 16.65, the gain for KGAF becomes 
KiKmKt = (0.262) (16.65) = 4.35 

and 

20 logio 4.35 = 12.77 db 

Thus the KGAF locus in Fig. 10-7 must be raised through 12.77 db, as 
shown. 



4. The locus of the intersections of the KGAF + 12.77 db curve with 
the M and N contours in Fig. 10-7 is shown in curves A and A' in Fig. 10-8. 

5. The reciprocal of the feedback transfer function is 


AF ~ jccKt ~ 16.65ia, 

On decibel vs. log co coordinates, Eq. (10-45) is a straight line of —6 db/ 
octave slope, going through 0 db at co = 1/16.65 = 0.06. The phase 
angle is constant at —90°. These curves are shown as B and B' in 
Fig. 10-8. Curves A and B are added to get curve C, and A' and B' 
are added to get C'. 

6. In this case the only components external to the minor loop are the 
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isolating amplifier and the synchros. K, is known to be 57.3, and K is 
to be determined. Thus the transffer-function curves of these components 
need not be plotted. Curve C in Mg. 10*8 can be combined with KK, 
simply by adding some number of decibels. The values for curves C 
and C are given in Table 10-1. A column, D, has been added to include 


TABLE 10-1 


0) 

C,db 

C'.deg 

D, db 

2 

-32.6 

-100 

2.66 

3 

-36.5 

-105 

1.34 

4 

-39.6 

-no 

-3.34 

5 

-41.6 

-116 

-6.34 

6 

-43.5 

-118 

-8.34 

7 

-46.6 

-123 

-JO. 34 

8 

-46.6 

-128 

-11.34 

9 

-48.0 

-132 

-12.84 

10 

-49.6 

-136 

-14.34 

12 

-61.6 

-139 

-16.34 

15 

-64.6 

-143 

-19.34 

20 

-69 

-149 

-23.84 

30 

-66 

-161 

-30.84 


the effect of K, which is an addition of 36.16 db. The effect of A is to 
be determined later by gain adjustment. The resulting curve is plotted 
in Fig. 10-7 and is labeled D. 

7. The gain is adjusted by moving D vertically upward and parallel 
to itself. Since the desired resonance "peak is at M = 1.3, the new loca¬ 
tion is made tangent to the M = 2 db contour, because this corresponds 
to M = 1.20, This is shown in Fig. 10-7 also, and it is seen that the 
gain adjustment required was -1-13.5 db. Note that wr = 9. 

8. Curve D' of Fig. 10-7 is replotted on decibel vs. log w coordinates, 
as in Fig. 10-9, to check the system gain. Asymptotes are constructed, 
and the —6 db/octave asymptote extrapolates to intercept the 0-db axis 
at » = 13.2, which means that the system gain is 13.2, and the required 
gain of 16 has not boon obtained. 

10-8. Summary of Tachometric-feedback niustration. In the preced¬ 
ing sections the effect of a tachometric feedback loop was investigated. 
Attempts were made to design the feedback, i. e., select the gain con¬ 
stant of the feedback path, Kt, so that a specified Jlf, and a specified 
system gain could be obtained simultaneously. Various methods were 
used: polar plots of the direct transfer function, polar plots of the inverse 
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( 6 ) 




(rf) 

Fia. 10-10. Schematic and block diagrams for uncompensated and compensated 
voltage-regulated generator, (a) Generator regulated by a feedback loop. (5) 
Block diagram, (c) Compensation by direct feedback, (d) Block <lia. gratw 
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transfer function, and logarithmic plots. The methods involved trial- 
and-error procedures and graphical manipulations. Most of the com¬ 
puted illustrations did not obtain the desired result, but each result 
indicated clearly what should be done in making a second trial. 

10-9. Compensation of a Voltage-regulated Generator by Direct Feed¬ 
back. Figure lO-lOa shows the schematic diagram of a generator which is 
regulated by a feedback loop. The block diagram for the system is 



shown in Fig. 10-106, and from this diagram the transfer function of the 
system is 


6c _ ^0 _ JCKeKg 

E Si — 00 {jc^To + l)0Wff + 1) 


(10-46) 


Assuming that K = 1.0, Ke = 30, Kg = 0.6, = 0.2, and tq = 0.5, this 

becomes 


__ Co __ 18 _ _ 

¥ ^ ““ (0.2ia> + l)(0.5ico + 1) 


(10-47) 


A polar plot of Eq. (10-47) is shown in Fig. 10-11 with M circles added. 

Inspection of Fig. 10-11 shows that the system is appreciably under¬ 
damped. The resonance peak is about Mp = 2.0. In the following sec¬ 
tion it will be shown that the resonance peak can be decreased by means 
of a minor feedback loop. No attempt is made to set and meet specifi- 
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cations. The illustration involves analysis only, i. e., the purpose is to 
show what the effect of the minor loop is, and how the effect may be 
computed from the inverse polar plot. 

10-10. Analysis of a Compensated S 3 rstem with Inverse Polar Loci. 
If a minor feedback loop is added to the system, as shown in Fig. lO-lOc, 
the block diagram is altered, as shown in Fig. lO-lOd. The loop transfer 
function for the minor loop is 


KGAF 


KJKgKf 

(i«r, + l)(juTg + 1) 


(10-48) 


The frequency-response function of the minor loop is 


__ n(Moi 

A? 1 + KBAT O"-. + + 1) + ^ 

The system transfer function is 


K.O. 


KKJ^o 

(jwr. -[- l)(jW„ + 1) -1- KJC,Kf 


and the inverse transfer function is 


(10-50) 




(Jur» + l)(icoT(, + 1) ^ 

KKJC, K 


(10-51) 


The first term in Eq. (10-51) does not contain the feedback term, and 
is seen to be just the reciprocal of the transfer function of the uncom¬ 
pensated system. It is plotted as curve A in Fig. 10-12. The second 
term in Eq. (10-51) is a constant and therefore has a phase angle of 0“. 
It effectively shifts the entire locus along the x axis in the positive direc¬ 
tion. Curves B and C in Fig. 10-12 are for values of Kf = 0.5 and 1.0, 
respectively. 

Inspection of Fig. 10-12 shows that increasing the magnitude of the 
feedback, Kf, decreases the resonance peak and increases the resonant 
frequency. Thus the use of feedback definitely adjusts the transient 
performance of the system. Figure 10-12 does not indicate the effect of 
the compensation on the steady-state performance. This may be deter¬ 
mined by using Eq; (10-50) and letting jos approach zero; then for full 
feedback {Kf = 1.0), 


K.G.Uw^0) 


KKJK„ 18 

1 -t- KJKaKf ~ ms 


0.947 


Thus the use of full feedback decreases the system gain considerably and 
makes steady-state errors large. 

There are two reasons why the steady-state performance is so adversely 
affected by the feedback. The first reason is that essentially all the gain 
is enclosed by the minor loop. The second is that the minor loop feeds 
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back the low frequencies as well as the high, and actually only high- 
frequency feedback is needed to control the transient performance. If 
more of the gain is external to the minor loop, the feedback is less effec¬ 
tive in controlling the transient performance, but it does not affect the 
steady-state performance as adversely. This may be seen qualitatively 
from Eq. (10-51) and Fig. 10-12. Assume that the amplifier gain, K, is 
doubled, and the exciter gain, iCe, is halved. This leaves the uncompen¬ 
sated system gain the same, and curve A in Fig. 10-12 is unchanged; 



Fig. 10-12. Inverse polar loci. 

however, for full feedback, the effect of the compensation is halved [see 
Eq. (10-51)] so that curve B in Fig. 10-12 corresponds to maximum 
compensation, rather than curve C, and it is readily seen that the tran¬ 
sient performance is not as greatly improved. The steady-state per¬ 
formance is slightly better, however. 


= 1.8 


0) - - TTo - 

The improvement in the steady-state performance is not great, and good 
transient compensation with better steady-state performance can be 
obtained by inserting a filter network in the feedback path. 

It would be possible to repeat the studies using logarithmic coordi¬ 
nates. In this case, however, the inverse polar loci give a very clear 
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picture of the effect of the compensation, and so logarithmic methods 
will not be used. 

10-11. Feedback Compensation Using a High-pass Filter. Since the 
use of direct feedback impairs the steady-state performance of the volt¬ 
age regulator, and since at least a portion of the difficulty lies in the fact 
that the direct-feedback connection passes low frequencies, the logical 
procedure is to place a high-pass filter in the feedback path to block the 



low frequencies. Figure lO-lSa shows a schematic diagram of such a 
feedback loop, and Fig. 10-13b shows the block diagram. 

The transfer function of the feedback component is 


AF = K, 


juT 

1 -f- jUT 


(10-52) 


where K/ is the fraction of the output voltage fed back, and t = RC. 
The loop transfer function is 


KOAF __ KJCiKjjur _ 

(jwr, -f l)(jW, -I- l){jorr -|- 1) 


(10-63) 


The frequency-response function of the minor loop is 

1 KOAF _ KJC,ijo>T -f 1) 

AF 1 + KOAF (i«T. -I- l)(jW, -h l)OW +1) + KJK.tKt3m 

(10-64) 
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The system transfer function is 


KQ — _ KKJCg(jur + 1 ) _ 

* * (i«T. + + l)(joyr + 1) + 

and the inverse transfer function is 

nrn\-\ — + 1) i K/jur 

^ + KUo^ + 1 ) 


(10-55) 


(10-56) 


It may be seen that the inverse transfer function of Eq. (10-66) con¬ 
sists of two additive terms. The first term is the inverse transfer func¬ 
tion of the uncompensated system, and the second term is the transfer 
function of the feedback path divided by the gain constant of the ampli¬ 
fier which is external to the minor loop. Thus the effect of the compen¬ 
sator is separated from the equation of the uncompensated system, and 
it is possible to study the effect of the compensation. 

10-12. Analysis of the Effect of the Feedback Filter with Inverse Polar 
Loci. To simplify the computations, and to permit comparisons with 
preceding sections, the constants of the uncompensated system are 
assumed to be the same as in Eq. (10-47). If full feedback is used 
(Kf = 1.0), then Eq. (10-56) becomes 


(2C.(j.)-. « (10_57) 

io Joyr “T i 


The inverse polar curve of the first term in Eq. (10-67) is therefore the 
same as curve A in Fig. 10-12, and is reproduced as curve A in Fig. 10-14. 

The choice of a value of t is a trial-and-error procedure based on 
inspection of the uncompensated-system locus. It may also be desira¬ 
ble to use less than full feedback. To select a value for r, it should first 
be noted that the polar locus of the compensator is a semicircle in the 
first quadrant, with its center on the positive real axis. The low-fre- 
quenoy end of the locus is at the origin, and at« = <» the locus intercepts 
the positive real axis at a value depending on the magnitude of the gain 
constant KffK. The value of t determines the location of the individual 
frequency points on this locus. The compensation vector at any fre¬ 
quency is thus located in the first quadrant, and when added to the 
uncompensated locus will effectively rotate the inverse locus in a clock¬ 
wise direction. This moves the compensated locus out of the region of 
high values of M, decreasing the resonance peak. 

Since it is desired to move the entire locus out of the JIf = 1.3 circle, 
the compensation vector must have appreciable length at the lowest fre¬ 
quency which must be shifted. At higher frequencies the length of the 
compensation vector increases, but its phase angle decreases, and it is 
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necessary to select r so that sufficient displacement of the locus is obtained 
at high frequencies also. In this illustration three values of r are selected: 

r = 1^0 = 0.1 T = K2 = 0.0832 r = Hs == 0.0665 


These values correspond to three of the frequencies which lie within the 
M = 1.3 circle. 

Curve B in Fig. 10-14 is a plot of the compensator locus for r = 0.1. 
Plots for the other values of r could not be added because they fall identi¬ 
cally on curve B but with a different frequency distribution. Curve C 



Fia. 10-14. Effect of high-pass filter on inverse plots, showing the influence of the 
time constant. 


shows the compensated locus for r = 0.1, and curves D and E show the 
resulting loci for r = 0.0832 and r == 0.0665, respectively. 

Inspection of these curves shows that any of the selected rs will damp 
the system so that the resonance peak is less than 1.3; in fact, it is seen 
that M is less than 1.0. It might be possible to obtain a resonance peak 
of 1.3 by selecting a still smaller time constant, but it seems obvious that 
the same effect can be obtained by feeding back a smaller signal. This is 
investigated in Fig. 10-15, where three values of K/ are used and r is kept 
constant at r = 0.0665. 

The curves of Fig. 10-15 show that a reduction in the magnitude of 
the feedback signal is quite effective in producing the desired Mp of 1.3. 
A feedback gain of 2C/ = 0.5 together with the time constant r » 0.0665 
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gives very nearly the desired result. Further changes in. Kf and r would 
permit closer adjustment and some variation in the resonant frequency. 

10-13. Summary of Polar-loci Studies. It has been shown in Secs. 
10-8 through 10-12 that the performance of a servomechanism may be 
controlled by feeding back a signal from the output to some point in the 
main amplification channel. If direct feedback is used, the only vari¬ 
able is the magnitude of the signal fed back. Polar plots of the inverse 
transfer function permit ready interpretation of the effects of such 
feedback. 



Filter networks may be placed in the feedback path to obtain better 
system performance. The use of a high-pass filter has been investigated. 
Polar plots of the inverse transfer functions clearly show the effects of 
such a filter, and the system is readily adjusted to the desired performance. 

10-14. Decibel vs. Phase-angle Coordinates Used in Feedback Com¬ 
pensation. When feedback compensation is used, and also when a filter 
is placed in the feedback path, the feedback gain and the time constants 
of the filter may be determined by the use of a decibel vs. phase-angle 
plot with M and N contours. The selection of the signal to be fed back, 
the location at which it is to be fed into the main loop, and the type of 
filter to be used are determined by preliminary studies or by physical 
reasoning and experience. In the following paragraphs, the system of 
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Fig. 10-13 is studied with a decibel vs. phase-angle plot rather than the 
inverse polar plot so that the student may see the manipujhtions involved. 

1. The equation of the subordinate loop of Fig. 10-13 is 


KGAF = 


_ KeKgKfjiCT _ 

(jcOT, + 1) (jwTfl + 1) + 1) 


(10-58) 


2. In order to plot the loop-transfer-function curve, the gain constant 
KeKgKf is arbitrarily set at 18, which is the value of K,Ko, so that 



Fig. 10-16. Design of compensation with the decibel vs. phase-angle plot. 


= 1.0. It is necessary to select a value for the time constant r (or 
several values may be used). This selection is essentially a guess which 
is guided by experience and by the known characteristics of the uncom¬ 
pensated system and the compensator. In this illustration a value 
T = 0.06 is chosen. The equation to be plotted is 

' KGAF -1.08ja)-^ (10-59) 

l)(0.5ja) -f l)(0.06ia, + 1) ^ 


The decibel vs. phase-angle plot is shown in Fig. 10-16. 

3. The intercepts of the loop-transfer-function locus with the M and 
N contours are plotted on decibel vs. log w coordinates in Fig. 10-17. 
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4. The magnitude and phase curves for the inverse transfer function 
of the feedback component {l/AF) are added to Fig. 10-17. 

5. The curves of step 3 and step 4 are added to give the curve for the 
closed-loop frequency response wMch is 

1 ,, KOAF 
AF ^ 1 -H KQAF 

6. The curve of step 5 is replotted on the decibel vs. phase-angle plot 
of Fig. 10-16 as curve B. No gain adjustment or other modification is 
needed in this case, since the only component external to the minor loop 
is the amplifier with gain K = 1.0. 

The transfer-function curve of the system (in Fig. 10-16) is seen to be 
entirely outside the AT = 0 db contour for the frequencies plotted. This 



a, rad/sec 

Fio. 10-17. Determination of closed-loop frequency response. 


result is comparable to the curves in Fig. 10-13, which is to be expected 
since the systems are nearly identical. 

Thus far the logarithmic methods have been used merely to duplicate 
the results obtained by one of the inverse polar curves. Having obtained 
one set of curves, however, it is now possible to analyze the effects of 
the feedback gain and the time constant. This is done in the following 
sections. 

10-16. Effect of Varying the Feedback Gain. To analyze the effect of 
varying the feedback-gain constant, the decibel vs. log w curves of Fig 
10-17 are most convenient. It may be shown qualitatively that decreas¬ 
ing the feedback gain decreases the system phase margin and thus 
increases Mp and the speed of response. (Quantitative computations 
involve trial and error, of course.) 

That a decrease in the feedback gain decreases the phase margin may 
be seen from the following reasoning: 

1. The system magnitude curve is obtained on Fig. 10-17 by adding 
the decibel curves for 1/AF and KOAF/(I -(- KQAF). If the feedback 
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gain is decreased, the magnitude of l/AF is increased; if the gain is 
halved, the magnitude of \/AF is raised by 6 db. If the term KOAFf 
(1 + KOAF) is not affected by this change, the system magnitude curve 
will be raised by 6 db, moving the gain crossover to a higher frequency 
and certainly decreasing the phase margin. 

2. It is obvious that decreasing the feedback gain also affects the 
KOAF/(I + KOAF) term. However, both the numerator and the 
denominator are changed, and the net result is that the curve is lowered, 
but by a smaller amount than the 1/AF term is raised. Thus the gain 
crossover is moved to a higher frequency. 

3. The phase angle of the system is also affected by the feedback-gain 
change. There is no change in the phase of the 1/AF term, but the 



Fig. 10-18. Effect of varying the feedback gain. 

phase of the KOAF/(I + KOAF) term is made more negative at all fre¬ 
quencies. Thus the system phase-angle curve is made more negative, 
and this also decreases the phase margin. 

To illustrate the effect, the feedback gain is reduced to Kf » 0.6 and 
the curves are recomputed. The loop-transfer-function curve is lowered 
by 6 db. This is shown by curve C in Fig. 10-16. The intersections of 
curve C with the M and N contours are plotted as magnitude and phase 
curves in Fig. 10-18. The phase and magnitude curves for the feedback 
term are then plotted, and the two sets of curves are added. It is seen 
that the phase margin at the gain crossover has been reduced to about 48®. 

The system-transfer-function curve has been replotted on Fig. 10-16 
as curve D, using the data of Fig. 10-18. It is seen that the resonance 
peak is now M — 2.4 db or M = 1.36. The resonant frequency is 
approximately w = 14. These results justify the statement that in this 
case decreasing the feedback gain increases Mj, and the speed of response. 

10-16. Effect of Varying the Feedback Time Constant. Referring to 
the decibel vs. log co plot of Fig. 10-18, changing the feedback time con¬ 
stant affects both the magnitude and the phase-angle curves. If r is 
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increased, the curve for the phase of l/AF is effectively moved parallel 
to itself to higher frequencies. The magnitude curve for l/AF is lowered. 
Both of these effects tend to increase the phase margin of the system 
and decrease Mp. The magnitude and the phase curves for KOAF/ 
(1 + KOAF) are also affected, and the changes in these curves tend to 
counteract the changes in the l/AF curves. 

If the feedback time constant is decreased, the phase curve for l/AF 
is shifted to lower frequencies. The magnitude of l/AF is raised. This 
tends to decrease the phase margin and increase Mp, Again there are 
changes in the KOAF/{I + KOAF) locus which tend to counterbalance 
these effects. Verification of these statements is left to the student. 

10-17. Summary. It has been shown that the transient and steady- 
state performances of servomechanisms may be controlled by minor feed¬ 
back loops. The basic principle is the same as for series compensation, 
i. e., reshaping the transfer-function locus over a selected band of fre¬ 
quencies. The tools best suited to the calculation of feedback compen¬ 
sation are the inverse polar loci and the use of M and N contours on the 
decibel vs. phase-angle plot in conjunction with the decibel vs. log « and 
phase-angle vs. log w plots. 

Several simple illustrations of feedback compensation have been worked 
out numerically. These illustrations were not intended to be practical 
cases, but were inserted to show the manipulations involved. The princi¬ 
ples developed may be readily extended to the analysis and design of 
more complex systems. 

PROBLEMS 


10-1. Tachometer feedback is to be added to the system of Prob. 3-12, as shown in 
Fig. lOP-1. 



Fig. lOP-1. 


а. Draw the block diagram, and derive the algebraic transfer function of the 
system. 

б. From Prob. 3-12, insert the known parameter values. 

c. Assuming Ki — 1 and Kt - 0.01 volt/rpm, plot the polar-transfer-function 
locus. 
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10-2. Using the equation obtained in Prob. 10-16, perform an inverse-polar-locus 
study and determine values for Ki and Kt which permit an Mp of 1.6. Explain how 
the value of Kt may be obtained by physical adjustment of the system. 

10-8. For the system of Prob. 10-1, determine values for Ki and Kt which permit 
an Afp of 1.5. Use logarithmic methods. 

10-4. A servomechanism has a block diagram and transfer functions as shown in 
Fig. lOP-2. 

а. What are the loop transfer functions of the three loops? 

б. Discuss the effects of varying K and Ki. 

10-5. For the system of Fig. lOP-2, make an inverse-polar-locus study of the effect 
of variations in IT on the transfer function across the innermost loop. 



Fig. lOP-2. 


10-6. Repeat Prob. 10-5, using logarithmic methods. 

10-7. For the system of Pig. lOP-2, select two values of K (use the results of 
Prob. 10-5 or 10-6 if worked, otherwise select arbitrarily) and make an inverse-polar- 
locus study of the effect of varying Ki on the system transfer function. Draw con¬ 
clusions if possible. 

10-8. Repeat Prob. 10-7, using logarithmic methods. 
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CHAPTER 11 


INTRODUCTION TO ADVANCED TOPICS— 
LINEAR THEORY 


11-1. Introduction. The purpose of this chapter is to describe, briefly 
and qualitatively, some of the topics in linear servomechanism theory 
which are too advanced for inclusion in the preceding chapters. For 
those interested in further study, a number of bibliographical references 
are noted. 

11-2. Mtiltiple-loop Systems. The treatment of feedback compensa¬ 
tion given in Chap. 10 presents the fimdamental aspects of the use of 

Amplifisr Beater Generator Motor 


“achomster 



Exciter 


Generator 


Motor 



Tachometer 


Fia. 11-1. Speed regulator with multiple feedback, (a) Schematic diagram of speed 
regulator, (b) Block diagram. 

minor loops in improving system performance. Unfortunately, many 
systems are considerably more complicated than those treated in Chap. 
10. As a simple illustration, consider the speed regulator of Fig. 11-la 
and its block diagram as shown in Fig. 11-1&. There is actually only 
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one minor loop, but in the design of this loop there are three parameters, 
the time constant of the RC network, and the setting of each of the 
potential dividers to determine. The problem may be solved by appli¬ 
cation of the methods indicated in Chap. 10, but it is considerably more 
complicated than are the simple feedback loops considered there. 

Many systems utilize more than one feedback loop, and the block dia¬ 
gram may appear as in Fig. ll-2a. The A\F\ feedback component might 
be a tachometer providing velocity feedback for damping purposes. The 




( 6 ) 

Fig. 11-2. Block diagrams of multiloop systems, (a) Simple multiple-loop feedback. 
(6) Coupled minor loops. 

AaFa component might be inserted to compensate for a time lag (large 
time constant) in the forward component KzOz, Such compensation is 
normal, and the procedures involved are straightforward if not simple. 
However, the feedback arrangement at times assumes a configuration as 
in the block diagram of Fig. 11-26. In this case the feedback loops are 
not independent, but are said to be “coupled.'* Mathematical proce¬ 
dures for handling such cases are not self-evident, and little concerning 
them is available in the literature. 

Multiple loops are commonly encountered in the control of aircraft. 
One of the control systems which may be used in aircraft guided from 
the ground is shown in the simplified block diagram of Fig. 11-3. Note 
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that there are three minor loops, feeding back position, velocity, and 
acceleration. Many control systems are considerably more complicated 
than this illustration. 

11-3. Sampled-data Systems. The information supplied to closed- 
loop control systems is not always a continuous function of time, but 
may be intermittent or discontinuous data. For example, in some 
schemes for the remote control of aircraft or guided missiles, a radio 
transmitter in the controlled device sends to the control center the 
required information as to acceleration, velocity, altitude, etc. These 
quantities are measured continuously, but they cannot be transmitted 
simultaneously. Therefore a switching system is used, and the various 
signals are transmitted in a fixed sequence. It may be assumed that there 
are N signals to be transmitted, and for a fixed switching cycle of over-all 


Radio 

\recelver 


Amplifier 


Motor 


Gears 


Control 

surfaces] 


Fitter 


Position 

measurement 


Aircraft 


Filter 


Rate gyro 


Filter 


\Accele'rometer\ 


Fio. 11-3. Block diagram of part of an aircraft control system. 


duration, D, the time allotted to each signal is D/N, Then the acceler¬ 
ation signal (for example) is transmitted for a time interval D/N, and for 
the remainder of the switching cycle, of duration [{N — 1)/N]D, the con¬ 
trol center receives no additional information about the acceleration. 

At the control center each signal from the controlled aircraft is evalu¬ 
ated by a computer. In many cases, the signal may be fed into the 
computer by a servo; in other cases, the computer circuits contain servos 
which must operate on this data. The servo itself may be completely 
linear, but the command signal is discontinuous. The output of the 
servo, however, is to be a continuous signal, and this poses a number of 
interesting problems, among which are: 

1. How can the servo system be designed to give a continuous output 
which closely approximates the original continuous signal (in the con¬ 
trolled aircraft) when the actual input to the servo is only a number of 
samples of this signal? 

2. What influence has the sampling rate (number of samples per 
second) on the servo performance? 
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3. What criteria should be used for the quality of the servo per¬ 
formance? 

4. Does the discontinuous input signal affect system stability? 

There are many other examples of sampled-data systems. In the case 

of radar tracking of targets, the data supplied by the radar signal have a 
aampling rate which depends on the scanning rate of the radar antenna. 
Since the servo drive on the gun mount and the radar-antenna servo drive 
both operate from this data, they are sampled-data servo systems. In 
other cases, servo systems receive their command signal from digital 
computers, the output of which is inherently discontinuous, so that such 
servo systems are sampled-data systems. 

Most of the previously cited examples are concerned with servo sys¬ 
tems in which the discontinuous data are external to the closed loop. 
In such cases the servo system itself can be a linear system. In other 
cases, however, the discontinuous data may originate inside the loop in 
the error channel; such circumstances arise when the error signal must 
be modulated and pulse modulation is used. The servo system itself is 
then nonlinear. 

11-4. Criteria for Best Performance. The primary function of a 
servomechanism is to drive its output in accordance with a command, 
or input, signal. In the ideal case the output should exactly duplicate 
the input. Since it is physically impossible to build a servo which exactly 
duplicates any conomand, the quality of performance obtained is evalu¬ 
ated on the basis of more or less arbitrary criteria. The criteria used in 
this text (which are those most commonly associated with linear servo 
theory) may be sunomarized as follows: The best servo is that system 
which responds to a step-displacement input by driving its output into 
approximate correspondence with the input in the shortest time compati¬ 
ble with a specified maximum permissible overshoot. In this text, the 
criteria have not been applied to a comparative study of different sys¬ 
tems, but rather to the study of the optimum adjustment and compen¬ 
sation of a given system. 

It should be recognized that the command signal to a servomechanism 
wiU seldom be a step displacement, and therefore the transient response 
to an actual input will not resemble the response to a step function. 
Nevertheless, the response to an actual input can be estimated fairly 
wen from a knowledge of the response to a step function, if the input 
signal is continuous. If the input signal is not continuous, as in sampled- 
data systems, the step-function response of the system is not as useful as 
might be desired. Furthermore, if the actual input signal is not solely 
the command signal, but has unwanted signals (noise) combined with it, 
an ideal servo would follow the noise signal as well as the command, 
which is undesirable. For such cases, the criterion stressed in this text 
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is not necessarily a desirable one; what is wanted is a criterion that per¬ 
mits a design method resulting in a servo which follows the actual com¬ 
mand and is not greatly affected by the noise. 

The root-mean-square (rms) error criterion is one which gives satis¬ 
factory results for systems designed to operate in the presence of noise, 
etc. It is not necessarily a better criterion than that previously stated, 
since neither criterion is suitable for all applications, but the rms error 
criterion seems much better suited to the design of systems where there 
is noise in the input signal or in the amplification channel. In brief, 
the rms error criterion states that the best servo is that system which 
minimizes the rms error. Expressed mathematically, this means that 
the best servo is obtained when 


Vjs = j ^E^(t)dt (11-1) 

becomes a minimum. 

For this concept to be useful, it is necessary to develop suitable equsf- 
tions for the command signal, the noise, and the servo-system compo¬ 
nents. It must also be possible to evaluate the integrals without excessive 
labor, and it must be possible to determine the minimum in terms of the 
variable system parameters in order to determine the proper adjustments 
for optimum operation. This has been done,* but a detailed discussion 
is beyond the scope of this chapter. 

A crude explanation of the meaning of the criterion is this: Some com¬ 
promise must be made between the sensitivity of the servo to the com¬ 
mand signal and its sensitivity to noise. Of course, the noise should be 
filtered out as much as possible, but complete elimination is usually not 
practical. The problem then is to design the servo to follow the com¬ 
mand and ignore the noise. Some of this is done naturally, since most 
servos are inherently low-pass filters, and the noise is likely to predomi¬ 
nate at higher frequencies. However, a compensation filter is required 
to minimize the effect of lower-frequency noise. The type of filter 
desired is selected, the system equations (together with the command- 
and noise-signal equations) are formulated, and the rms error is evaluated 
in terms of known numbers and the unknown filter parameters. Further 
manipulation determines a set of filter parameters which make the nns 
error minimum, and these define the best servo. Note that the nature 
of the criterion discriminates very heavily against large errors, since the 
magnitude of the error is squared in the evaluation, and the minimum 
obtained for will be large if any E is large. Note also that the 

* See James, H. M., N. B. Nichols, and R. S. Phillips, “Theory of Servomecha¬ 
nisms,” Chap. 7, McGraw-Hill Book Company, Inc., New York, 1947. 
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criterion is not concerned with the time distribution of the error, but 
only the magnitude. Neither of these conditions is necessarily desirable 
in all servo systenas, A large error is often permissible at times if it is 
eliminated quickly enough, as at the beginning of a transient disturbance, 
while relatively small, but appreciable, errors may be objectionable under 
other conditions. This merely indicates that the rms error criterion is 
not suitable for aH applications; there is no question but that it is suitable 
in many cases. 

11-5. Combined Frequency-domain-Time-dotnain Analysis and De¬ 
sign. In the design of servomechanisms, the ultimate criterion for per¬ 
formance is normally the transient (time) response, yet most design 
procedures use frequency-domain methods. The reason for this, of 
course, lies in the fact that calciilations in the time domain reqixixe solu¬ 
tion of the differential equation, and satisfactory simple design procedures 
do not obtain. The transient response is of such great importance, how¬ 
ever, that considerable work has been done to find short methods for 
computing the roots of higher-order equations, and a number of papers 
have been written on correlations between transient response and fre¬ 
quency response. 

Ideally, the designer would like to work in the time domain, since this 
would provide direct control over the transient response. The direct 
approach to such a design method would be to choose the roots of the 
system characteristic equation, and design the components to produce 
these roots. No satisfactory way to do this has been found thus far. 
Several methods which approximate this direct approach have been 
devised. These methods utilize the fact that the roots of the charac¬ 
teristic equation are related to the poles and zeros of the closed-loop fre¬ 
quency-response equation. If the designer works with the poles and 
zeros, he has readily available both the frequency response and the tran¬ 
sient response, either being obtained by relatively simple calculations. 

One method, developed by John G. Truxal, is summarized briefly in 
this section. A second, the rooHocus method developed by Walter Evans, 
is summarized in the following section. 

Most servomechanisms are designed to be slightly underdamped sys¬ 
tems. The characteristic equation of any underdamped system has at 
least one pair of complex conjugate roots with negative real parts, and 
the frequency response has an identical pair of poles. Because of this, 
the designer may approximate the transient response of the system by 
selecting a pair of poles. The imaginary part of the pole is selected with 
due consideration of the specified speed of response or band width, and 
the overshoots are controlled by selecting the real part of the pole to 
provide the required damping. (Note that any pair of complex conju¬ 
gate poles represents a quadratic equation, and the damping factor, f, 
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is the ratio of minus the real part of the pole to the imagmary part, i. e., 
if the poles are Si = —a + ju and Sa — <r — jwj then f = <r/«.) 

In addition to the transient performance, the steady-state performance 
must be set. This may be done by inserting a zero or a dipole (zero and 
pole close together) on the negative real axis. The location of this zero 
or dipole essentially sets the loop gain, and it also has some effect on the 
transient response and the band -width. 

It is necessary, of course, that the components needed to produce the 
poles and zeros be physically realizable. In order to satisfy this condi¬ 
tion, additional poles may be required; these are usually placed far out 
on the negative real axis. 

From the poles and zeros thus determined, the designer readily obtains 
the closed-loop frequency-response equation and can determine from it 
both the frequency-response curves and transient curves to check against 
specifications. He will also know, in general, the transfer-function equa¬ 
tions of certain components inside the loop which are specified parts of 
the system. The remaining problem, then, is to determine what must 
be added to the system to produce the postulated poles and zeros in the 
frequency-response equation. Normally, either series (cascaded) ele¬ 
ments, feedback elements, or parallel (feed-forward) elements may be 
used. The designer must make a choice in this respect. Then the trans¬ 
fer functions of these components may be derived from the kno-wn equa¬ 
tions. Finally, ph3rsical de-vices (filters, etc.) which have the required 
transfer functions must be designed. 

The preceding paragraphs are a very brief and qualitative summary of 
Truxal’s work. The mathematical justification for the location of poles 
and zeros as well as mathematical and graphical methods for use in design 
are contained in the original work.* 

11-6. The Root-locus Method. The roots of the characteristic 
equation of a closed-loop system can be found from the loop transfer 
function of the system. The root-locus method provides a simple graphi¬ 
cal method for determining these roots, while preserving relationships 
-with the system frequency response. The plots also show clearly the 
effects of adjustments, and indicate what is needed in the way of system 
compensation. Only a brief in-troduction is presented here; more 
detailed discussions are available in the literature. 

To apply the root-locus method, it is necessary to use transfer func¬ 
tions expressed as functions of the complex variable s = <r -|- jw, rather 
than the i maginar y variable ju used in most of this text. However, any 
transfer function used in this text may be converted to the proper form 

*See Truxsl, John G., Servomechanism Synthesis through Pole-zero Configura¬ 
tions, Massachusetts Institute of Technology, Research Laboratory of Electronics, 
Report 162 . 
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simply by substituting a for jo). Further to simplify the algebra used 
here, it is assumed that the feedback is unity, so that the direct transfer 
function is also the loop transfer function. Then the system-function 
equation of a closed-loop system (also called the system function) is 


^ W - 1 4. kG(s) 


( 11 - 2 ) 


The poles of Eq. (11-2) are those values of s which make {dc/0R){s) 
infinite. They are also the roots of the characteristic equation. To find 
these poles, note that the system function becomes infinite when 

KG(s) + 1=0 (11-3) 

This equation may be solved graphically on the s = <r + jco plane. To 
illustrate, assume that the system transfer function is 

I w - + 

[In Eq. (11-4) the factored terms are written in the form s 1 /t for 
convenience.] 

s can be represented as a vector. Therefore Eq. (11-3) is considered 
a vector equation, and is satisfied by values of s which produce a transfer- 
function vector of unit length with a phase angle of exactly 180°. These 
values may be determined by constructing the various KQ^a) vectors on 
the s = ir + ju plane, as .shown in Fig. ll-4a. The poles of the transfer 
function of Eq. (11-4) are 0, — (I/to), and —(1/n), and are shown by 
dots. The zero of Eq. (11-4) is — (l/ri) and is shown with an x. These 
points are used as references to set up the transfer-function vector, and 
ultimately to locate the roots of the frequencyrresponse equation. The 
transfer-function vector, i. e., the value of the transfer function for a 
given value of s, may be found for any value of s, as shown in Fig. ll-4a. 
Any point is located on the plane arbitrarily, and vectors are drawn from 
each of the reference points to this point. These are the vectors s, 
a + l/r., 6tc., as labeled. The angles associated with these terms are 
indicated on the figure. Each vector thus has a magnitude and a phase 
angle, and may be used to evaluate 


a -H l/n 

s(« + 1 /t«)( 8 -1- l/n) 


la + 1/ril 

|al |a -f- I/toI [a -|- l/nl 


/ —#1 — -|- $3 — $4 


(11-5) 


The evaluation is performed by measuring the vector lengths and angles 
and inserting in Eq. (11-5). This can be done for any point on the 
8 plane. Note that this evaluation does not contain the parameter Kt 
of the transfer function. 
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The only points on the s plane which are of interest are those for 
which the net phase angle [as in Eq. (11-6)] is 180®, because only these 
points can possibly make KO(s) = —1. The locus of all such points is 
called the root locus, because the roots of the system function are specific 
points on this locus. There are various ways in which the root locus 




Fig. 11-4. (a) The vector factors of KO(8) on the s plane. (6) The root locus for the 
pole and zero configuration of (a). 

may be determined; in many cases, the approximate locus is easily found 
by inspection. The root locus for the pole-zero configuration of Fig. 
ll-4a is shown in Fig. 11-46, (this locus is a sketch determined by inspec¬ 
tion and is not accurate). 

Since the roots of the system function are known to lie on the root 
locus, they may be found by trial and error, as follows: 
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1. Select a point on the root locus, such as point p in Fig. 11-41). 

2. Draw the vectors as shown. 

3. Measure the lengths of these vectors and form the magnitude 
product, as in Eq. (11-5). 

4. The result of step 3 is a negative number because the phase angle is 
180®, and the magnitude determined by step 3, when multiplied by the 
parameter Ki, must be equal to 1.0 if the point p is a root. 

5. This procedure is repeated until all roots are found, the number of 
roots required being known from the order of the transfer function. 

Assume that these roots are thus determined. The system function is 
then 


' (s 4- ri)(s + r 2 )(« r») 


( 11 - 6 ) 


The output function is 

6c{s) = 


( 8 -|-ri)( 8 -|-r 2 )(s-f-r») 


(11-7) 


The frequency-response curves may be computed from Eq. (11-6), or 
from the graphical plot, and the solution to the differential equation is 
obtained by taking the inverse Laplace transform of Eq. (11-7). The 
details of these procedures are beyond the scope of this text. 

From the preceding discusdon it may be seen that the location of the 
roots on the root locus depends on the value of the gain constant. From 
basic principles it is known that the system is stable unless one or more 
roots lie in the right-hand half of the plane or on the im a g i nary axis. 
It is also known that the damping of a given pair of complex roots depends 
on the ratio of minus the real part of the root to the imaginary part. 
Thus, for a given system, stability and transient performance may be 
determined by inspection of the root location on the plot, and the mathe¬ 
matical computation of the frequency response and transient response is 
thus avoided. Conversely, the gain required for a specified transient 
performance may be computed by arbitrarily placing the complex roots 
on the root locus in such a location that the transient requirements are 
met. Then the gain constant required to produce the root location may 
be computed from step 4 of the procedure outlined for finding the roots. 
If more roots exist, their location would also be changed and should be 
computed. 

In many cases the root locus associated with a given system does not 
permit roots which provide the desired transient performance, and in 
other cases roots which appear satisfactory cannot be used because the 
gain required does not permit proper steady-state operation. In such 
cases the root locus itself must be reshaped. This reshaping requires 
the introduction of additional poles and zeros, corresponding physically 
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to compensation devices. The methods used in these cases are beyond 
the scope of this text. 
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CHAPTER 12 


INTRODUCTION TO ADVANCED TOPICS— 
NONLINEAR SYSTEMS 


12-1. latroduction. The bulk of the mathematical theory pertaiixing 
to servomechanisms is linear theory; that is, it postulates a system which 
can be described by a linear differential equation. Unfortunately, truly 
linear systems do not east, and the results of linear calculations are 
inevitably in error. Many servomechanisms, however, operate in such 
a fashion that the assumption of linearity gives a close approximation 
to actual performance. In many other cases, the existing nonUnearities 
are not excessive, and a linear analysis provides a fairly good first approxi¬ 
mation, final adjustments and compensation being obtained experi¬ 
mentally. In addition, there are many reasons why nonJinearities may 
be deliberately inserted in a closed-loop syntem. 

Simple and accurate methods for the analysis and design of nonlinear 
systems are not available at present. Mathematical tools are gradually 
being developed to overcome this deficiency, aqd an analogue computer 
is extremely helpful. Such tools as are available are primarily intended 
for analysis. Design procedures employing these tools usually require, 
in addition, a good deal of experience, basic physical reasoning, intuition, 
and trial-and-error methods. 

In this chapter the basic nonlinearities which are normally encountered 
are described, as well as a few of the nonlinearities which are sometimes 
inserted deliberately, and two of the most promising methods of analysis 
are introduced. 

12-2. Types of Honlineaiities. Most servomechanisms utilize some 
moving mechanical parts, and many incorporate gear trains. There is 
always some friction associated with such components, and a portion of 
this friction is “static” friction, or stiction. Stiction is that frictional 
force which prevents motion until the driving force exceeds some mini¬ 
mum value. It also causes a moving object to stop, or stick, when the 
velocity reaches some lower limit. When it occurs in servo systems, it 
has objectionable effects; for static-positioning systems, it permits some 
error to exist without corresponding motion of the output, or, if a new 
position is commanded, the system stops, or sticks, when the output is 
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not quite in the desired position. For velocity-operated positioning sys¬ 
tems, there is a minimum velocity of smooth operation; for lower veloci¬ 
ties, the stiction alternately stops and releases the output, causing a 
jumpy or jittery motion which is unsatisfactory. 

When a gear train is used, an effect similar to stiction is possible. If 
the gears are mounted so that their pitch circles intersect instead of being 
tangent, i. e., if the gears are aligned too tightly, they bind. This bind¬ 
ing acts in exactly the same way as stiction, except that in the case of 
eccentricity the binding occurs only at certain points and varies in magni¬ 
tude. Figure 12-la shows the effect of coulomb* friction on the response 
of a servo system to a step-displacement input. Curve A shows the 
linear system response, and curves jB, C, etc., are for increasing amounts 
of coulomb friction. In like manner. Fig. 12-lb shows the effect of 
coulomb friction on the velocity of the servo when responding to a 
step-displacement input. 

If a gear train is too loosely aligned, if couplings and set screws are 
not tight, or if bearings have too much clearance or are worn, it is often 
possible to turn a drive shaft through an appreciable angle before any 
motion is obtained at the output. This effect is called backlash. When 
an error occurs, there is a time lag in the response owing to the fact that 
the drive must take up the backlash before torque can be applied to the 
load. This time lag corresponds to an additional phase lag in the trans¬ 
fer function, with the result that the system becomes less stable. The 
curves of Fig. 12-2 illustrate the effect of backlash on the output position 
and output velocity of a servo when it is subjected to a step-displace¬ 
ment input. Curve a shows the response of a linear system with no 
backlash. Curves b and c show that the presence of backlash produces 
an oscillation of longer duration, ending in a constant hunting about the 
steady-state position. Curve d shows that the presence of excessive 
backlash can make the system completely unstable. 

When there is sufficient backlash to produce a condition of hunting 
(constant oscillation of fixed small amplitude), the systems tend to 
approach that state after any disturbance. Curve e shows that the 
hunting decreases to a constant amplitude after a large disturbance, and 
curve / shows that the oscillation builds uj> to a constant amplitude after 
a small disturbance. 

Another common nonlinearity is saturation. Any physical component 

* Coulomb friction is defined as a constant frictional drag which opposes motion 
but has a magnitude that is independent of velocity. It therefore causes a sticking 
effect, as shown in Fig. 12-la. In practice, however, it is frequently found that the 
force required to initiate motion (overcome stiction) is somewhat greater than the 
force of coulomb friction. Therefore some slight distinction must be made between 
stiction and coulomb friction. 
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Fig. 12-1. (a) Effect of coulomb friction on the output position of a servomechanism 
when responding to a step-displacement input. (6) Effect of coulomb friction on the 
output velocity of a servomechanism when responding to a step-displacement input. 

has a maximum possible output; in general, this is produced for some 
finite input. If the actual input is greater than this known input, the 
component is not able to produce a correspondingly greater output and 
is said, to be saturated. Perhaps the most readily understood example is 
that of saturation in electronic amplifiers. The maximum voltage obtain¬ 
able from an amplifier depends on the magnitude of the plate-supply 
voltage. If a given amplifier has a plate-supply voltage of 300 volts and 
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an over-all gain of 50, one would expect the amplifier to saturate for an 
input signal of about 6 volts. Any input signal greater than 6 volts pro¬ 
duces essentially the same output voltage, and so the amplifier is satu¬ 
rated for any input voltage above 6 volts. Similar phenomena occur in 
generators and motors. If an amplidyne generator is subjected to a 
variable-control field current, the output voltage of the generator is 
approximately proportional to the field current for normal small values 
of current. If larger values of field current are used, the magnetic circuit 
saturates; the output voltage does not increase as rapidly, and the gener¬ 
ator is said to saturate. 

Two types of saturation are found in motors, torque saturation and 
velocity saturation. There is a maximum torque available from a given 
motor. The application of large overvoltages does not increase this 
torque appreciably. Thus, if the system is subjected to a large com¬ 
mand signal, the motor may be driven to nxaximum torque and it runs 
at maximum torque until the error has been sufficiently reduced to return 
the system to linear operation. (Note that linear theory requires a 
torque proportional to the error and does not consider the case of a maxi¬ 
mum possible torque.) Velocity saturation in motors is a somewhat 
similar phenomenon. It is often encoimtered in two-phase motor servos. 
A two-phase motor has a maximum rotational velocity, and when used in 
servo systems it frequently works with a gear train having a large reduc¬ 
tion ratio. A large command signal may reqmre 20 or 30 revolutions of 
the motor shaft to regain correspondence. In a good servo, the two- 
phase motor accelerates to maximum velocity in just a few revolutions. 
Thus, for a large command signal, the motor runs at maximum velocity 
for an appreciable period and is said to be velocity-saturated. This is 
nonlinear operation, since a linear system either accelerates or deceler¬ 
ates during transient operation but has no period of constant-velocity 
operation. 

Figure 12-3 shows the transient response of a velocity-saturated servo 
to a step-displacement input. Curves a and b are for different velocity 
limits. During vdocity saturation the output should run at approxi¬ 
mately constant velocity. On the position vs. time curve this should 
appear as a straight-line segment, i. e., a line of constant slope. It is 
rather difficult to note such an effect on the position curve, but the plots 
of velocity vs. time show the saturation clearly, since the oscillatory wave 
shape becomes approximately flat-topped during the saturation period. 

Stiction, binding, backlash, and saturation may be called incidental 
nonlinearities because they are not deliberate design features, but occur 
either because of poor design, poor selection of components, poor assembly 
techniques, or because of limitations in the specifications which prohibit a 
tnily linear design. In addition to these, there are a number of non- 
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Fig. 12-2. Effect of backlash oa the response of a servomechanism to a step- 
displacement input, (a) System without backlash. (5) System with some back¬ 
lash. (c) With increased backlash, (d) Large amount of backlash, causing instar 
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linearities which are deliberately inserted by the designer to obtain better 
performance from the system. The most common of these deliberate non- 
linearities is the discontinuous, or on-off, application of power. Servos of 
this type are commonly called contactor, or relay, servomechanisms, and 
they include the many types of clutch servomechanisms. Most of the 
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Fig. 12-3. Transient response of a second-order servomechanism to a step-displacement 
input, when operated so that velocity saturation occurs, (a) With low velocity limit. 
(6) With different velocity limit. 


remaining common types of nonlinearities are nonlinear compensators. 
There is no convenient way to classify these at present. They are usually 
special devices designed for a specific system. 

12-3. Contactor Servomechanisms. A contactor servomechanism 
controls its output by applying full corrective power whenever there is 
an error large enough to actuate the contact mechanism. In the case of 
a true relay servo, the error closes a relay which applies full line voltage 
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to a drive motor. For friction-clutch servos, the drive motor runs con¬ 
tinuously at normal speed, and the error actuates a clutch which couples 
the motor to the load. If a magnetic fluid clutch is used, the coupling 
may be gradual but the action is still nonlinear. 

In any of these cases, the servo system usually has fewer parts than 
an equivalent linear servo and thus is cheaper and often easier to main¬ 
tain. The corrective action is usually faster, in the sense that greater 
accelerations and velocities are obtained. There are some definite per¬ 
formance deficiencies, however. If the error detector is made very sen¬ 
sitive, the system never reaches steady state but hunts (oscillates) 
continuously. This is not acceptable in many applications. To elimi¬ 
nate this hunting, the error detector may be made less sensitive by 
adjusting it to have a ‘'dead zone,*' i. e., a range of values of small error 
for which the contactors remain open. This adjustment helps stability 
but decreases the static accuracy, since the exact value of the steady-state 
output is not known, but only the limits within which this output must lie. 

An additional complication lies in the fact that contactor-type devices 
always have a “time lag'' associated with them. Part of this time lag is 
due to inertia effects, i. e., the moving parts have inertia, and therefore 
motion does not begin instantaneously with the application of force. For 
electrically operated contacts, there is an additional time delay due to 
the inductance of the coil winding. When voltage is applied to the coil, 
a build-up of current takes time, and the contacts are not closed until 
the current reaches a definite value. Conversely, when the voltage is 
removed, the current does not drop to zero instantaneously, and conse¬ 
quently there is a delay in opening the contacts. For most relays the 
value of current required to close the contacts is different from the value 
of current at which they are opened. The time-lag effect, of course, is 
included in the total dead zone of the systems, and the fact that different 
currents are required for opening and closing means that the dead zone 
is not symmetrical about zero error. All these factors tend to make the 
servomechanism more oscillatory and also tend to decrease the steady- 
state accuracy. 

An ideal relay servo may be defined as one which has inertia but no 
damping, and for which the relay responds instantaneously, i. e., has no 
dead zone and no time lag. For such a servo it is readily shown that 
the response to a step displacement is a constant-amplitude oscillation, 
the amplitude of this oscillation being twice that of the step disturbance. 
This is illustrated in Fig. 12-4a, which shows curves of position vs. time 
and velocity vs. time. Such a condition is not desirable, and the oscil¬ 
lations may be damped by adding a viscous friction damper. Mathe¬ 
matical analysis shows that the addition of such a damper causes a 
decrease in the amplitude of the oscillation but an increase in frequency. 





Fig. 12-4. Relay servo response to a step-displacement input, (a) Ideal relay, inertia 
load, no damping. (6) With viscous damping, (c) Ideal relay, inertia load, error- 
rate damping, (d) Greater amount of error-rate damping. 
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As a limit, the amplitude approaches zero and the frequency becomes 
infinite. This is illustrated in Fig. 12-46. 

The energy losses in the damper may be eliminated and a better tran¬ 
sient performance obtained by using error-rate damping instead of viscous 
damping. The error-rate damper is used to throw the relay somewhat 
before the system reaches the correspondence point, thus applying full 
power to slow down the output and reducing the overshoot which follows. 
The effect of error-rate damping is illustrated in Fig. 12-4c and d. 

12-4. The Phase-plane Approach to the Analysis of Nonlinear Systems. 
It is common engineering practice to analyze the performance of a device 
by stud 3 dng curves that in some way describe the operation of the device. 
The curves used in the preceding chapters to analyze and design servo¬ 
mechanisms have been transient curves, transfer-function curves, and 
frequency-response curves. These have been used for linear systems 
only. In the case of nonlinear systems, such graphical representations 
need some modification. Transient curves, i. e., plots of position or 
velocity vs. time, are very laborious to calculate for nonlinear systems, 
and are not particularly helpful once obtained. A true transfer function 
does not exist for a nonlinear device, but a type of transfer function, 
known as a “describing function,” may be derived and the basic methods 
of the transfer-function approach used with it. This is discussed in a 
later section. 

Much useful information may be obtained if a plot is made of system 
velocity vs. system position. This is the so-called “phase-plane” plot. 
Such plots can be noade of output velocity vs. output position, and Fig. 
12-5 shows a family of these curves for a second-order servo with various 
amounts of damping. The curves are plotted for a step-displacement 
input. From Fig. 12-5, the maximxim overshoot, the number of over¬ 
shoots and undershoots, and the maximum velocity are readily deter¬ 
mined. Calculation of the time associated with the overshoots, etc., is 
possible, but is beyqnd the scope of this text. 

If a phase-plane plot is made of output position vs. output velocity, 
the result is applicable only to a step-displacement input, since the out¬ 
put position becomes very large if a step-velocity input is used. For this 
reason, it is more common to use a plot of error rate vs. error, since a 
closed-loop system reduces the error to zero or to some small constant 
for any normal input. Thus the phase-plane plot of error rate vs.' error 
is interpretable for a number of inputs. 

The calculation of phase-plane plots is not an easy matter. There are 
at least four methods by which the plot may be obtained: 

1. Write the system differential equation, define a change in variable, 
and express velocity as a function of position. Integrate this equation 
and plot the resulting solution. 
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2. Write the differential equation for the system and obtain time solu¬ 
tions for the velocity and for the position. Eliminate the time variable 
by substituting one equation in the other. 

3. Obtain the differential equation relating position to velocity as in 
method 1, but do not integrate; instead, solve the equation for the iso*- 




Fig. 12-5. (a) Phase-plane plots for a linear second-order viscous-damped servo¬ 
mechanism. (6) Phase-plane plot for a linear second-order viscous-damped servo¬ 
mechanism. 

dines (loci of constant slope of the phase-plane curve) and use a graphical 
construction to obtain the phase-plane curve from the isoclines. 

4. Set up the system, either physically or in an analogue computer, 
and obtain the phase-plane curves with an X-F function plotter, or 
obtain position vs. time and velocity vs. time curves and obtain the phase- 
plane plot from the time curves. 

Any of the methods are readily applicable to linear systems. The first 
and second methods may be used with nonlinear systems if the nonlinear 
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Fig. 12-6. Phase-plane plots for a second-order viscous-damped servomechanism with 
various amounts of coulomb friction. 



Fig. 12-7. Phase-plane plot for a second-order viscous-damped servomechanism with, 
backlash. 

differential equations can be solved. The third method probably applies 
to a larger number of nonlinear systems, and the analogue-computer 
method is limited only by the ability to simulate the nonlinearity. 

Figures 12-6 to 12-9 are phase-plane plots of output position vs. out¬ 
put velocity showing the effects of coulomb friction, backlash, and veloc¬ 
ity saturation. Such curves show clearly the effect of the nonlinearity 
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on system performance, and therefore are valuable for purposes of 
analysis. 

In design work certain additional factors make the phase-plane 
approach helpful; for example, the velocity-saturation limits and torque- 
saturation limits for a given system may be represented by straight lines 
on the phase plane. The us^ of such special techniques is discussed in 
the literature, but is beyond the scope of this text. 

In development work the phase plane offers some interesting possi¬ 
bilities. To illustrate this point, consider Figs. 12-10 through 12-14, all 
of which refer to a relay servo with ideal relay. Figure 12-10 shows the 
phase-plane response of an undamped system to step-displacement inputs 



Fig. 12-8. Phase-plane plot of a second-order viscons-damped servomechanism with 
sufficient backlash to cause instability. 

of various amplitudes, and corresponds to the type of transient response 
shown in Fig. 12-4a. Figure 12-11 shows the response of a viscous- 
damped relay servo to a step-displacement input. Note that the relay 
reversal is indicated by the sharp break in the curve, and that this occurs 
when the output position goes through the desired steady-state value. 

Figures 12-12 to 12-14 show the response of an error-rate-damped relay 
servo to a step-displacement input, and are arranged in the order of 
increasing damping. Note that the relay no longer reverses at the 
desired steady-state position, but rather it reverses before this point is 
reached. Furthermore, the amount by which this reversal anticipates 
the desired position is proportional to the velocity, so that the locus of 
the reversal points is a straight line. As the damping increases, the 
number of overshoots and the magnitude of the overshoots both decrease 
as expected; this is accompanied by an increase in the angle between the 
velocity axis and the locus of relay-reversal points. 
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Observation of these facts might suggest the investigation of a non¬ 
linear locus of relay reversals such as that shown in Fig. 12-14. Such 
nonlinear anticipation has been studied* and the result has been a marked 
improvement in system performance; in fact, such nonlinear compensa- 
tion provides an optimum system, as may be proved mathematically. 





Fig. 12-9. (a) Phase-plane plot of a second-order viscons-damped servomechanism with 
velocity saturation at a fairly high velocity, (h) Phase-plane plot of a second-order 
viscous-damped servomechanism with velocity saturation at a medium velocity, 
(c) Phase-plane plot of a second-order viscous-damped servomechanism with velocity 
saturation at a low velocity. 

12-6. Describing Functions and Their Use. Linear servomechanism 
theory uses transfer functions to describe the characteristics of linear com¬ 
ponents, When a component is nonlinear, its characteristics cannot be 
described by a true transfer function. In the case of most nonlinear 
components, it is possible to write the differential equation describing 

* The author does not mean to imply that the development of nonlinear com¬ 
pensation for relay servos was actually prompted by a scries of curves such as those 
discussf 1. 




Fig. 12-11. Phase-plane plot for the output response of a relay servo to a step-dis¬ 
placement input; ideal relay and viscous damping. 





Fig, 12-13. Relay servo with increased error-rate damping. 
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their performance, but the solution of this equation is laborious and the 
results are seldom worthwhile from a design point of view. What is 
desired is a means of applying the sinusoidal frequency-response tech¬ 
niques, and the most satisfactory approach to this seems to be the use 
of a describing function to describe the important characteristics of the 
nonlinearity. 

When a sinusoidal input is applied to a nonlinear component, the out¬ 
put is not a pure sine wave. Furthermore, for a given component, the 
output wave shape depends on the frequency of the sinusoidal input and 



Fig. 12-14. Relay servo with large amount of error-rate damping. 


also on the amplitude of the input. The output wave can be treated by 
Fourier analysis and described as a fundamental harmonic with various 
higher harmonics. The fundamental frequency is obviously that of 
the input sine wave, but its amplitude and phase may be different. A 
describing function may be defined as a function relating the fundamental 
frequency of the output to the input frequency for all positive frequencies 
and for all practical values of input amplitude. Such a function obvi¬ 
ously does not describe the nonlinear component completely, and its use 
in the analysis and design of nonlinear servomechanisms is justified only 
because of the physical nature of normal servos, which, in brief, is that 
of a low-pass filter. In simple terms, the fundamental frequency in 
the nonsinusoidal output is usually larger in amplitude than any higher 
harmonic, and the servo system filters out the higher harmonics anyway; 
thus a good approximation may be obtained by using the fundamental fre- 




NONLINEAR SYSTEMS 245 

quency in the Fourier series for the output wave as a means of describing 
the characteristics of the nonlinear component. 

The derivation and application of specific describing functions are 
beyond the scope of this text, but describing functions for relays, back¬ 
lash, hysteresis, saturation, dead space, and other common nonlinearities 
may be found in the literature. The procedure used in applying such 
describing functions is reasonably simple; they are used in the transfer- 
function equation in the same manner as any other transfer fxmction, 
and the ‘‘appropriate’’ curves are plotted and interpreted. 

The curves to be used in conjunction with describing functions are, 
basically, the same curves used in the analysis and design of linear sys¬ 
tems. There axe a few additional complications, however. When a 
describing function is used, the resulting system transfer function gives a 
family of curves rather than a single locus, because the describing func¬ 
tion itself depends on the amplitude of the signal as weU as its frequency, 
and a separate transfer-function curve is obtained for each amplitude of 
input signal. It is possible to plot a family of polar transfer-function 
curves and check stability and transient performance by relating these 
curves to the —1 + jO point. This, however, is unnecessarily laborious 
in most cases. It is normally possible to draw a polar transfer-function 
locus for a unit amplitude signal. Then draw a second locus determined 
from the describing function which is a locus of stability points. Analy¬ 
sis and design then proceed from an interpretation of these two curves. 
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TABLES OF NUMERICAL DATA 


TABLE I-l 

Jkr-CIRCLE DATA FOR POLAR PLOTS 


M 

Contor 

Radius 

^ sin”i l/M, 
deg 

0.6 

0.333 

0.67 


().(> 

0.66 

0.94 


0.7 

0.96 

1.37 


0.8 

1.77 

2.22 


0.9 

4.26 

4.74 


1.0 

00 

00 

90 

1.1 

-6.77 

6.24 

66 

1.2 

-3.27 

2.73 

66.6 

1.3 

-2.46 

1.88 

60 

1.4 

-2.04 

1.46 

46 

1.6 

-1.80 

1.20 

42 

1.6 

-1.C4 

1.03 

39 

1.7 

-1.63 

0.90 

36 

1.8 

-1.47 

0.84 

34 

1.9 

-1.38 

0.73 

32 

2.0 

-1.33 

0.67 

30 

2.6 

-1.19 

0.48 

23.6 

3.0 

-1.12 

0.38 

21 

3.6 

-1.10 

0.34 

16.6 

4.0 

-1.07 

0.266 

14.6 

4.6 

-1.06 

0.234 

12.8 

6.0 

-1.04 

0.208 

11.6 
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TABLE 1-2 

AT-CIRCLE DATA FOR POLAR PLOTS 
(All centers at a; = — ^) 


Phase angle 
N, deg 

Center y 
coordinate 

Radius 

Phase angle 
N, deg 

Center y 
coordinate 

Radius 

0 

00 

00 

- 70 

-0.18 

0.531 

- 6 

-6.73 

5.76 

- 75 

-0.134 

0.518 

-10 

-2.84 

2.88 

- 80 

-0.087 

0.508 

-15 

-1.84 

1.90 

- 90 

0.000 

0.500 

-20 

-1.37 

1.46 

-100 

0.087 

0.606 

-26 

-1.07 

1.17 

-no 

0.18 

0.631 

-30 

-0.866 

1.00 

-120 

0.29 

0.577 

-35 

-0.714 

0.872 

-130 

0.42 

0.656 

-40 

-0.696 

0.775 

-140 

0.696 

0.775 

-46 

-0.6 

0.707 

-150 

0.866 

1.000 

-60 

-0.42 

0.666 

-160 

1.37 

1,46 

-65 

-0.36 

0.61 

-170 

2.84 

2.88 

-60 

-0.29 

0.577 

-180 

00 

00 

-65 

-0.223 

0.548 





TABLE 1-3 

CONVERSION FROM M IN DECIBELS TO M RATIO 


M, db 

M ratio 

Af, db 

M ratio 

M, db 

Af ratio 

60 

1000.0 

5 

1.78 

- 4.0 

0.63 

60 

316.2 

4 

1.588 

- 6.0 

0.562 

40 

100.00 

3 

1.412 

- 6.0 

0.500 

36 

66.23 

2 

1.26 

- 8,0 

0.398 

30 

31.62 

1 

1.12 

- 9.0 

0.354 

26 

17.78 

0.5 

1.06 

-10.0 

0.316 

20 

10.0 

0.0 

1.00 

-12.0 

0.261 

16 

6.623 

-0.5 

0.946 ’ 

-15.0 

0.178 

12 

3.99 

-1.0 

0.894 

-18.0 

0.125 

9 

2.82 

-2.0 

0.796 

-20.0 

0.100 

6 

2.00 

-3.0 

0.707 
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TABLE 1-4 

DATA FOR M CONTOURS 


Phase angle, 
deg 

M = 1.0 db, 
decibels 

Phase angle, 
deg 

M = 1.0 db, 
decibels 

-180 

19.2 

-120 

2.6 

-170 

19.1 

-125 

0.6 

-160 

18.5 

-130 

-0.8 

-150 

17.9 

-140 

-2.7 

-140 

16.5 

-150 

-4.2 

-130 

14.5 

-160 

-4.8 

-125 

13.0 

-170 

-5.3 

-120 

10.6 

-180 

-5,6 

-117 

6.5 




TABLE 1-4 

DATA FOR M CONTOURS 


Phase angle, 
deg 

M = 2db 

Phase angle, 
deg 

iW - 3db 

Phase angle, 
deg 

M = 4db 

-180 

13.7 

-180 


-180 

8.6 

-170 

13.5 



-170 

8.3 

-160 

13.0 


9.7 

-160 

7.8 

-150 

12.0 

-150 

8.3 

-150 

6.3 

-140 

10.5 

-145 

7.7 

-146 


-130 

7.2 

-140 


-141 

2.2 

-128 

4,5 

-135 


-146 

-0.6 

-130 

1.5 

-140 

-0.6 


-2.0 

-140 

-1.8 

-145 

-1.9 

-160 


-150 

-3.4 


-2.7 

-170 


-160 

-4.3 


-4.0 



-170 

-4,8 


-4.4 



-180 

-5.1 


-4.8 




TABLE L4 

DATA FOR M CONTOURS 


Phase 

angle, 

deg 

K - 5db 

Phase 

angle, 

deg 

M - 9db 

Phase 

angle, 

dog 

« 6db 

Phase 

angle, 

deg 

M - 12 db 

-180 

7.0 


3.8 

-180 


-180 

2.5 

-170 

6.8 

-175 

3.7 

-170 

5.7 

-175 

2.3 


6.0 


3.5 


4.8 

-170 

1.9 

-155 

5.3 

-165 

2.8 

-155 

3.9 

-166 

0.2 

-150 

4.0 

-160 

1.5 

-150 


-170 

-1.2 

-147 

1.2 

-159 


-155 

-1.5 

-175 

-1.8 


-0.7 

-160 

-0.2 

-160 

-2.3 

-180 

-1.9 

-155 

-2.2 

-165 

-1.6 

-170 

-3.4 




-2.7 

-170 

-2.2 

-180 

-3.7 



-170 

-3.5 

-176 

-2.4 






-3.9 


-2.5 




























, decibels 
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Fig. 1-1 . M-iV-coatour chart. 
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SERVO COMPONENTS 


n-1. Introduction. Servomechanisms and other feedback control sys¬ 
tems are used in so many fields of endeavor and have such a variety of 
physical natures that any attempt to list and describe all the components 
in use would require a complete book. Consequently, this appendix is 
restricted to a relatively small number of the components encountered in 
practice. 

The components selected for inclusion are primarily those most com¬ 
monly available in a college laboratory, since this text has been prepared 
for courses at the college level. The discussion is reasonably complete 
for those components which are standardized, but where considerable 
design variation is likely, only the general aspects are presented. A 
more detailed discussion of components is available in “Servomechanism 
Analysis” by Thaler and Brown (McGraw-Hill Book Company, Inc., 
New York, 1953), and references to the literature are made at appro¬ 
priate points. 

n-2. Error Detectors. In all feedback control systems some com¬ 
parison is made between the output quantity (controlled variable) and 
the input quantity, or coimnand signal. The device used to effect this 
comparison is conunonly called an error detector, because it usually sub¬ 
tracts the two quantities being compared, thus producing a difference, 
or error, signal. In a true servomechanism, the quantities to be com¬ 
pared are normally mechanical positions, and three of the most conunonly 
used error detectors arc: 

1. A synchro generator and control transformer 

2. Two potentiometers 

3. An E transformer 

II-3. Synchros. The physical appearance of a synchro is similar to 
that of a small synchronous motor. Its stator is woimd, having three 
coils with centers oriented at 120®. The rotor has only a single coil 
(except in the case of synchro differentials). This single coil is distributed 
in slots if the synchro is a control transformer, but is a concentrated 
winding on an H- or dumbbell-shaped rotor if the synchro is a generator 
or motor. 
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Synchros are never used singly except to generate test signals. They 
may be used in pairs, such as a synchro-generator-synchro-motor combi¬ 
nation, or a synchro-generatoivsynchro-control-transformer combination. 
They may also be used in greater numbers, as in the case of two or more 
motors being driven by a single generator, or of a synchro differential 
unit used with two generators or a generator and a motor. The synchro 
motor and synchro differential are not discussed here, but the generator 
and control transformer are explained in the followng paragraphs. 

The synchro generator is a device used to produce a set of voltages 
which describe accurately the angular position of its shaft with respect 
to its stator. This is accomplished by exciting the rotor coil from a 
single-phase supply. The current in the rotor coil sets up an alternating 
magnetic field which induces a voltage in each of the three stator coils. 
The three induced voltages are in time phase, but their magnitudes 
depend on the orientation of the coils in the magnetic field. 

If the shaft of the synchro is rotated, each of these voltages changes, 
and a plot of voltage vs. the angular position of the shaft shows that the 
variation of each voltage is sinusoidal. The maxima of these voltages 
are displaced 120® around the circumference of the synchro. The wave 
pattern is exactly that of a three-phase voltage supply, except that the 
abscissa is shaft position rather than time. Thus, any set of three coil 
voltages describes the angular position of the rotor shaft. 

The synchro control transformer is a device designed to operate in con¬ 
junction with a synchro generator in such a way that it produces a single 
voltage which describes the angular difference in position between its 
shaft and that of the synchro generator. If the stator windings of a 
synchro control transformer are connected to the stator winding of a 
synchro generator, the voltages in the stator windings of the generator 
drive currents through the stator windings of the control transformer. 
These currents set up a single-phase magnetic field in the rotor of the 
control transformer. If the two machines are identical in construction, 
the magnetic field produced in the control transformer is identical with 
that in the generator. 

In general, the magnetic field in the control transformer induces a volt¬ 
age in the rotor winding. However, if the rotor winding is properly 
designed, there are two angular positions of the rotor shaft for which the 
induced voltage in the rotor is zero, and these positions are separated by 
180®. Either of these positions may be used as a reference, i. e., when 
the control-transformer shaft is so oriented that there is no voltage across 
the rotor terminals, the generator and rotor are said to be ''zeroed.^' 
If the shaft of either machine is moved, a voltage appears at tJtie terminals 
of the rotor of the control transformer. For small angles, up to 10® or 
15®, the magnitude of this voltage is directly proportional to the dis- 
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pliuwmont, or “(srror,” between the shafts, and the sy^lchro-generato^- 
contrel-transformer combination may be considered a linear error 
lictwtor. 

An error deteeU>r must not only produce a signal proportional to the 
magniliule of thts error, but it must also indicate the sense, or direction, 
of the error. The Hyneliro-generator-control-transformer combination 
il<K*H this i>y tt phase reversal of the voltage; that is, the voltage pro- 
(luee<l by a ebx'kwiao <lisplaeemeut of cither shaft is 180“ out of phase 
with the voltage prtsluctid by a counterclockwise rotation of that shaft. 

In onler to use the synehro-genorator-control-transformer combination 
as a position error detector, it is necessary that proper zero alignment be 
ol>tained by iuijustmeut. Either the generator or the control trans¬ 
former may i>e shafted to the output, and the other unit used as an input; 
the referein^e adjustment may be made at cither unit. 

The ciMitroller into which the error voltage is fed must be phasc- 
si-insitive, i. e., it must be cai)al)lo of reversing its output when tho phase 
of the error voltage reverstw. finally, the error signal must be fed into 
the contndler in proper phase, i. o., in such a manner that the output 
prcMlucitd by the system tends to reduce the error. 

In fliimo applications a servomechanism using synchro error detectors 
may l>« retjuired to operate at constant or nearly constant velocity, 
linder such conditions the rotor-induced voltage contains a component 
due to tho veUxdty of tho rotor. This component of voltage is not 
r«datc<l to the |)osition error. It is in time quadrature with tho true 
error voltage and is commonly called a “speed voltage.” Because it is 
in time <|ua<lrature with the error voltage, it normally does not contribute 
directly to the operating characteristics of the system, but it may cause 
sattiration in some components in tho controller, with consequent 
impaircil iwrformance. 

It should bo noteti that tho synchro-generator-control-transfomer 
combination is also a transducer, in that it subtracts two mechanical- 
shaft positions and converts this difference into an electrical voltage. 
('tmsiMiucnUy, there is a ctmversion factor associated with this change, 
'rhis faidor is known as the synchro-sensitivity constant and is normally 
oxpnwMxl In voUM-per-ra«lian error. It is a necessary factor in computing 
the system gmn. 

XI-4. Potentiometers as Error Detectors. Two potentiometers may 
be eonnwtwl, as in Kig. 11-1, and uho<1 to produce a voltage proportional 
to the angular |Misiti<m iKitween tho potentiometer shafts. Tho voltage 
may be either a-<* or d-c, as desired. Note that, if the two pickoff brushes 
aw^ at the same jM^riM'iitage travel from ono end of tho potentiometers, 
th<*re is ?.i*ro jxttential difference between them. Displacement of either 
shaft pnsluccs an error voltage proportional to tho percentage displace- 
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ment. If a d-c voltage is used, the polarity of the voltage depends on 
the direction of displacement^ and if an a-c voltage is used, there is a 
180° phase change about the null point, as in the case of synchros. 

Certain factors must be considered in the selection and use of potenti¬ 
ometers for error detectors. Wire-wound potentiometers are usually 
preferred because they can be made with greater linearity and because 
their characteristics do not change appreciably with time. Good mechan¬ 
ical design is important m reducing friction drag and must also be con¬ 
sidered in terms of the operating life of the potentiometer. Wire size 
determines the ultimate accuracy available, since the voltage variation 
is not continuous but changes in discrete incremental steps as the pickoff 
brush moves from wire to wire. The mechanical travel of a potenti¬ 
ometer is limited. If stops are used in the potentiometer, the brush arm 

may be bent or broken by overshoot¬ 
ing. When stops are not used, me¬ 
chanical damage is avoided but 
overshooting may cause loss of syn¬ 
chronization or calibration. Where 
the load shaft must rotate through 
more than one revolution, helical 
potentiometers may be used. This 
permits extended travel but, in gen¬ 
eral, decreases the error-detector sen¬ 
sitivity, i. e., the error voltage per unit angular displacement between 
shafts. 

Note that the connections shown in the circuit of Fig. II-l are not 
necessarily ideal. The error detector may be set up and used exactly as 
shown, but certain other factors must then be considered. The error 
voltage would normally be fed into an electronic amplifier. If typical 
amplifier design is used, one of the input terminals will be grounded. If 
this is so, the voltage supplying the potentiometers cannot be grounded. 
Since circuit design varies considerably, no additional comments are 
made here. 

n-6. The E Transformer. When small angular displacements are to 
be measured, and it is desired to eliminate frictional effects, an E trans¬ 
former is a useful error detector. Devices of this type are often used in 
gyroscopes, and a sketch is shown in Fig. II-2. The transformer is a 
laminated-iron structure shaped like a letter E, as shown. A coil is 
wound on each leg, and the coils on the outside legs should be identical. 
An alternating voltage is applied to the coil on the center leg, and it sets 
up a magnetic field which passes through the air gap to the keeper bar 
and back to the outside legs. To use the device, the E magnet and the 
keeper bar must be fastened to the two members between which the dis- 
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placement is to occur, and the keeper bar must be lined up mechanically 
to be parallel to the faces of the E-magnet fingers. The amount of air 
gap permissible depends on the design of the E transformer. Additional 
alignment is required to center the keeper bar when the system is at 
zero error. 

The operation of the E transformer is as follows: When the keeper is 
parallel and centered, the magnetic-field pattern is symmetrical about 
the center leg, and so the voltages induced in the two end coHs are 
identical. The coils are then connected bucking, so that the error volt¬ 
age is zero. The mechanical displacement must be such as to move the 
keeper across the face of the E mag¬ 
net while maintaining the parallel 
relationship. Such motion increases 
the reluctance of the air gap over one 
end pole, thus reducing the induced 
voltage in the coil on that pole. The 
two induced voltages are then differ¬ 
ent in magnitude; hence they do not 
cancel out, and a net error voltage is 
obtained. Directional sensitivity is 
obtained by a 180° phase shift at the 
null point. By proper design the 
magnitude of the error voltage is made 
directly proportional to the displacement for a limited range of travel. 

II-6. Servo Amplifiers. Quite a large number and variety of amplify¬ 
ing devices are used as servo amplifiers. These include rotating ampli¬ 
fiers such as the amplidyne, Rototrol, and Regulex; hydraulic amplifiers; 
magnetic amplifiers; and many typos of electronic amplifiers. A detailed 
discussion of these is impractical here,* and the following brief remarks 
are limited to electronic amplifiers. 

Electronic amplifiers built for servo applications may be classified 
roughly as d-c or a-o amplifiers. In general, they are essentially the 
an-mA as amplifiers built for any instrumentation or audio work. The 
d-c amplifiers normally need an output with reversible polarity and must 
acc^t input signals of reversible polarity. These requirements may 
result in a few circuit modifications, but otherwise the design procedures 
follow standard practices. The a-c amplifiers normally are designed for 
single-frequency operation, usually at 60 cycles or 400 cycles. Their 
pass band seldom exceeds about 15 per cent plxis or minus about the 
carrier frequency, and the frequency-response characteristics are readily 
specified to be essentially constant gain and constant (but not necessarily 

* See Thaler, Q. J., and R. 0. Brown, “Servomechanism Analysis,” McGraw-Hill 
Book Company, Ine., Now York, 1963. 
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Fio. II-2. E transformer for position 
error detection. 
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zero) phase shift over this pass band. These specifications are easily met 
with normal amplifier design techniques. The only additional specifi¬ 
cation might be that of phase sensitivity, i. e., the output must reverse in 
phase when the input phase reverses. This is easily accomplished. 

One way to obtain phase sensitivity is to apply an alternating-plate 
voltage. The usual procedure is to use two output tubes connected to 
the a-c plate supply so that both tube plates are driven positive simul¬ 
taneously. The grids, on the other hand, are fed 180® out of phase. 
For an input signal of given phase, the grid and plate of one tube are 
driven positive, whdle in the other tube the plate is driven positive and 
the grid is driven negative. The plate current from one tube is thus 
much greater than that from the other. For a 180® reversal of the input 
signal, the operation of the tubes interchanges, thus providing phase 
sensitivity if a suitable load circuit is used. When operated in this 
fashion, the output wave shape is not a good sine wave. However, 
most servo loads are essentially low-pass filters so that nearly linear 
operation is obtained. 

In some applications the error detector provides a low-level d-c signal. 
Since high-gain d-c amplifiers often are troublesome, a chopper, or syn¬ 
chronous vibrating switch, may be used to convert the d-c signal to 
alternating current. Then a normal a-c amplifier may be used to raise 
the level. If the servo load requires alternating current, no other modi¬ 
fications are necessary. If the servo load requires d-c power, then the 
output of the a-c amplifier must be rectified. Normal rectifier circuits 
may be used, but they may produce undesired attenuation. A second 
chopper is often employed as a rectifier by synchronizing it to chop as 
the a-c voltage goes through zero, thus inverting the negative half wave. 
WTien BO used, the chopper is usually located in a low-current stage since 
the contacts normally cannot handle more than a few milliamperes. 
Power amplification is then handled in a single d-c stage. 

n-7. Compensation of A-C Servos. As is clearly shown in the text, 
transient-performance diflficulties may be compensated for by introducing 
a device which produces a phase lead at the higher frequencies in the 
pass band of the servo, but the attenuation accompanying this phase 
lead is normally undesirable and must be counteracted by a gain increase. 
Steady-state-performance errors may be compensated for by introducing 
a phase-lag device in which the desired characteristic is attenuation at 
high frequencies, the attendant phase lag being an undesirable feature 
which must be accepted by the system. 

These features are general, applying to both d-c and a-c servos, and 
the desired effect may be obtaiaed by introducing cascaded elements in 
the main transmission chaimel or by feedback devices. The illustrations 
in the text were restricted to d-c systems, and only simple filter networks 
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were used. Various other networks for d-c servo compensation are dis¬ 
cussed in the literature, but they are beyond the scope of this text. In 
the case of a-c servos, the basic compensation problem is the same, but 
the circvdts used are necessarily somewhat different. 

If a sinusoidal command signal is applied to an a-c servo, the voltage 
wave shape in the error chaimel is that of a modulated wave; more spe¬ 
cifically, it is that of a suppressed-carrier modulated wave. In terms of 
physical reasoning, a phase-lead compensator should produce phase shift 
in the envelope of the wave, not in the carrier. For phase-lag compen¬ 
sation, additional attenuation should be inserted for high-frequency com¬ 
mand signals. The mathematical equations for the suppressed-carrier 
modulated signal describe it in terms 
of sideband frequencies. In terms 
of sidebands, phase-lead compensa¬ 
tion is accomplished by producing 
phase shift at the upper sideband 
frequencies, and steady-state errors 
require attenuation of the upper 
sideband frequencies. 

A simple and effective method for 
accomplishing this is to demodulate 
(rectify) the error signal, obtain the 
desired compensation with a d-c 
filter network, and then remodulate. 

A convenient and satisfactory way 
to do this is with two choppers; one 
rectifies the a-c signal by chopping 
at the zero-voltage point, and the 
second chopper converts the signal 
back to a-c after it has passed through the d-c filter. Although this 
method is effective, it is expensive; in addition, choppers may not be 
permissible in some applications. It is therefore desirable to attain the 
same result with a network which will operate directly on the a-c error 
signal. 

Little work has been done on a-c networks for steady-state error com¬ 
pensation, but a-c phase-lead compensation networks have been devised. 
The networks used for such compensation are in general single-frequency 
rejection filters or “notch” filters. They are designed so that the rejected 
frequency is the a-c carrier frequency, but they must have a bypass 
channel which permits passage of some voltage at that frequency in order 
to provide synchronization. Two networks capable of the desired per¬ 
formance are shown in Fig. II-3o. Their general frequency-response 
characteristics are shown in Fig. 1I-3&. 


O—f 0 o— 




(a) 



Fig. II-3. A-C phase-lead networks, 
(a) Hesonant and parallel T notch 
Mters. (6) Frequency-response curve 
of a notch filter. 
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The exact transfer function of these notch filters is easily derived in 
terms of the general frequency variable, w. However, the transfer func¬ 
tion must be expressed in terms of the signal, or data, frequency, 
in order to be useful in analysis and design. In general, the exact trans¬ 
fer function in terms of the data frequency is cumbersome, and an approx¬ 
imation is made by assuming that the notch has straight-line sides, as 
shown in Fig. II-4, and that these straight lines intersect at the carrier 
frequency. With this assumption, it can be shown that the approximate 
transfer function is 

KO-^A+joiB 

where A = bypass output 

B = slope of notch Y/X 

In practice, the notch is not shaped as assumed, but it may be calcu¬ 
lated or measured readily and a straight-line approximation drawn. Nor¬ 
mal procedure is to draw the straight-line approximation from the bottom 
of the notch to the halt-power point, i. e., the point on the notch curve 
for which the voltage is -\/2 times the voltage at the bottom of the notch. 



Fig. II-4. Idealized notch charac- Fig. II-5. Torque-speed curves of a d-c 
teristics. shunt motor. 


n-8. Electric Servo Motors. The only two types of motors to be dis¬ 
cussed in this section are the d-c shimt motor and the two-phase induc¬ 
tion motor. Conventional single-phase, three-phase, and series motors 
may be used in servo applications,. but normally they are used in non¬ 
linear applications, i. e., either they are controlled through relays, or they 
operate at constant speed and are connected to the load through a clutch 
of some sort. Occasionally a field-controlled d-c motor is used (constant 
armature current), but this is not discussed here. 

The d-c shunt motor as used in most servo applications has a constant 
voltage applied to its field circuit, and is controlled by varying the volt- 
age applied to its armature. The approximate transfer function of a d-c 
shunt motor has been derived in Chap. 4. Name-plate data on a small 
d-c shunt-connected servomotor might be as follows: 

110 volts d-c 0.22 amp 
4,000 rpm . Mo hp 
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The moment of inertia, J, of the motor armature is needed if the trans¬ 
fer function or time constant of the motor is wanted, as is also a torque- 
speed curve. If this information is obtained from the manufacturer or is 
measured, and the torque-speed curve is as given in Fig. II-5, the desired 
information may be computed as follows: 

1. Note that the torque-speed curve is a straight line in the range of 
values plotted. For reduced armature voltages, the corresponding curves 
would be parallel straight lines with spacings proportional to the voltage, 
as indicated by the broken-line curves. 

2. The equation of this family of curves is 

d<o 

where T = motor torque 
V = voltage 

P = a constant, with dimensions of torque/voltage 
« = speed, rpm 

The constant P is the rate of change of torque with respect to voltt^e. 
It is a constant only because the curves are straight parallel lines, and it 
may be evaluated from the curves in several ways, one of which is 

p _ stalled torque at any voltage 
~ voltage producing that torque 

Thus, from the curves, the numerical value of P in this case is 
P = = 0.172 oz-in./volt 


The partial derivative of torque with respect to speed is also a con¬ 
stant in this case becaxise the curves are straight lines and the partial 
derivative is simply the slope of the curve. In this case 

- “ pilo ” oz-m./rpm 

3. From steps 1 and 2, the motor transfer function may be determined 
approximately, provided it is permissible to neglect bearing and brush 
friction. With this assumption. 


T 

'' dP 


dcd dw at 


Prom which 


dT/du 


§c 

V 

9c_ 

V ~ M217.5Jju + 'l) 


0.172/0.0046 




37.4 
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But from Eq. (4-60) the approximate transfer function is 



Oc 1/K, 


V iwO'cOTw + 1) 

Thus 

K ■ 

and 

T„ = 217.5J 


If >7 is known, then the approximate transfer function of the motor is 
determined. 

Rewriting the differential equation, 

y d^6a _ dT dOg _ py 

'' dt* dt 

it is seen that — dT/dw is the coefiBlcient of the first-derivative term. It is 
therefore called the damping coefficient of the motor, and by proper con¬ 
version may be expressed in foot-pounds per radian per second. 

The two-phase induction servomotor has a squirrel-cage rotor specially 
designed for low inertia. The shaft is usually mounted in ball bearings. 
The stator is generally wound with multiple poles, six or eight poles being 
common, and of course there are two coils which are in space and time 
quadrature. The rotor is normally a high-resistance type to provide 
large starting torques, and consequently the motor runs with consider¬ 
able slip. In a well-designed two-phase servomotor, there is no tendency 
to single phase, i. e., the rotor stops almost instantly if the control phase is 
deenergized. 

Unlike a d-c motor, a two-phase motor may be operated under stall 
conditions without appreciable ill effect; consequently torque-speed char¬ 
acteristics, when available, cover the entire range of speeds from full 
speed to stall. Normal operation in a servo syutem is in the speed range 
near stall conditions, and in this range the torque-speed curve is essen¬ 
tially a straight line. The family of cmrves for various control-field volt¬ 
ages is a set of straight and nearly paralld lines in this region of normal 
operation. As a first approximation, therefore, the torque-speed curves 
of a two-phase motor may be considered as straight parallel lines similar 
to the d-c motor characteristics of Fig. II-6. As a result, the equations 
previously derived for the d-c motor apply also to the two-phase motor, 
and the damping constant of the two-phase motor is approximately the 
slope of the torque-speed curve. The approximate time constant is the 
rotor inertia divided by the damping constant. 

Figure II-6 is a family of measured torque-speed curves for a two-phase 
motor. It is seen that the curves are not straight lines, nor are the curves 
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parallel. Consequently the two-phase motor is a nonlinear device. Its 
time constant is actually a function of the control volta,ge, and so is its 
damping coefficient, and the linear approximation gives accurate results 
only when the motor is operated within a specified speed and voltage 
range. 



Fia. II-6. Torque-speed curves for a two-phase motor, Kearfott TH11-2AB, reference 
field at 115 volts, 400 cycles. 



Fio. II-7. Relationship between and maximum resonant frequency. 


n-9. Estimation of System Performance from the Motor Time Con¬ 
stant. If the time constant of a motor is obtained from the torque-speed 
characteristics (or by other means), it may be said that the highest reso¬ 
nant frequency obtainable in a closed-loop servo using that motor is 
approximately equal to the reciprocal of the motor time constant. This 
statement may be justified by the following reasoning: 

Assume that the closed-loop system using the motor will have no addi¬ 
tional time constants, and that a resonance peak M, — 2.0 is the maxi- 
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mum desirable. Then a phase margin of 30® would be necessary, and 
the decibel vs. log w plot for the system would be as given in Fig. II-7. 
For a system represented by the asymptotes of Fig. II-7 it can be shown 
that the natural frequency* is the frequency at which the —12 db/octave 
asymptote intercepts the 0-db axis. The resonant frequency is some¬ 
what lower than the natural frequency and thus is nearly at wi = 1/rm. 
However, when the motor is used in a closed-loop system, it is loaded 
with the inertia of a gear train, the output measuring device, and the 
load inertia. These inertias tend to make the combined motor-load time 
constant a larger number than the motor time constant, and this effec¬ 
tively reduces the natural frequency and the resonant frequency. Thus 
it is seen that the reciprocal of the motor time constant is a reasonable 
approximation for the highest probable resonant frequency. The use of 
a phase-lead compensator can increase the resonant frequency somewhat, 
and if a value of Mp > 2.0 is acceptable some increase in resonant fre¬ 
quency is obtainable. 
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AN INTRODUCTION TO THE 
LAPLACE TRANSFORMATION 


m-l. Introduction. The Laplace transformation is at present the 
most popular form of operational calculus. It has many uses which are 
beyond the scope of this introductory treatment, the piirpose of which is 
to present the fundamental theorems and their application to servo¬ 
mechanism analysis. 

From a practical engineering point of view, the Laplace transforma¬ 
tion is a simple mathematical means of changing a differential equation 
expressed in terms of the time variable, t, into an algebraic equation 
expressed in terms of the variable $. The advantage of this lies in the 
following facts: 

1. The resulting algebraic equation is readily manipulated, using the 
normal laws of algebra. 

2. Boundary conditions and forcing functions, which are sometimes 
difficult to handle in solving differential equations, are inserted automati¬ 
cally in the process of applying the Laplace transformation. 

Once the algebraic manipulation has been completed, the result may 
be utilized in one of two ways: 

1. The equation may be converted back to the time domain, thus 
obtaining the solution of the differential equation. 

2. Useful information may be obtained from the algebraic equation, 
usually by inserting convenient values for the variable, s, and plotting 
curves. 

Both of these applications of the Laplace transformation will be illus¬ 
trated and explained in later sections. 

III-2. Basic Definitions. The variable s used in the Laplace trans¬ 
formation is a complex variable 

a = ff + ja 

where <r is a real number, and m is an angular velocity with dimensions of 
radians per second. The formal relationship between the time variable, 
t, and the complex variable, a (as established in the Laplace transforma¬ 
tion), is defined by the equation 


263 



264 ELEMENTS OF SERVOMECHANISM THEORY 

This relationship states that an expression in the real variable, t [expressed 
by the term f(t) in the equation], may be transformed into an expression 
in the complex variable, a [symbolized by F(fi) in the equation], by form¬ 
ing the product and integrating this product between the limits 

t = 0 and t ^ 00 , There are restrictions on the continuity of f{t) which 
are not discussed here, and also the real part of the complex variable 
must be large enough to assure that the integral converges. If these 
conditions are met, the function of time, /(<), Doay be transformed into a 
function of the complex variable, F(s), by performing the indicated 
integration. 

in-3. Transforms of Special Functions. In this section a number of 
common direct transforms are indicated symbolically. The actual inte¬ 
gration is not performed, and it is suggested that the student check those 
with which he is not familiar. 

1. Let/(0 bew(<) = 1. Then 

F(s) = / u(t)er“ d< = - 
Jo ^ 

2. Let /(O be a constant. Then 

F(s) = jj Ae-*dt = j 

3. Let f(t) be t. Then 

Fi8) = = 

4. Let /(O be Then 

F(.8) = = 

5. Let fit) be <*. Then 

F(.) - 

6. Let fit) be sin Then 

Fis) = I sin ci»i dt = —s 

7. Let fit) be cos ut. Then 

Fia) = / cos er** di = -»-?—« 

Jo s® + w* 
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' 8. Let f(t) be e““‘. Then 

jP'C*) = / dt = — 

Jo s + a 

9. Let fit) be e~“* sin at. Then 

^(s) = f ®~*‘ sin at e~*‘ dt = . . . —■. 

Jo (s + «)* + 

II1-4. Important Laplace-transfonnation Theorems. The following 
theorems are presented because they are needed in the solutions of tran¬ 
sient problems and servo problems. They are stated without much aux¬ 
iliary comment since they are referred to where they are applied later in 
this appendix, and the explanations made with the application are deemed 
sufficient. 

Reed DifferenUation Theorem. The equations of the systems to be 
studied will, in general, contain various derivatives. It is therefore 
necessary that these terms be transformed. This may be accomplished 
in the following manner: 

thbokbm; To find the Laplace transform of a derivative dfit)/dt, it is 
first required that both/(f) and its derivative be £ transformable. Then, 
if the transform of fit) is F(s), 


£ [^] = aFis) - fiO+) 

peoof: Let dfit)/dt be symbolized as /'(f). It is known that 
Fia) = ///(Oe-‘d« 

Let u = fit) and dv = «“•* dt. Then, integrating by parts. 


/. 


/ 




ud/o => m — J V 
/(<)e' 


du 


s 

fiO+) 

s 


I •• r “ 1 

- - -ie-/'(0d< 

lo Jo a 

r**dl 


+ \ /"/'(<>■ 


from which 




dt = sFia) - fiO+) 


and the left-hand term is, by definition, the Laplace transformation of 
f'it). The term /(0+) is the constant obtained by evaluating the func¬ 
tion fit) as t approaches zero from positive values. 
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It may be shown in like manner that the Laplace transform of the 
n**" derivative is given by 

[^] - ^ <»+>«*" 

In the above equation, for the case where A: = 1, (&/(<). 

Real Integration Theorem. For many practical systems, the equations 
contain an integral term. It is therefore necessary to transform such 
terms, and the Laplace transform of an integral may be found from: 

theorem : To find the Laplace transform of an integral term, //(t) dt, 
it is necessary that both f{t) and //(t) dt be transformable. Then, sym¬ 
bolizing the integral by f~^(t), the Laplace transform of the integral is: 



4/ 

f(t) dt 

8 

,f-K0+) 

8 

proof : f(t)e' 

dt ■■ 

= F(a). 

Let u 

= er** and do = f(t) dt. Inte- 

grating by parts. 



/• 


/ 

u do 

— VA) — 

1 vdu 



r’*dt 


f mdt\ 

0+8^ [/ 


Fis) 

= -/-‘( 0 +) + 

sj /(<) di j e“*‘d< 




In the above equation, the left-hand term is the Laplace transform of 
Sf(t) dt. The term /"'K0+) is by definition the value of Jf(t) dt evaluated 
as t approaches zero from positive values. 

Expressions for the Laplace transform of terms involving multiple 
integrals may be derived in like manner. Since such terms are not 
encountered in the remainder of this text, the result is not presented here. 

Initial-value Theorem. In some cases, after the transformed equation 
has been obtained and manipulated, it is desired to check the behavior of 
the function of time in the region near ^ = 0. This can always be done 
by making the inverse transformation, but considerable labor is usually 
involved in this process. It is possible (and much simpler) to check the 
initial value of the variable by merely substituting a number in the 
transformed equation. 

theorem : If the Laplace transform of f(t) is F{s) (a known expression), 
and if the two additional conditions are met, 
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1. df(jt)/dt is £ transformable. 

2. The limit of aF(s) exists as s approaches infinity. Then 

lim sFia) = lim f{t) 

oa 

pboof : It has been shown that 

///'(<)e-‘d< = «F(s) -/(0+) 

Let 8 —> oo; then 

lim = lim [sP(8) —/(0+)] 

0 = lim si?(s) — lim /(0+) 
lim sF( 8) = lim /(0+) 

« ^>4 00 

The right-hand side of this equation is not a function of s, and therefore 
is not aiffected by letting s vary. By definition, 

/(0+) = lim m Q.E.D. 

t —*0 

Findlr^dlue Theorem. When studying transients, the final steady-state 
value is often of considerable importance. For example, if a servomecha¬ 
nism system is being analyzed from the transient point of view, it is a 
worthwhile precaution to check the final steady-state condition first, pro¬ 
vided this is possible. The reason for this is that the final steady-state 
performance must be as specified or the servo system is not satisfactory, 
in which case it is useless to complete the transient analysis. 

When using the Laplace transformation, it is possible to check the 
final steady-state value of the time performance simply by multiplying 
the transformed equation by s and substituting a numerical value for 
s(8 =» 0). This procedure is the result of the final-value theorem which 
may be stated as follows: 

thborkm: If the Laplace transform of /(<) is F(s), and if certain con¬ 
ditions are satisfied, 

1. /(<) and dj(t)/dt must be £ transformable. 

2. 8^(s) must be analytic on the axis of imaginaries and in the whole of 
the right half-plane; then 

lim sF(s) = lim /(i) 

#-40 « 

proof ; By definition, 

^ df = F(8) 

and it has been shown that 

= sFis) -fiO+) 
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Letting a approach zero, 

lim f * f'it)er'* dt = Inn [sFia) — /(0+)] 

#—►0 

Taking this limit on the left-hand side only, 

dt = lim [aF’(s) —/(O-f)] 

JO 

But 

f” fit) dt = lim PfiT) dr = lim m - /(0+)] 

JO oe JO ► oo 

Thus 

lim [/(t) — /(O-l-)] = lim [sF(fi) — /(O-l-)] 

«->« »->o 

From which, 

lim fit) = lim sFis) 

*-♦ ■ •-►0 

R&d TranalaUon. By definition of the Laplace integral, the trans¬ 
formed fxmction is zero for values of the independent variable which are 
less than zero, i, e., the integral " fit)e~** dt states that t is to be con¬ 
sidered as having only positive values. It is therefore possible to move, 
or translate, the origin of the coordinate system along the real axis by the 
simple expedient of defining the variable asr = t^^ h. This has various 
applications and is particularly useful in studying transients which 
involve several successive switching operations. 

thboubm: If /(<) is £ transformable and has the transform Fia), and 
if is a real positive ninnber, then 

£/(< — h) = e“'**F(s) 

where fit — <i) = 0 for 0 < < < ti, and 

£[/(< + h)] = «“*F(s) 

where/(< + fi) = 0 for — i < 0. 
pboob: The Laplace transform integral has the general form 


If 

then 


fir)e-” dr = Fia) 
r = t-ti 

fg” If it - dt = Fia) 




or 
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Multiply both sides by and 

f " f(t — dt = e~*‘'F(s) 

Jtl 

If f(t — ii) = 0 for 0 < f < h, then the lower limit of the integration 
can be changed from (i to 0. 


f(f ~ k)e~‘*dt = e~*‘‘F(s) 

Transform of an Impulse—Transfer Function. A pulse may be defined 
as a function which has a finite unidirectional amplitude and a finite, 
but incremental, duration. If the duration of the pulse is made to 
approach zero while the amplitude of the pulse 
is increased, so as to keep the area under the 
curve constant, then the limit which is ap¬ 
proached is said to be an impulse. Further¬ 
more, it is convenient in the derivation of the 
transform to consider that the area under the 
pulse curve is unity; then the impulse derived 
by the limiting process may be called “unit 
impulse.” 

The actual shape of the pulse curve is not important mathematically 
because, in general, the same limit is approached, i. e., the resulting 
impulse is the same. For the purposes of this text, consider the fiat- 
topped pulse in Fig. III-l. The area enclosed is unity; thus this may be 
considered a unit pulse. It may be considered as the difference of two 
step functions, so that the time equation of the pulse is 

IS ~ k) 

k k 


1 







1 Time—^ 


Via. III-l. Unit pulse. 


The Laplace transform of this function is 


F(.s) 


1. - fill' 

sk sk 


Inspection shows that if k approaches zero, both terms become inde¬ 
terminate. Further investigation shows that 

lim fi-II-fl-ll * lim e”‘‘* = 1.0 
«i->o L j 

Therefore, the Laplace transform of a unit impxilse is 

£ ^\iai ~ ..Mj A = 1.0 

The unit impulse, of itself, is not used extensively in this text. It is 
important in the interpretation of the real convolution integral (which is 
discussed later) and in the definition of transfer functions. 
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The concept of a transfer function arises from the basic principles 
governing the transfer of energy. If a disturbance, or '‘forcing func¬ 
tion,'' is applied at some point in a physical system, the effect of this 
disturbance is noticeable at other points in the system. The specific 
reaction of the system at any chosen point is called the respofise of the 
system to the disturbance. In order that a response be obtainable, there 
must be a transfer of energy from the location of the disturbance to the 
location of the response, and any suitable function which describes this 
transfer in terms of the system parameters may be called a transfer 
function. 

In using the Laplace transformation to study physical systems, par¬ 
ticularly those which are linear systems with lumped parameters, the 
equations relating a disturbance and a response are normally algebraic 
equations of the general form 

H{s) - Gi8)Fis) 


where H(s) = transform of system response 

=: transform of disturbance or "forcing function" 

0(s) = transform involving parameters of system (called either 
the "system function" or the "transfer function") 

It is readily seen that if the disturbance is a unit impulse, wi(0, then 
the forcing function is jF(s) = £ui(t) ==> 1, and the above equation 
becomes 

H{b) = G(s) 


This leads to the basic definition of a transfer function: 

The transfer function of a physical system is the Laplace transform of. 
the response of that system to a unit impulse. 

An equivalent (and more commonly used) definition is obtained by 
rearranging the basic relationship. 

GM = ^ 


This leads to the definition: 

A transfer function is the ratio of the Laplace transform of the response 
of a system (to any input) to the Laplace transform of the forcing function 
which causes that response. 

Transfer functions are utilized more often in steady-state sinusoidal 
analysis than they are in transient analysis, but they can be very useful 
in setting up the characteristic equation of some rather complex systems 
and are used for this purpose later in the text. 

in-6. Methods of Finding Inverse Transforms. Complex Integration. 
The basic mathematical equation defining the time function correspond¬ 
ing to a given transformed function is the complex integral 


_L 

2*3 Jc-j. 


(=)/(/) 
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Actual evaluation of this integral for most practical cases involves exces¬ 
sive labor, and it is not used in this text. 

Table of Transforms. Laplace transforms are normally obtained by 
application of the direct Laplace integral. Once obtained, they may be 
taWated with the f(t) from which they are derived and may be used 
just as integral tables are used in calculus. 

Use of such tables is by far the most common method for obtaining 
the inverse transform. In general, too extensive a table is not practical, 
and most texts list only the more commonly encountered forms. Com¬ 
plicated forms are then reduced to simpler expressions by the partial 
fraction expansion or are handled by one of the methods presented later. 

The Partial Fraction Expansion. In general, the transformed equation 
takes the algebraic form of a ratio of two polynomials: 27(s) = A(s)/B(s), 
where A(s) is of lower order than 25 (s). If B{s) can be factored or its 
roots found in some other fashion, the function may be written as 


A is) _ m _ 

Bis) s"(s — si)(s — «*)(« — sj) • • • 

“ «« 8"“^ S "^8 — 818 — 82 


where the series of additive terms is called the partial fraction expansion. 
If a conunon denominator is obtained for the partial fraction expression, 
and the numerator is collected in the usual way, then 


Ajs) _ 

Bis) 

Knjs — Si)(8 — 8g) • • • + Kn—iSjS — Si )(8 — 82) ' ’ ‘ + Kn-jS^js — 81 ) 

8*(8 — 81 ) • • • 


These expressions are defined to be equal. Their denominators are 
obviously identical, and therefore the numerators must be identical, 
term for term. Thus the coefiicients, 2C», etc., in the partial fraction 
expansion may be evaluated by equating the coefficients of like powered 
terms in the two numerators and solving these equations simultaneously. 

ILIitTSTBATION: Let 


m 


138* -1- 168 + 4 
sis - 3) (8 - 4) 


The partial fraction expannon gives 

138* + 168 + 4 _ , Kt , Ka 

8(8 - 3)(8 -4)“ 8 ■^8-3'^8-4 

Kiis - 3)(8 - 4) + Kiis)is - 4) + Kais)is - 3) 

“ 8(8 — 3)(s — 4) 

s*iKt + Ka + Kt) - sjlKi + 42iC2 + ZKt) + 12Ki 
8(8 — Z)(s — 4) 
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Equating coefficients, 

Ki + Ka + Ki = 13 
- 7 X 1 -4Kt- ZKt = 16 
l2Ki = 4 

from which 

Ki - 16 ^ 

K, = 


Substituting these in the partial fraction expansion gives 


F{s) 


1 169 207 

38 3(s - 3) 3(8 - 4) 


and the inverse transform of each of these terms is readily obtained from 
the tables. 

The Methods of Residues {Inversion Theorem). The theory of functions 
of a complex variable has developed a very simple and powerful method 
for inverting functions of a complex variable into functions of a real 
variable, i. e., for finding f{t) from F(js). The final result is known as 
the inversion theorem, and it utilizes the method of evaluating the resi¬ 
dues of the function F{s). A complete derivation of the results is desir¬ 
able, but space limitations do not permit its presentation here. On the 
other hand, a mere statement of the final result does not seem satisfac¬ 
tory. Therefore, the derivation is outlined by presenting the most 
important relationships, and the reader is referred to a more complete 
text (such as Stanford Goldman’s “Transformation Calculus and Elec¬ 
trical Transients, ” Prentice-Hall, Inc., New York, 1949) for the inter¬ 
mediate steps. 

One approach to the derivation of the inversion theorem is to con¬ 
sider the ludt step function as a contour integral. This leads to the 
relationship 


«(< — ii) 


1 , 
8 * 


This expression may be used to determine the expression for a unit 
impulse as a contour integral, leading to the expression 


«i(0 = lim 



1 — 

L-f- \ 

8 Ah ) 




This expression is then used to consider a generalized function f(t) as 
an infinite number of impulses, which leads to the expression 
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It Baay be shown by considering a contour on the complex plane that 
bhe above expression reduces to 

m ^^.fF(s)e>‘ds 

which is the mathematical expression for the inversion theorem. 

Now, by definition, a residue is 


E 



where a is a complex variable, and the path of integration is any closed 
path in the complex plane. In general, then, the time function may be 
obtained by determining the sum of the residues, i. e., 

/(f) = Sfi[F(s)e*‘] 

Residues exist at singular points, which are those values of the variable 
that make the function infinite. Thus, for any function which is in the 
form of a rational fraction, there is a residue for each root of the denomi¬ 
nator. If the form of the function is 


F(s) 


_ Me) _ 

(S ~ ®l)(® “ 8 s) “ 8 ») • * • 


then the time function is obtained from 


Thus 


F(a)e*‘ 


_ A(s)e’‘ _ 

(8 - Si)(« - S*)(8 - 8j) • • • 


/«) 




_ A(st)e*^* _, A(8t)e“* 

(8l — 8s)(8l — 83) • ■ • (81 — 8 i)( 8 * — «s) • • • 


+ M9i)e”‘ + . . . 

(a* - 81 ) ( 8 $ - St) ■ • ■ ''' 

If the denominator is not in factored form, but the poles are known, 
each of the terms in the stunmation may be determined from 


/(<) 

at pole St 


A(8)e*‘ 

(d/ds)B( 8 ) 


|«—ii 


where B(s) is the unfactored denominator, and the value a = 81 must be 
inserted after differentiating. 

MvJMple-order Poles. Some functions may have multiple poles; for 
example. 



A(a) 

8*(8 — 8 i )*(8 - 8 ») 
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At each multiple pole a single expression for the residue is obtained from 

The above expression for the residue applies to both single and multiple 
poles, and to real as wdl as complex poles. For complicated expressions 
the differentiation is laborious, but the desired result may be obtained 
without searching transform tables for a suitable transform pair. 
examples : 

m = ^ 


m = 


^^_ 

l.-O «(8 - 3) 


F(«) 

/«) 


s(s - l)(s - 3) 

(s - 1)(8 - 3) 

==i + _!L+£l' 

3 ^ -2 ^ 6 
= 0.333 - 0.5e‘ + 0.167e" 
fi — 4 


6*^ 

L-i "*■ «(s -1) 


I.-8 


«*(s - 6) 

(is Vs - 6 ^1.- 


+ 


(s — 4)e^ 


s — 4 






_ s — 4 

5 — 6 (s — 6)® 


6** 


awO 

.-0 36 


_ 2i _ 6 j 4 , 2e» 

3 36 36 36 

= H? _ (1 _ e«) 

3 36 ^ 

in-6. Applications of Laplace Transforms to Elementary Electric 
Circuits. . 

1. Consider the circiiit of Fig. Ill-2a. The differential equation of 
this circuit is 

Eu{t) =iB+Lj^ 

where u(i) indicates that the closing 
of the switch creates a step function 
of applied voltage. Miiltiplying 
through by the Laplace integral, 


rLt 




j Eu(jt)e~** dt » 


p-__^VVYW\r 

o 

o 

1_ 

s 

(o) 

i'f Ji 

c:^ 


e~*‘<ii 


Fio. ni-2. Elementary d-e tranrients. 
(o) BL circuit, (b) BC circuit. 


Transforming term by term as indicated, the equation becomes 
I = im + L[87(a) - t(0+)] 
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■where *(0+) is the initial value of the current, -which must be » 0 

because of the series inductance. Therefore 


E 


= I(s)R + sLI(8 ) 


Solving algebraically for 1(8), 

m 


E E/L 

s(sL "1“ R) s(s -|- R/L) 


To obtain i as a function of time, the inverse transformaticm must be 
determined. This is readily done with the help of a transform table, 
but the method of residues is applied here to illustrate its use. 


(E/L)e*-‘* 

' 8(8 +R/L) 




/ (E/L)e+-‘ 

y^L)8(8 + R/L) 


_ E/L , 

“ R/L -R/L 

= I - I = I [1 - 


»- -(S/i) 


R' 


2. Consider the elementary resistance-capacitance circuit of Fig. III-26. 
The difierential equation of this circuit is 


Eu(() “ iR + "^ j^ 


dt 


This is transformed by using the methods applied to the RL circuit, and 
the result is 


f = mR + 




/W , i-‘(0+)l 
aC ^ 8C J 


The initial value of the charge on the capacitor [i“‘(0+)] i^ay be any 
finite value, and here it is assumed to be zero. Then 


R „ n8-\R + 

- - I(8)R -t- 

Sol-ving for 1 ( 8 ), 

_ E _ E/R 
“ 8 (R -h l/sC) “ 8 + 1/CR 

The time solution may be obtained directly from transform 8 in Sec. 
III-3 and is 

i = I 

III-7. Obtaining Transfer Functions with the Laplace Transform. 

1. The fundamental definition of a transfer function is that the trans¬ 
fer fimction of a component is the response of that component to a unit- 
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impulse input. Considering the circuit of Fig. III-3o, tho output voltage, 
Co, obtained from an input ui(t) is the transfer function of the network. 
The differential equation of the system is 


Wi(t) = iB + 


Transforming 


kh 




Assuming no initial charge on Ci, this becomes 


He 




S'. 


[a) 


from which 

^ 1 _ _ 

“ B + l/$Ci “ sCiB + 1 


p vww- 
B 




( 6 ) 


But the transform of the output is 

sCJt 

sCJi + 1 " 


Eois) = mB 


ST 


»r+ 1 


Fio. III-3. Circuits to which is the transfer function of the network, 
illustrate the derivation 2. The second definition of a transfer function 
of transfer functions. given as the ratio of the transform of the 

output to the transform of the input for any arbitrary input. To illus¬ 
trate this, consider the circuit of Fig. III-36, and assume an arbitrary 
input ei(t ); then 

6<(0 ~ fjR H" iEi "b ^ ^ ^ * 

Also 

e«(<) = iBi "b ^ y *' 

Transforming, 


Idt 


:dt 


E,i8) = im + im, -H -h 


Eo{8) = I{8)Bi + 


1 [/(«) 

CiL s 


+ 


^-Ko+) j 


Again assuming no initial charge on Ci, these equations become 




1 
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The transfer function is 

Eo{s) ^ Ri + 1/sCi _ sCiRi + 1 _ 

Ei(s) 22 + /2i + 1/sCi sCi{R + 221) + 1 sria -h 1 

in-8. Application of the Laplace Transform to the Differential Equa¬ 
tion of a Simple Servo System—The Use of the Final-value Theorem. 
The servomechanism considered is the simple second-order servo of Fig. 
3-4 in Chap. 3, and is described by the differential equation given in 
Eq. (3-4), which is 

Assume that the input is a step-velocity function (ramp function). Then 

Ob (Hint 

and the equation becomes 

r tr 4 


277 

8ti + 1 


Transforming by application of the theorems developed earlier in this 
appendix, 


J j^s*0c(s) — atf<j(0+) — (0+) j + /[s@o(8) — ®o(0+)] 

+ 2C@c(«) 


Kub 

«* 


From physical reasoning, 


fic(0+) 


f (0+) 


0 

0 


Therefore 

(Js^ + Js + K)Qois) 

o 

and 

“ s^{Js* +f8 + K) 
<^h{K/J) 

“ «*[«* + (//•/)« + K/J] 


The inverse transform may bo taken to obtain using residues or 
any other convenient method. This is left to the student as an exercise. 
The final-value theorem may be used to check the steady-state perform¬ 
ance as follows: 

Note that, at < = ««, the output position corresponding to a constant- 
velocity input would be 9c = *>> suvd thus it is not profitable to apply 
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the final-value theorem to the expression for @o(8). However, the 
steady-state error should be finite, and the final-vidue theorem may be 
applied to the equation for the error. By definition. 


Therefore 

Thus 


E ^ 8it — do 
Eis) = 0a(s) - ec(8) 


(J«* -I- /« -1- 2i[)[@*(s) - S(«)] = K@h(s) 

(/«* +fs + K)E(8) = (Js* +fs + K)&i,(,s) - K&b(.s) 

= +/«)0*(s) 


E{8) = 
Eis) = 


0 . 


J8^ + fa 
J8^+f8 + K 
Ja + f 

8(j8^+f8 + K) 


(a\ — a(Js +f) _ ^ 


Us 


To apply the final-value theorem, multiply both sides by «, and substi¬ 
tute 8 = 0. 


E(f) = 8E{8) = 


Thus the steady-state error is 


Js+f 

+ + 
t-40 


E 




That this is the correct steady-state error may be verified from Eq. (3-16) 
in Chap. 3, where the steady-state error is seen to.be 


Substituting, 


r 


«n 


Ett 


"M-- 

f 

2 Vk7 

if 

2(f/2 vTjQa), 

VW 

/<«>« ^ fujt _ fus 

-iWJ Vk* ~ ^ 


Q.E.D. 
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Absolute stabilityi definitioa of, 98 
from differential equation, 104 
from logarithmic plots, 106 
from polar plots, 99 
from transfer-function equations, 105 
Adjustment (see Gain adjustment) 
Amplifiers, electronic, 10, 255 
Anticipation, 131 

Approximations, asymptotic, 82-85 
Asymptotes in logarithmic plots, 82-85 
Automatic control, 1 
Automatic-control systems, closed-loop, 
2, 12, 77 
open-loop, 2 


Backlash, 229 

Block diagrams, algebra of, 68-74, 186 
basic control system, 3, 5, 6, 8, 11, 68 
rearrangement of, 71, 186 
simplification of, 71, 186 


Characteristic equation, roots of, 104, 
222 

zeros and poles, 223 
Circles, constant-magnitude, 90, 247 
constant-phase, 92, 248 
M, table for, 247 
JV, table for, 248 
Circuits, phase-lag, 168 
phase-lead, 149 
Classification of systems, 110 
Closed-loop systems, 2, 12, 77 
Compensation, 126, 144 
cascade or series, 129, 144-182 
type 0 system, 172-180 
type 1 system, 157-172 
type 2 system, 145-157 
derivative, 40-42, 44 
feedback, 129, 185 
direct, 186, 205-208 


Compensation, feedback, through high- 
pass filter, 186, 208-215 
tachometer, 186, 190-205 
first derivative, 130, 131, 190 
integral, 39, 45, 46, 130, 132 
phase-lag, 128, 167, 170, 176, 178 
phase-lead, 128,147,149,151,154,158, 
159, 164, 173 
second derivative, 42 
series, 129, 144-182 
Complex variable, 223, 263 
Components, 251 
amplifiers, electronic, 10, 255 
error detectors, 251 
E transformer, 254 
potentiometer, 253 
synchro, 251 
motors, d-c, 59, 258 
tvro-phase, 65, 260 
Constant-magnitude circles, 90, 247 
Constant-phase circles, 92, 248 
Constant-position input, 15, 24, 28 
Constant-velocity input, 22, 29, 34 
Contactor servomechanism, 126, 234 
Contours, iW, chart of, 250 
construction of, 95 
tables for, 249 
Nj chart of, 250 
construction of, 96 
Control systems, I 
Comer frequency, 84 
Coulomb friction, 229 
Criteria for performance, 220 
Critical damping, 16 


Damping, critical, 16 
derivative, 39-45 
viscous, 16, 31 
Damping ratio, 31, 223 
Dead zone, 235 
Decibels, 81 
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Decibels, conversion table for, 248 
per octave, 83 

Derivative compensation, 40, 42 
error, 41, 42 
input, 41, 44 
output, 42, 44 
Describing functions, 241 
Design, general considerations, 19, 125 
Differential equations of servomecha¬ 
nisms, 20, 21, 31 

Direct and inverse polar plots, 79,93,197 
D-c motors, 59, 258 
Direct-transfer function, 53, 269 


Equations, differential, of servomecha¬ 
nisms, 20, 21, 31 
poles of, 223 

for proportional-error servo, 21, 27, 31 
roots of, 104, 122 
Equivalent inertia, 39 
Error, 2,14 

rms criterion, 220 
integral compensation of, 39, 46 
steady-state, 19, 37, 110 
velocity-lag, 38, 43, 113 
Error detectors, 4, 7,10, 251 
E transformer, 254 
potentiometer, 21, 22, 253 
S3mchro, 10, 251 
Expansion, partial fraction, 271 


Final-value theorem, 267 
Frequency, comer, 84 
natural, 31,120 
resonant, 24, 92 
of transient oscillation, 16, 19 
Frequency response, closed-loop, correla¬ 
tion with transient response, 24, 77 
Frequency-response curves, 24, 92 
Frequency-response function, 67, 69 
Friction, coulomb, 229 
static, 228 
viscous, 16,31 


Gain adjustment, 22, 23,126, 134 
on logarithmic plots, 139-142 
on polar plots, 134-139 
in root-bous method, 223 
Gain margin, 89, 118,119 


Generator-voltage constant, 58 
Generator-voltage regulator, 3, 4, 172- 
180, 186, 204r-215 
Gun-director servo, 3, 9 

Hydraulic position control, 3, 6 

Induction motor, two-phase, 65, 260 
Inertia, equivalent, 39 
Initial conditions, 32, 35 
Input signals, 28 
step-displacement, 15, 24, 28 
step-velocity or ramp, 22, 29 
Instability, 14, 98-108 
from differential equation, 104 
from logarithmic plots, 89, 106 
from polar plots, 99 
Integral compensation, 46, 130, 132 
of error, 39, 46 

Inverse polar plot, 93, 196, 197, 206, 209 
Inverse tranter function, 67 

68 

Lag, velocity, 38 
Lag network, 168 

Laplace-transform theorems, final value, 
267 

initial value, 266 
real differentiation, 265 
real integration, 266 
real transdation, 268 
Laplace transformation, 263 
Lead networks, carrier-type, 267 
d-c, 149 

Load torques, 30, 37 
Loci, of constant ilf, 90, 91, 95 
of constant V, 92-94, 96 
Log-magnitude curves, 81 
asymptotic approximation to, 82-86 
instability from, 89, 106 
interpretation of, 88, 106, 114 
Loop, closed, 2, 12, 77 
open, 2 

Loop-transfer funotbn, 67 


M circles, 90, 249 
M contours, 95, 250 
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Mp, 24, 92 

Margin, gain, 89, 118, 119 
phase, 89, 116, 119 
Maximum overshoot, 16, 18 
Motor, counter-emf constant, 22 
d-o, 59, 258 

time constant of, 60, 66, 260, 261 
torque constant, 22 
torque-speed curves, 65, 258, 261 
two-phase, 65, 260 
Multiple-loop systems, 217 


N circles, 92 
N contours, 96 
Natural frequency, 31, 120 
Networks, carrior-froquoncy, 257 
phase-lag, 168 
phase-lead, 149 

Nyquist criterion for stability, 99 
Nyquist diagrams, interpretation of, 99- 
104 


Octave, 83 
(i>n, 31, 120 
<0r, 24, 92 

Open-loop systems, 2 
Oscillation, transient, 19, 116 
Overshoot, maximum or peak, 16,18, 43, 
116 


Paper-reel drive, tension control for, 3, 7 

Partial fractions, 271 

Peak overshoot, 16, 18, 43, 116 

Performance requirements, 13, 125, 220 

Phase-angle loci, 02, 96 

Phase lag, 128 

Phase lead, 128 

Phase margin, 89, 116, 119 

Phase plane, 237 

Polar plot, of direct functions, 79 
of inverse functions, 93, 196, 197, 206, 
209 

stability determination from, 99 
Poles of equations, 223 
Position, step function of, 15, 24 


Quadratic factors, 85 


Patio, damping, 31, 223 
Peal-differentiation theorem, 265 
Real-integration theorem, 266 
Peal-translation theorem, 268 
Reciprocal functions, 67 
Relay servomechanisms, 126, 234 
with error-rate damping, 237, 240 
ideal, 235, 240 

with viscous damping, 236, 240 
Residues, 272 

Resonant frequency, 24, 92 
Response, frequency, 24, 67, 69, 77, 92 
speed of, 16, 17, 24, 32 
Response delay or lag, 229, 235 
Response time, 16, 32 
rms error criterion, 220 
Root-locus method, 222, 223 
Roots of equations, 104, 222 
Routh's criterion, 104 


a, complex variable, 223 
Sampled-data systems, 219 
Saturation, 229 
torque, 231 
velocity, 231 

Sensing elements (see Error detectors) 
Series compensation, 129, 144^182 
Servomechanism, definition of, 1, 110 
design considerations, 19 
equations of, 21 
initial conditions, 28, 29 
performance criteria, 34, 37 
type 0, 110 
typo 1,112 
typo 2,115 

Servomechanism systems, classification 
of, 110 

Servomotors, d-o, 59, 258 
two-phase, 65, 260 
Settling time, 16, 17 
Speed of response, 16, 17, 24, 32 
Speod-torque curves, 66, 258, 261 
Stability, absolute, 98 
from logarithmic plots, 106 
Nyquist criterion for, 99 
from polar plots, 99 
Stabilization (see Compensation) 

Static friction, 228 
Steady-state error, 19, 37,110 
Steady-state performance, from equa¬ 
tions, 109-116 
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Steady-state performance, from log<^ 
arithxmc AO plots, 111, 114, 116 
from polar KQ plots. 111, 113, 115 
Step function, of position, 15, 24, 28 
of velocity, 22, 29, 34 
Stiction, 228 

Straight-line approximation, 82-85 
Synchro control transformer, 10 
Synchro generator, 10 


Tables, for decibel conversion, 248 
for M and N circles, 247, 248 
for M and N contours, 249 
Tension control for paper-reel drive, 3, 7 
Time constant, 16, 261 
of motors, 60, 66, 260, 261 
Time lag, 229, 235 
Torque saturation, 231 
Torque-speed curves, 65, 258, 261 
Transfer function, algebra of, 53, 269 
of d-c generator, 58 
of d-c motor, 59 
of electronic amplifier, 57 
of gear train, 57 
inverse, 67 

oi potentiometer-error detector, 64 


Transfer function, of RC filters, 55, 56 
of RL filters, 54 

of synchro generator-control trans¬ 
former, 63 

of two-phase motor, 65 
Transfer functions, types of, 67, 269 
Transient analysis, 27 
oscillation, 16,19, 116 
overshoot, 16,18,120 
performance, 14, 116 
Two-phase motors, 65, 260 
Type servomechanism, 110 

Undamped natural frequency, 31, 120 
Underdamped response, 16, 17 
Unstable systems (see Instability) 

Variable, complex, 223, 263 
Velocity input, 22, 29, 34 
Velocity-lag error, 38, 43 
Velocity saturation, 231 
Viscous damping, 16, 31 

(damping ratio), 31, 223 
Zeros of equations, 223 



